3. MOVING CYUNDER - TURBULENT FLOW

Vi (= b ()L + 0()]

v )=

FIXED CYULINDER -
RELATIVE FLOW

Vi©= L, O+, )]

AL, (€)= AL+ A (£)-X (€)
U, ()= 0'(©)-4 ()




« G.Solari: Gustexciled vibrations |in "Wind excted
vibrations of sfruclures, H.Sockel Ed., Sprinaer, 144U .

Fixed cylinder-Turbulent Flow =

T =TF+TF'(K)+ RL (D
TF' ()= TR, (©)+ Ty (©) +TF, ()
1)~ © for small forbulence

Moving cylinder . torbulent flow) =
~ Fixed cylinder- relative Flow =>

TF(E)=TF+TF'(€) + T, (O +R(ED
F'()=TF, ()+TF, ()+TF, ()
TR (L) ~» O for small turbulence and small motions

T, ()= -C°q)(€) - K’ (X) « linear aeroelashic Forces
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R,= Characleristic radws ~ 0 for compact seclions
(Bleuins £ Iwan 4974, NaKamura £ Mizota 44¥5)
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4. EQUATIONS OF MOTION

Hp: linear system (3DOF5) with viscous damping
M) (£)+ CG)()+ K E) = TF(E)

q, ‘QI ) ‘ﬁﬂ = d'sp“‘cemw{', velocity, acceleration veclors
M, ¢, K- mass,damping, stiffness malvices

(L) = TF + TP + T, () + IR(E)
T'(6) = T (©)+TF, ()+TF, ()
()= - G () -IK°Q) ()

Non-linear equations of molion

M@ () + (@ + TYGE) + (K+ KD () =TF+ TF )+ IRY(ED

C*=C+C°; C°= aevodynamic damping malrix
K’-ll(+\l<°)- IK’= gerodynamic shiffness malvix

Linearized equations of molon
IR°(E) ~ © For small furbulence and small molions <>

IME(E)+(L+ T (L) + (Ke KD (£)= TF+TF LX)

¢°J "<° = ?( elﬁ/)b) QO) QQ’OdparamJer$3=>
| ¢*,‘K*=E(S\'Yud'. pYop.} Q,u,b,Ro; 3WOd.PJme.) =

In prinaple, ¢*,'\K* are non. sqmmwfnc., non-posihue,
debinite malrices
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Expevience teaches that this formulation provides

3 reliable model of the physical phemomenon,
provided thal slvuctural oscillatons be confined

to the range of low frequencies F or, more precisely,
15 the range of reduced frequencies Fblil «S

turbul. mech.
/ Vovl’u( admilt vork:
| de s%n:cﬁing

w 5 B £ f
harmonic_contemt of molion coithin the vange of

low reduced frequemcies
M@ (L) +(€+€") g ()+ (K+ Ky (D) -TF+TF ')

harmonic content of motion oulside the range of
low redvced frequencies

May©+[C+ 'd:'°(€)]q, ©)+[IK+ K°(P)] q (=TT

fim T@)=C ; lim IK@)=IK°
f 0 | ?—90

C° K® = aerodynamic damping and sliffness matrices
Co(p),IK°CP) = defodynamic derivalive matices



Lagrangian space equations
M@+ (@+ TV () + K+ ) DY (O) = F+ F ) =TF(E)

system of n-3 linear diferential equalions
of Yhe second order

Stale space equalions
(GO-©=0
QM (@ TGO +M (K R (O M F (k)

‘@) (L—D} ) [ > I J|[q® O
QO] M) -|M“(¢+<T_°)J Q)| |M'F®

Z(E) = @ 7(E) + P

sysfem of 2m=¢ linear differential equalions
of the firstorder

]
2 = { q (t:)} stale veclor

<

A

® I
G- [- lMd(lKi-lT(") - lM'1(¢+&o)] = dgnam\c ma \—ﬁx

P = { IM'?IDF(t)} = force veclor in the shale space



« Stale variables e.qu:\h'on
720):=GzE)+pld o

« Homooemeous equation - PEI=O=
z (=7 (k) €

2©)-de™ particwlar infegral of €q.2 provided thal
Adie**=ade* > (G- ADd-=0 &)

trivial solution dl=©

non-trivial sdlution provided thal Det(&-AT)=-¢ @)
&q-4 leads 1o a sel of 2n roots or cigenvalues A A,,
o which 2m eigenwvectors d,,.dl,, corespond(n:s).
IP there are real eigenvalues,also the coresponding
elgqemueddors are real; IF there are complex eioenvalues,
they oceur in conjugate pairs and the covresponding
eigemvectors have the some properly.

The general infearal of &q. & 1s provided by the linear
combinalion of its 2m particular inkegrals , thatis:

2= A, ™

As,.. A 3T conshant depemdmg on the nikial condilions.
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The eagemvalues Ay are called the. POLES of the

system and define its shability.

Q“,"h = COY ))Kt* L 5\n))‘<t Im [e‘?&t]
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inY,

|
|

motion with circular frequency
3, . Tor M,=0 (sfalic case) the
moion is non-oscillatory

\y Re(e‘;:t]

|

oy KO => a damping effect

Mo 70 =% an amplification

Moy =0 = 3 neulwl condition
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The system resulls:
o ASYMOTOTICALLY STABLE i all <O
o UNSTABLE iF at least one k>0

« MARGINALLY STABLE f at leastone L, <0
and no_Au¢ >0

SInce Ju, depemds on W, the ciabilily depends on L.
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State-space equation of motion
2(t)=Gz(t)

z(t)=de"

dre™ = Gde™

(G-Al)d=0

Eigenvalues
A =py +iv, =—E o +io, (k=12,.2n;n=3)
e =Re(r,)=-E o =&, = R R

@y Vi

v =Im(%,) =0,

General integral of motion

2n on
Z(t) = ZAkdkexkt — ZAkdke—ékmkteimkt
! 1

The dynamic system results:

e ASYMPTOTICALLY STABLE ifall >0

e UNSTABLE if at least one <0

e MARGINALLY STABLE if at leastone &x =0and no &, <0

Solution of the problem
G=G(U)=x =2 (U) ==, (U)o (U)+in, (T) (k=12,..2n)

i i + + _l_ t t EPLL

o M1 M ’uj ujord

105G =G(1)2 A =k (1) 2 & =5 (T,).0, =0, (T)
I 3¢, (7)<0? If YES, T, e(d,,.0)

=l
U

If NO, j=j+1

|




Decoupled aeroelastic equations of motion
mX(t)+[c+pUc,Alx(t)+kx(t)=f,(t)

N 1 _ NP
my(t){uzpub(cd +c,)}y(t)+ ky(t) =1, (1)
Ié(t)+[c—%pUb2ROc;n}G(t)+[k+%pU2bzc;n}9(t): my (1)
1-D.O.F. aeroelastic equation of motion

m'q(t)+[c+c°]q(t)+[k+ ko]q(t)zf(t)

3-D.0O.F. coupled aeroelastic equations of motion
Md(t)+| C+C° Ja(t)+[ K+K® |q(t)=f(t)

3-D.O.F. coupled aeroelastic equations of motion
Mgi(t)+| C+C° Ja(t)+[ K+K® |q(t)=f(t)

3-D.O.F. coupled dynamic equations of motion
Mg (t)+Cq(t)+Ka(t)=f(t)

m O 0 X Cxx Xy CXO XX Xy X0
0 m 0| yr+{c, C, CpoRYptiky K, kg
0 0 mj|6 Cox Coy Coo |0 Ko Koy Koo |10

3- D.O.F. uncoupled dynamic equations of motion
Mg (t)+Cq(t)+Kaq(t)=f(t)

m 0 O0|(x) [c, 0 O0](x] [k, 0O O
0 m O[{y¢+[ 0 c, O[yr+| 0O k, O
0 0 m|[l6] |0 0 c,ll6 0 0 Kkgll0



3-D.0.F. mechanically coupled aeroelastic equations of motion
Mgi(t)+| C+C° Ja(t)+[ K+K® |q(t)=f(t)

m 0 O0][X
0O m O y 4
0 0 ml|l|6
o T 1 2¢, (Ca—c) -Ro(ci—c)|)[*
+ ny ny Cye +§pUb 2CI (Cd+ci) _Ro(cd -I-C:) e
Cex Cey CGG 2me bC;‘n _Robc;n e
—kxX kxy kxe 1 O O Czj X fx
Ky Ky Ky |+ EpUzb 0 0 c yr=11,
Ko Koy Ko 0 0 bc [/l m,

3-D.0.F. mechanically uncoupled aeroelastic equations of motion
Md(t)+| C+C° Ja(t)+[ K+K® |q(t)=f(t)

m 0 O0](X
0O m O|yr+
0 0 m||6
c, 0 O . 2c,  (cy—c) —Rg(cy—c)|)[x
+H|0 c, O +§pUb 2c, (cy+c) —Ry(cy+cy) y +
0 0 ¢y 2bc, bc, -R,bc, 0
k, 0 O 0 0 X f,
+| 0 k, 0 [+=pu’hl0 0 ¢ yr=1Tf,
0 0 Ky 0 0 bc,|/|6 m,




3-D.O.F. fully uncoupled aeroelastic equations of motion
Mgj(t)+| C+C° Ja(t)+[ K+K® |q(t)=f(t)

m 0 O0]fX
0O m OKyp+
0 0 m|[6
c, 0 0 2c, 0 0 X
+|0 ¢, O +%pUb 0 (cq+cy) 0 Vit
0 0 cy 0 0 -R,bc! )16
'k, 0 O . 00 O X f,
—2
+ 0k, 0+§pub00 0 ye=11,
0 0 Ky 0 0 bc,|)|6 m,

Decoupled aeroelastic equations of motion
mX (t)+[c+puc,Alx(t)+kx(t)=f,(t)

my(t)+[c—%pUb(cd +c{)}y(t)+ ky (1) =1, (1)

10(t) + [c —%pUbZROc;n}G(t) + [k + %pUzbZC;n}G(t) =m,(t)



Expevience teaches that this formulation provides

3 reliable model of the physical phemomenon,
provided thal slvuctural oscillatons be confined

to the range of low frequencies F or, more precisely,
15 the range of reduced frequencies Fblil «S

turbul. mech.
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M@ (L) +(€+€") g ()+ (K+ Ky (D) -TF+TF ')

harmonic content of motion oulside the range of
low redvced frequencies

May©+[C+ 'd:'°(€)]q, ©)+[IK+ K°(P)] q (=TT

fim T@)=C ; lim IK@)=IK°
f 0 | ?—90

C° K® = aerodynamic damping and sliffness matrices
Co(p),IK°CP) = defodynamic derivalive matices



BRIDGE AERODYNAMICS

Ay
A %% Ee
— > ,
| X |
. b -

-

[ KBM(K) KR'(K) bKR(K)
EAp)=-Feilb | KH;(K) KHI(K) bKHI(K)
bKANK) bKAXK) BKAZ (K) |

3 KRN KR KR ]
\K°(f)=--;:ea‘b KHE b KHI M) b KHEK)
KAZ(K) KAL) Kaz(db

AL HY PY (U=42,.0) = aerodynamic denvatives
(or flutterderivatives)
K= Q_Trfb/iz, = reduced Fre.quencg

e R H.Scanlan, 3.7 Tomko (13). Airfoil and bridge deck
FluHex derivatives. 3.Enang . Mech Div., AscE ,aF ATT- 1131,

o PP Sarkav, N.PJones, R.H.Scanlon (Haay). IdemtiGeation
of awdelastic navameters of flexible bridges.3.Engn.
Mech.Div., ASCE, A% ATS-ATL,

e QH.Scanlan, N.P.Jones (1249). A fovym of aerodynamic
admittance for use Indexselastic anslysis. 3. FRuids and
Struck. 43, 40171027 (Relationships’ between sevadyramic
admiltance Finclions and sevvdynamic derivatives)





