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List Decoding of Linear Codes

Given
® an [n,k,d] linear code C over a field F,

® a channel S = (F, F, P) (assuming for simplicity channel output
alphabet = input alphabet),

® a positive integer /.

Definition

A list-£ decoder is a mapping D : F™ — 2 (subsets of C), where
|D(y)| < ¢ for every y € F™.

Given a received word y, the decoder returns a /list of at most £
codewords.
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List Decoding of Linear Codes

Given
® an [n,k,d] linear code C over a field F,
® a channel S = (F, F, P) (assuming for simplicity channel output
alphabet = input alphabet),
® a positive integer /.

Definition

A list-£ decoder is a mapping D : F™ — 2 (subsets of C), where
|D(y)| < ¢ for every y € F™.

Given a received word y, the decoder returns a /list of at most £
codewords.

We declare success if the list includes the transmitted codeword.
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List Decoding of Linear Codes (i)

Definition

An integer 7 is a decoding radius of a list-¢ decoder
D if
d(y,c) <7 = ceD(y) Vy e F", c €C.

D captures all codewords at distance 7 or less from any received word y.
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Definition

An integer 7 is a decoding radius of a list-¢ decoder
D if
d(y,c) <7 = ceD(y) Vy e F", c €C.

D captures all codewords at distance 7 or less from any received word y.

® If the number of errors that actually occurred is 7 or less, then the
returned list is guaranteed to contain the transmitted codeword.

® A nearest-codeword decoder for an [n, k,d] linear code C is a list-1
decoder with decoding radius |(d — 1)/2].
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List Decoding of Linear Codes (i)

Definition

An integer 7 is a decoding radius of a list-¢ decoder
D if
d(y,c) <7 = ceD(y) Vy e F", c €C.

D captures all codewords at distance 7 or less from any received word y.
® If the number of errors that actually occurred is 7 or less, then the
returned list is guaranteed to contain the transmitted codeword.
® A nearest-codeword decoder for an [n, k,d] linear code C is a list-1

decoder with decoding radius |(d — 1)/2].

But, what good is a list of words if what we want is the unique codeword
that was sent? J
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List Decoding of Linear Codes (iii)

How do we pick the right codeword from D(y)?

® Maximizing likelihood: P(y received |c transmitted ).
Reduces maximum likelihood decoding for errors of weight up to 7
to a search among ¢ codewords, with ties resolved according to some
(deterministic or randomized) policy.

® Using side information on codewords, such as a priori probabilities
(maybe derived from the context).
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List Decoding of Linear Codes (iii)

How do we pick the right codeword from D(y)?

® Maximizing likelihood: P(y received |c transmitted ).
Reduces maximum likelihood decoding for errors of weight up to 7
to a search among ¢ codewords, with ties resolved according to some
(deterministic or randomized) policy.

® Using side information on codewords, such as a priori probabilities
(maybe derived from the context).

® The list may contain a single codeword even when 7 > |(d — 1)/2]!
(We'll get back to this later.)
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Bivariate polynomials

» F[x,z] = set of all bivariate polynomials in z, z over a field F:

Flz,z] = {f(x,z) = Z fijx'2? © m € Zso, fi; €F }

1,j=0
» We will also use the equivalent representation

Flallz] = { f(2,2) = 3 fi(@)2" « m € Zso, f; € Fla] }.
j=0
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Bivariate polynomials

» F[x,z] = set of all bivariate polynomials in z, z over a field F:

Flz,z] = {f(x,z) = Z fijx'2? © m € Zso, fi; €F }

1,j=0
» We will also use the equivalent representation

Flallz] = { f(2,2) = 3 fi(@)2" « m € Zso, f; € Fla] }.
j=0

» Flz,y| is a ring. Addition and multiplication are well defined, additive
inverses exist, multiplicative ones do not in general (except for scalars).

» [F[z][z] is a ring of univariate polynomials with coefficients in F'[z], which
is a ring of univariate polynomials with coefficients in F'.
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Bivariate polynomials: degree

Definition

The (u,v)-degree of f(x,z) € Flx,z], p,v > 0:

deg, , f(z,z) = max {ip+jv}.
8uw f(T,2) ..fi)ﬁéo{u jv}

o] &
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Bivariate polynomials: degree

Definition

The (u,v)-degree of f(x,z) € Flx,z], p,v > 0:

deg, , f(z,z) = max {ip+jv}.
8uw f(T,2) .._fi)ﬁéo{u jv}

o] &

® deg, ; f(z,2) is the ordinary degree of f(z,z2) in Flz,z].
® degg; f(z,2) is the ordinary degree of f(z,2) when regarded as an
element of F[z][z] (degree in z).

® By convention, deg,, ,(0) = —oc.
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Bivariate polynomials (ii)

Definition
Let f(z,2),9(x,2) € Flz, 2], f(x,z) # 0. We say that f(z,z) divides
(or is a factor of) g(z, 2) if g(z, 2) = f(x,2)h(z, z) for some h € F[x, z].

e Fz,z| is not a Euclidean ring. However, F'[z][z] is, and F[z, z] is a unique
factorization domain.
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e Fz,z| is not a Euclidean ring. However, F'[z][z] is, and F[z, z] is a unique
factorization domain.

Definitions

® A (z-)linear factor of Q(x,z2) is a factor of the form z — f(z),
f(z) € Fla].
e f(x)is a z-root of Q(x, 2) if Q(z, f(x)) =0 (identically).
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Bivariate polynomials (ii)

Definition
Let f(x,2),9(z, 2) € Flz, 2], f(z,z) # 0. We say that f(z, z) divides
(or is a factor of) g(z, 2) if g(z, z) = f(x, 2)h(x, 2) for some h € F[z, z].

e Fz,z| is not a Euclidean ring. However, F'[z][z] is, and F[z, z] is a unique
factorization domain.

Definitions

® A (z-)linear factor of Q(x,z2) is a factor of the form z — f(z),
f(z) € Fla].
e f(x)is a z-root of Q(x, 2) if Q(z, f(x)) =0 (identically).

f(x) is a z-root of Q(x, z) if and only if z — f(x) is a factor of Q(x, z).

e Proof not totally trivial since F/[z] is not a field—work over the field of
rational functions F(x).
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GRS decoding through bivariate polynomials

» Ccrs: [0, k,d] GRS code over a field F'. For simplicity, we assume a
generator matrix of the form

1 1 1

aq Qo Ay
2 2 2

ag Qg an

Gagrs =
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GRS decoding through bivariate polynomials

» Ccrs: [0, k,d] GRS code over a field F'. For simplicity, we assume a
generator matrix of the form

1 1 1
a1 (65 . (07%%
2 2
GGRS = ag Qg N an
a’ffl oz’;*l aﬁ_l
» Associate u = (ug,u1,...,ux_1) € F¥ with u(z) = Zi:ol wz € Fylx].
Cars = {uGGRs = (u(oq)7 u(ag), ..., u(an)) :ou(z) € Fk[x]}
» Assume ¢ = (c1,¢2,...,¢,) Was sent, and y = (Y1, 92, ..., Yn) Was

received, with d(y,c) < 3(d — 1). Since n > k, reconstructing
c = (u(ay),u(as),...,u(ay)) is the same as reconstructing u(z).
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GRS decoding through bivariate polynomials (ii)

» Construct Q(z, z) € F[x, 2] satisfying degree constraints
deg ; Q(z,2z) <1 and deg, ;Q(z,2) <n— %(d -1)
and interpolation constraints

Q(Olj,yj)zo, j:1527"'5n (*)
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GRS decoding through bivariate polynomials (ii)

» Construct Q(z, z) € F[z, 2] satisfying degree constraints
deg ; Q(z,2z) <1 and deg, ;Q(z,2) <n— %(d -1)

and interpolation constraints

Q(Olj,yj)zo, j:1527"'5n (*)

» The degree constraints mean that Q(x, z) must be of the form

Q(z,2) = Qo(z) + 2Q1(2), ’k—1+deg(Q1) <n—g(d-1)

deg(Qo) <n—2%(d—1) and degQi(z) < i(d+1)

» This still allows Q(z, z) to have
n—3d=1)]+[3(d+1)]=n+1

significant (unknown) coefficients. On the other hand (x) is a set of n
homogeneous linear equations in these unknowns = there is at least
one nonzero solution Q(x, z) satisfying the constraints.
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GRS decoding through bivariate polynomials (ii)

Let ng = deg(Qo), n1 = deg(Q1). Then

a]vy] ZQ@OQ JFZQtla iYj -

The equations () can be written as

[ Qoo
Q1,0
Qo Q1 Q2.0
1 v of -+ oy i aofyr - o'
1 as a3 -+ ab® |y oys a3y2 - ablye Qng.0
n . . . ) . . ) . — | =0.
o IR : : : : g : Qo.1
l 1 o a% a™ | yn  nyn a%yn oy, 81,1
2,1
ngo+ni+2>n+1 )
L in,l |
There is at least one nonzero solution Q(x, z) satisfying the constraints. )
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GRS decoding through bivariate polynomials (iii)

There is at least one nonzero solution Q(x, z) satisfying the constraints. J

» Consider such a solution, and define

p(x) = Qz,u(r)) = Qo(x) + u(x)Qi(z) (+)

» Denote the set of error locations J = {j : y; # ¢;}. For j & J we have

play) = Qaj, u(ey)) = Qay, ¢j) = Q(ayj, yj5) (;) 0

= p(x) has at least n — |J| distinct roots in F. But
deg () < masc{deg Qo(x), deg u(w)+deg Q1 (2)} < n—L(d—1) < n—J
= (z) must be identically zero = we can solve for u(z) in (sx):

_ Qo(x)
u(z) = 01 0)

This recovers the transmitted codeword c.
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GRS decoding through bivariate polynomials (iv)

» Since ¢ = 0, we also have, for j € J

0=(a;) =Qlaj,¢c;) = Qoley)+¢;Qi(a;) and
()
0=Qlay;) = Qoloy)+y;Qi(a;)
= (Y —¢;) Qi(ey) =0
———
#0
» Therefore, Q1(c;) =0 for all j € J
= Qi () is divisible by V(z) = ], ,(z — a;) = «!/IA(z™") where
A is the error locator polynomial we defined for standard GRS decoding.

» In fact, Q(x,z) = V(2)(z — u(z)) is a solution to the degree and
interpolation constraints and we have V(z) = @1 (z). This solution
Q(x, z) has the smallest possible (1, k—1)-degree and is unique up to
scalar multiples.

e The GRS decoding scheme just described is closely related to the
Welch-Berlekamp GRS decoding algorithm.
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List-¢ decoding for £ > 1: Sudan’s algorithm

» Consider an [n,k,d] GRS code Cgrs, and define

kol
—.

It will be convenient to use R’ rather than R to represent code rate.
» Ccrs is MDS, so n = k+d—1, or R' = 1-6, where § = d/n.

» Madhu Sudan (1997) introduced a list-¢ decoder for GRS codes, with
decoding radius A,

A= [n 9571(R/ﬂ - 1,

where

l l
OnB) =77 —5F

(The second sub-index 1 of ©,; will be justified later.)
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Sudan's algorithm (i)

L
Or1(R)=—- —

/
+1 5

N s
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Sudan's algorithm (i)

L=1:0:11(R)=(1—-R)/2=105/2 0=2:0;1(R)=2-FR,
corresponding to A = [(d —1)/2], as corresponding to
expected.

A=[2n]—k=|2(n+1)| — k.

b O

When R’ > % there is no point in
selecting /=2 over ¢=1.

= Wi

In general, choose ¢ such that

Or1(R) > Or-11(R)
& R <2/(F+0).

Wl
wln
—
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Sudan’s algorithm (ii-cont.)

Example: GRS code with parameters [18,2,17], R’ = 1/18.

(0L (R)] A
1| 17/36 | 8
2| 11/18 | 10
3 2/3 |11
4 31/45 | 12
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Sudan’s algorithm (ii-cont.)

Example: GRS code with parameters [18,2,17], R’ = 1/18.

RN

1 17/36 8

2 11/18 10

3 2/3 11

4 31/45 12

O¢1 A,

o.ss{ 115

0.6-] ]

1 10

0.55-] E

] o]

0.55 ]
:\||||||||\|I||\|\||||||\|\l|\|\|I||/g 8_‘"'\""\""I""I""\""l""le

12 3 4 5 6 7 8 1t 2 3 4 5 & 7 8

23 /51



Sudan’s algorithm (iii)

Lemma (Interpolation lemma)

Let ¢, 7 € Z~ be such that T < n©1(R’'). For every vector
(Y1,Y2,---,Yn) € F™ there exists a nonzero bivariate polynomial
Q(z,z) € F[z, 2] that satisfies the constraints

degy, Q(z,2) <¢ and deg;; ,Q(z,2) <n—7, (%) (degree)

Q(ajvyj) =0 ) J = 1,27 BN (**) (iIltEI‘p.)

24 /51



Proof of Sudan's interpolation lemma

deg Q(z,z) <€ and deg; Q(xz,z) <n—7 (x) (degree)

Recall ©,1(R') = R’ and 7 <O, (R).

£ _ ¢
+1 32

Q(z, z) is of degree at most £ in z, i.e.:

Qa,2) = 3 Qula)'.
t=0

Let ny = deg Q. Then, by the second degree constraint, we must have
t(k—1)+ny < n— 7. Therefore, the number of significant coefficients allowed
by () is:
¢
> ((n—71) = t(k=1)) = (¢+1)(n—7) — (‘5" (k=1) = (€+1)(n—7) — (“3")nR’
0= (1) (n— 7 — LenR)
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Proof of Sudan's interpolation lemma

deg Q(z,z) <€ and deg; Q(xz,z) <n—7 (x) (degree)

Recall ©,1(R') = R’ and 7 <O, (R).

£ _ ¢
+1 32

Q(z, z) is of degree at most £ in z, i.e.:

Qa,2) = 3 Qula)z'.
t=0

Let ny = deg Q. Then, by the second degree constraint, we must have
t(k—1)+ny < n— 7. Therefore, the number of significant coefficients allowed
by () is:

’

> ((n—7) = t(k=1)) = (¢+1)(n—7) — (‘51 (k=1) = (€+1)(n—7) — (“3")nR’

o ={+1)(n—71— %ZnR/) = (+1)(n T— %fnR/) @
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Proof of Sudan's interpolation lemma

deg Q(z,z) <€ and deg; Q(xz,z) <n—7 (x) (degree)

Recall ©,1(R') = 4%1 —LfR"and 7 <O (R).

Q(z, z) is of degree at most £ in z, i.e.:

Q@,2) = 3 Qula)z'.

Let n; = deg Q. Then, by the second degree constraint, we must have
t(k—1)+ny <n— 7. Therefore, the number of significant coefficients allowed
by () is:

> ((n—7) = t(k—1)) = (t+1)(n—7) — (“51) (k—1) = (€+1)(n—7) — (“3")nR’
= ={+1)(n—71— %ZnR/) = (+1)(n — E—&-Ll -7 = %fnR/) +n

= (£+1)(4+L1n — 2R — T) +n=(l+1) (n ©p1(R') — T) +n>n.

Hence, there must be at least one nontrivial solution to ().
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Sudan’s algorithm (iv)

Lemma (Factorization lemma)

Let Q(x,z) € F[x,z]\{0} satisfy (x)—(xx) for some T and y. Suppose
there exists u(x) € Fj[x] such that ¢ = (u(a;))!, satisfies d(y,c) < 7.
Then (z — u(z)) | Q(z, 2).
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Sudan’s algorithm (iv)

Lemma (Factorization lemma)

Let Q(x,z) € F[x,z]\{0} satisfy (x)—(xx) for some T and y. Suppose
there exists u(x) € Fj[x] such that ¢ = (u(a;))!, satisfies d(y,c) < 7.
Then (z — u(z)) | Q(z, 2).

d(y,
degp(r) < degy ;1 Q(z,2) < n—7 < n—|J.
On the other hand, for all location indices j & J,

ok

o(a;) = Qlag,u(a;)) ‘= Q(ay,y) = 0.

As before, we conclude that ¢(z) = 0, and, thus, u(z) is a z-root of Q(z, 2).
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A list-¢ decoder for Ceups

A list-¢ decoder for Crs derives immediately from the interpolation and
factorization lemmas above.

Input: received word y = (y1,¥2,...,Yn), £ = list size.
(Assume decoding radius 7 = [n©,1(R')] — 1.)
Output: list of up to ¢ codewords ¢ € Cqps.

@ Interpolation step: find a nonzero Q(x, z) € F|x, z| satisfying

degO,l Q(Iv Z) <, degl,k’—l Q(I7 Z) < ’fl(l - @evl(R/))7
and Q(ozj,yj)zt), j:1,2,...,n.

® Factorization step: Compute the set U of all polynomials
u(z) € Fypry1[x] such that (z — u(z)) |Q(z, 2).

©® Output all the codewords ¢ = (u(aq), u(az), ..., u(ay))
corresponding to u(z) € U such that d(y,c) < n©.1(R’).
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Reverse engineering

® degy; Q(7,2) < and deg;, 1 Q(z,2)<n-—7

Degree constraints, through interpolation /factorization lemmas,
ensure we can catch up to ¢ codewords at distance 7 or less from
received word.
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Reverse engineering

® degy; Q(7,2) < and deg;, 1 Q(z,2)<n-—7

Degree constraints, through interpolation /factorization lemmas,
ensure we can catch up to ¢ codewords at distance 7 or less from
received word.

® Count free coefficients allowed by degree constraints.

¢
Qz,2) = ZQi(x)zi, degQ; <n—71—(k—1)i
i=0

14

Neoefts = Z(n*'r*(k*l)i)

=0
0+ 1)
2

=(l+1)(n—7)—(k—1)

>n (we want)
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Degree constraints, through interpolation /factorization lemmas,
ensure we can catch up to ¢ codewords at distance 7 or less from
received word.

® Count free coefficients allowed by degree constraints.

¢
Qz,2) = ZQi(x)zi, degQ; <n—71—(k—1)i
i=0

14

Neoefts = Z(n*'r*(k*l)i)

=0
:(€+1)(n—7)—(k—1)€(€;—1) >n  (we want)
T l ‘¢,
= aSix1 2"
—_——

28 /51



Analysis of the computation

List-¢ decoding can be done in polynomial time. )
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Analysis of the computation

List-¢ decoding can be done in polynomial time. )

@ Interpolation step: find a nonzero Q(x, z) € F|[x, z| satisfying
dego,l Qz,2) < L, degl,kfl Qx,2) < n(l - 6471(R'))7

and  Q(oy,y;) =0, j=12,...,n

Gaussian elimination: O(n®) operations in F. J

@® Factorization step: Compute the set U of all polynomials
u(z) € Forr41[x] such that (z — u(x)) |Q(z, 2).

Nontrivial, because the roots sought are in F'(z). Efficient solutions exist
[Gao-Shokrollahi 1999, Roth-Ruckenstein 2000]. J
© Output all the codewords ¢ = (u(a1), u(az),. .., u(an)) corresponding to

u(z) € U such that d(y,c) < n©.1(R).

Getting ¢ from u(z) takes O(nk) operations.
Doing it for all codewords in the list takes O(¢nk) operations. J
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Sudan's algorithm: small example

List-2 decoder for GRS [7,2, 6] over F = GF(7) (t=2, R'=1/7, |45} |=2)

® Code locators o = j, 7 =0,1,...,6.
G (1111111
s = 0123456 )"
® Decoding radius:

7= [0 ] 1= [n(é%_gn)}_1:[7@_;)]_1:3.

® Degree constraints on @Q: deg,; Q@ <2, deg;; @ <n—71=4.

Q(z, z) = (qoo + qroz + ¢120$2 + Q30333)
+ (qo1 + quiz + Q21$2)Z + (qo2 + q12512)z2 9 variables

Sent word: [0000000]  Received: [1110000]

® Interpolation constraints: Q(aj,y;) =0, 1<j<T.
(1,05, 05, 05, yis aiyi, @53, 3> i3] -
[q00, 10, G20, 430, o1, 11, G21, Qo2, q12] = O
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Sudan's algorithm: small example

2 3 2 2 2 ’
[170‘%aj7aj7yj7ajyj7ajyj7yj7ajyj] q =0
q= [CIOO,Q10,Q207Q30,lJOl,Q11,QQ1,QO2,lJ12]

9

|

7

|

Solutions: 7[0,0,0,0,6,0,0,1,0] + 5[0,0,0,0,0,6,0,0,1], 7 s ¢ F.
® Setr=1,s=0: q=10,0,0,0,6,0,0,1,0]
Q(z,2) =62+ 22 = 22 — 2 = 2(2 — 1), roots u(zx) = 0, u(x) = 1.

o= = A
D UTR WO
NN R = O
DO O == O
[=NeNeNel - e
OO OO N~ O
OO OO+ O
[eNeNeNel S
OO OO N~ O
2,
Il
S OO OO OO

u(x) = 1 corresponds to codeword [1,1,1,1,1,1,1], at distance 4 > 7
from y: discarded.

Codeword list: {0,0,0,0,0,0,0] }

31/51



Sudan's algorithm: small example

Lo a2 o v s 0us 02 i '— )
[ 7a]:aj:aj7ijajy]aajy]ayj7ajyj] q =

q= [QO07Q10,(I207(I30,QO17(1117(1217QO27(112]

1 0 0 0 1 0 0 1 O 0
11 1 1 1 1 1 1 1 0
1 2 4 1 1 2 4 1 2 0
13 2 6 0 0 0 0 0]-gd=1]0
1 4 2 1 0 0 0 0 O 0
1 5 4 6 0 0 0 0 O 0
1 6 1. 6 0 0 0 0 O 0

e Solutions: [0,0,0,0,6,0,0,1,0] + 5[0,0,0,0,0,6,0,0,1], s € F.
Q(z,2) = 6rz+6szz+rz° +sxz’ = (r+sz)(2> —2) = (r+sx)z(z2— 1),
roots u(z) = 0, u(z) = 1.

® Codeword list: {[0,0,0,0,0,0,0] }
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Sudan's algorithm: bigger example

List-4 decoder for GRS [18,2,17] over F = GF(19) ((=4, R'=1, |45} ]=8)

® Code locators o = j, 7 =1,2,...,18.

ut =
o =
ENEE
0 = -
© =
—
(=
—

GGRS:(1234

® Decoding radius:
7= 0] —1=[n (s - 5R) |- 1=[18(3 - D] -1=12.

® Degree constraints on Q: deg,; @ <4, deg,;Q <n—7=6.

4 5—1
Qz,z) = Z <Z fi,j$j> 2 20 indeterminates .

® Assume the transmitted codeword c corresponds to u(z) = 18 + 14z, i.e.,
c= (13,8, 3,17,12, 7, 2,16,11,6, 1,15,10, 5, 0,14, 9, 4),
and the received word is
y=(5,5,1,10,10, 7, 2,18, 6, 6, 1,15,13, 5,14, 3, 1, 0).
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The Guruswami-Sudan algorithm

» The decoding radius of Sudan’s algorithm can be increased by
considering also the derivatives of Q(z, 2)

» The quantity ©,1(R’) will be generalized to

0u() = gy (1) 1= R) = (57)

or, equivalently,

r—+1 l
- —R </.
20041) 200 TS

@g7T(R/) =1-

» As before, R’ — ©,,(R’) represents a line in the real plane. When
r =1, the expression reduces to the previous definition of ©,1(R').

» The additional parameter r will be optimized to obtain the largest
possible decoding radius.
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Hasse derivatives

» We saw finite field derivatives inlthe computation of error values in GRS

. aj F(a]._ )

decoding, e.g.: e; = o N

® Finite field derivatives have some familiar properties, e.g., 5 is a
multiple root of f(x) iff f(8) = f'(8) = 0.

® But, in characteristic p, f")(z) =0 for all f. E.g., f(x) =0 in
characteristic 2. Not good for characterizing root multiplicity.
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Hasse derivatives

» We saw finite field derivatives inlthe computation of error values in GRS

. ;i F(a]‘_ )

decoding, e.g.: e; = o N

® Finite field derivatives have some familiar properties, e.g., 5 is a
multiple root of f(x) iff f(8) = f'(8) = 0.

® But, in characteristic p, f")(z) =0 for all f. E.g., f(x) =0 in
characteristic 2. Not good for characterizing root multiplicity.

Definition (Hasse derivative)

Let a(z) = Y./, a;z" be a polynomial in F[z]. The {th Hasse derivative
of a(x), denoted al/l(x), is defined as

af(z) = (;) a;zt =t
=0

(z)é()wheni<€
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Hasse derivatives

» We saw finite field derivatives inlthe computation of error values in GRS
. ;i F(a]‘_ )
decoding, e.g.: e; = o N
® Finite field derivatives have some familiar properties, e.g., 5 is a
multiple root of f(x) iff f(8) = f'(8) = 0.
® But, in characteristic p, f")(z) =0 for all f. E.g., f(x) =0 in
characteristic 2. Not good for characterizing root multiplicity.

Definition (Hasse derivative)

Let a(z) = Y./, a;z" be a polynomial in F[z]. The {th Hasse derivative
of a(x), denoted al/l(x), is defined as

af(z) = (é)aixi*Z .
=t (;) =0 when i</
Example flx)=a*+2%+1 G GF(2)[x].
(z) = (1)2° () =@, @)= () + (e ==,
(2) = ()= + (3) = (@) =1
( )=0
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Hasse derivatives (ii)

» Properties
o 1] (z) :a(l)( ).
o (a(z)+b(x))" —a[f( +0ll(z),  (ca(@) = cald(z) linear.
o (a(2)b(@)! =327, a™ (@)pl ] ().
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Hasse derivatives (ii)

» Properties
e all(z) =aW(z).
° (a(x)—l—b(az))m = al(z)+0l (z), (c-a(x))m = c-al¥(z) linear.
° (a(m)b(x))m — anzo alm (x)b[é—nL] (z).

Proposition

Let B be a root of f(x) € F|x] in some extension of F. The multiplicity
of B as a root of f is exactly m iff

() =0,0=0,1,...,m—1, and f"(z) £0.

z=p0 =0

e Example:
(

f(z)=2*+1=(z+1)* € GF(2)[z] vanishes at = = 1
f(z) = 0 vanishes at = = 1

f(z) = 0 vanishes at = = 1

fBl(x) = 0 vanishes at = = 1

M (z) = 1 does not vanish at z = 1
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Hasse derivatives for bivariate polynomials

Definition (Hasse derivative for bivariate polynomials)

The (s,t)th Hasse derivative of a(z, z) € F[z, z] is defined as

al*Na,2) = () (aiz' ="

(%]

(Z)é()whenh<m

37/51



Guruswami-Sudan algorithm: auxiliary lemma

» Define T(r) = {(s,t) : s,t € Zso, s+t <r} notice: |T(r)| = ("1").
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Guruswami-Sudan algorithm: auxiliary lemma

» Define T(r) = {(s,t) : 8,t € Zzo, s+t <7} notice: |T(r)| = ("1").

Lemma (auxiliary)

Given u(z) € Flz] and a(x,z) € Flx,z], let B and v be elements of F' such
that u(8) = v and

al*!! (@, 2)|@,2)=(8,1 = 0 for all (s,t) € T(r) .
Then (z — B)" | a(x, u(z)).
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Guruswami-Sudan algorithm: auxiliary lemma

» Define T(r) = {(s,t) : s,t € Zzo, s+t <r} notice: [T(r)| = ("3").

Lemma (auxmary)

Given u(z) € Flz] and a(x,z) € Flx,z], let B and v be elements of F' such
that u(8) = v and

"z, 2)| @087 =0 for all (s,) € T(r) -
Then (z — B)" | a(x, u(z)).

v

Define b(v, w) = a(v+8, w+y) 2 Dart bs W’ - We have

(v+ﬁ,w+w Za” UJrﬁ er'y Z“”ZZ 1 s ] tSat

s=0 t=0

Equating coeffluents we get
bet = Z ( )( )aL]Bz s =t _ a[s’t]($72)|z:5,z:7
and, so, bs ¢ = 0 for ejery (s,t) € T(r). Hence,
a(z,u(@)) =b(z = Bu(x) =7) = D beslz—B)(ulz) )"
s,t:s+t>r
The result follows by observing that (z — ) | (u(z) — 7).

D
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Guruswami-Sudan interpolation lemma

Lemma (Guruswami-Sudan interpolation lemma)

Let ¢, v, n, k=nR + 1, and T be positive integers such that r < ¢,
k<n,and T <nOy,(R). For every vectory € F" there exists a
nonzero Q(x, z) € F[z, z| satisfying

degy 1 Q(7,2) <L, degy 1 Q(x,2) <r(n—71), (%)

and

Q¥ (@, 2)|(w,2)=(ay ) =0, F=1,2,...,n, (s,)ET(r). (k%)
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Guruswami-Sudan interpolation lemma (proof)

degg 4 Qz,2) <L, degy 14 Qz,2) <r(n—7), (%)
/ 1 / —r
@577'(R) = (£+1)T((“2_1)(1—R)— (“_; ))

Similar to the proof for Sudan's algorithm. The number of free coefficients
allowed by the degree constraints is

Zfzo (rn—7)—t(k=1)) =+ Dr(n—7)— (4’2“1) (k—1)

= ({+Dr(n—71)— (Z;l)nR/
= (“DHn@ - R)+ ((t+D)r — () n— (¢+1)rr
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Guruswami-Sudan interpolation lemma (proof)

deg0,1 Q(x7 Z) S 14 ) degl,k—l Q(:C7 Z) < 7'(TL - T) ’ (*)

@577'(R/) = (Z-l—ll)’l“ ((“2_1)(1 - Rl) - (“_;_T))

Similar to the proof for Sudan's algorithm. The number of free coefficients
allowed by the degree constraints is

Zf:o (r(n—7) —t(k — 1)) 4+ 1r(n—1)— (Z";)(k —-1)
= (+1)r(n-— (Z 1)
= (3Hn@ - R+ (+1)r = (“31)) n + (+D)rr
= (4 Yn(l—R') ((“1 N = (Y nl- (e+1)rr
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Guruswami-Sudan interpolation lemma (proof)

deg0,1 Q(x7 Z) S 14 ) degl,k—l Q(:C7 Z) < 7'(TL - T) ’ (*)

O (1) = iy (5D =R = (7))

Similar to the proof for Sudan’s algorithm. The number of free coefficients
allowed by the degree constraints is

Yico(r(n—7) =tk =1)) = (¢ + Vr(n —7) = (D) (k- 1)

= ({+Dr(n—71)— (egl)nR/

= (“DHn@ - R)+ ((t+1)r — () n— (¢+1)rr
(‘FHn = R) = ((377) = ("51)) n— (t+1)rr

= (1)1 (nOu(R) = 1) + (5> (F)n=T(r)In

Thus, the interpolation constraints have at least one nontrivial solution.
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Guruswami-Sudan factorization lemma

Lemma (Guruswami-Sudan factorization lemma)

Let a nonzero Q(z, z) € F|[z, 2] satisfy the degree and interpolation
constraints of the previous lemma for r,7 € Z~(, and a word'y € F".
Suppose there exists u(x) € Fy[z] such that the respective codeword,
c = (u(a;));_, satisfies d(y,c) < 7. Then (z — u(z)) | Q(z, 2).
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Guruswami-Sudan factorization lemma

Lemma (Guruswami-Sudan factorization lemma)

Let a nonzero Q(z, z) € F|[z, 2] satisfy the degree and interpolation
constraints of the previous lemma for r,7 € Z~(, and a word'y € F".
Suppose there exists u(x) € Fy[z] such that the respective codeword,
c = (u(a;));_, satisfies d(y,c) < 7. Then (z — u(z)) | Q(z, 2).

V.

Let J be the set of indexes j for which u(a;) = y;. By (%%) and the auxiliary
lemma we obtain , R
(I - aj) |Q(£E,’U,(CC)) , J € J

= (JI@-a))Q@u@).
jeJ
On the other hand, by (%)
deg Q(z,u(z)) < deg; ;, , Q(z,2) <r(n—7) < r|J] .

Combining this with (xx#%) we conclude that Q(z, u(z)) is identically zero.
The result now follows from the lemma on z-roots. )
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The Guruswami-Sudan (GS) decoder

Input: received word y = (y1,¥2, ..., yn), £ = list size.
(Assume decoding radius 7 = [nO,,.(R')] — 1.)
Output: list of up to £ codewords ¢ € Cqps.

@ Interpolation step: find a nonzero Q(x, z) € F|x, z| satisfying

degO,l Q(gja Z) S 14 ’ degl,k‘—l Q(IE, Z) S n(l - @g’r(R/)),
and Q[S’t](xaz)‘(a:,z):(aj,yj) =0, Jj= L,2,...,n, (57t)€T(T)

® Factorization step: Compute the set U of all polynomials
u(z) € Fppry1[x] such that z — u(z)|Q(x, 2).

® Output all the codewords ¢ = (u(aq), u(az), ..., u(ay))
corresponding to u(x) € U such that d(y,c) < nO,.(R).

The algorithm is parametrized in » < ¢. What is the best value? )
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The Guruswami-Sudan algorithm: example

List-4 decoder for GRS [18,4, 15] over F' = GF(19) @0.{5’{(}%/) -
® Parameters: R’ = (k—1)/n =1/6, £ = 4. The function ¢ 2q .
0.46{°
+1 l 0.44
O (R)=1——"" "R r<t . 3
er(R) 206+1)  2r 7 "= B e R T

is maximized at r = 2, yielding © = 8/15 and a decoding radius
T=[nOr)]—-1=9
(compare with (d —1)/2=7).
® Degree constraints on Q: deg;; Q@ <4, deg, 3Q <r(n—7)=18.
4 [17—3%j N
Qx,z) = Z < Z fi,j$1> 2’ 60 indeterminates .
j=0 \ =0

® Assume the transmitted codeword c corresponds to
u(z) =18 4+ 14z + 322 + 23, ie.,
c=(17,9,0, 15, 3, 8, 17, 17, 14, 14, 4, 9, 16, 12, 3, 14, 13, 6).
error vector
e=(15,9,0,0,9,17,0,8,4,0,0,0,0,4,0,7,0,12) (weight 9)
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Optimizing the decoding radius

» We can optimize over r to obtain the best possible decoding radius for
the GS decoder. Define

AN /
@z(R ) = 1217{1%([ @g,T(R ) .

» Define Ty, = %. It can be shown that

@gﬂ-(R/) > 9577-_1(]%/) — R > Yo, .

= Optimal 7 is the unique integer satisfying
T <R <Yy, (best r is a function of R’ and /).
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Optimizing the decoding radius

» We can optimize over r to obtain the best possible decoding radius for
the GS decoder. Define

AN /
@z(R ) = 1217{1%([ @g,T(R ) .

» Define Ty, = %. It can be shown that

@gﬂ-(R/) > 9577-_1(]%/) — R > Yo, .

= Optimal 7 is the unique integer satisfying

T <R <Yy, (best r is a function of R’ and /).
» We have:
Op1(R) Y1 <R <Yy
Op2(R') Yo <R <Tp3
Ou(R) = . .

Ope(R') Yoo <R <Yypp
(Y120, Topp1 £1)
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Optimizing the decoding radius

» We can optimize over r to obtain the best possible decoding radius for
the GS decoder. Define

N /
@z(R ) = 1217{1%(6 @g,T(R ) .
» Define Ty, = %. It can be shown that
@&,-(R/) > 9577-_1(R/) — R > Tgﬂ. .

= Optimal 7 is the unique integer satisfying
T <R <Yy, (best r is a function of R’ and /).
» We have:

Or1(R)  Te1 SR <Typ .
Oa(R)  Tia <R <Yy The value of ©(f') is always

. ] non-decreasing with ¢, and it can
be shown that

O(R') =

O0o(R) Yoy <R <
clf) TeesB<Xern g (R) 2 lim u(R) =1-VR .
(Te1 20, Toopr 21) Y=o
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Best values of r for ¢ = 4

O (1)

Best values of » for ¢ =4
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Comparison with list-1 decoder and asymptotic behavior

Oy(R')

IS

R

s~
3l
sl
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The average number of incorrect codewords in the list

It turns out that in most cases the list produced by the GS decoder
contains just one codeword (the closest codeword to the received word). J
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The average number of incorrect codewords in the list

It turns out that in most cases the list produced by the GS decoder
contains just one codeword (the closest codeword to the received word). J

» McEliece (2003) shows that under a g-ary symmetric channel (¢ = |F|),
the average number of “bad” codewords in the list produced by a GS
decoder of radius 7 is very close to

7 _ —(n—k) - n (o 1ys average number of codewords
Lir)=q ; (5)(q D™ in a random sphere of radius TJ
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The average number of incorrect codewords in the list

It turns out that in most cases the list produced by the GS decoder
contains just one codeword (the closest codeword to the received word). J

),

» McEliece (2003) shows that under a g-ary symmetric channel (¢ = |F
the average number of “bad” codewords in the list produced by a GS
decoder of radius 7 is very close to

7 _ —(n—k) - n (o 1ys average number of codewords
Lir)=q ;) (5)(q D™ in a random sphere of radius TJ

» Ruckenstein (Ph.D. Thesis, 2001) gave the explicit estimate
Lbad < ¢°" whenever +/k/n—k/n—1/logyq>¢.

Consider a [256,179] GRS code. We have R = k/n ~ 0.7, and thus

Ebad ~ 2567(\/ﬁ70.7—0.125)-256 ~ 6.5 % 1078’

with 7 ~ 41 (conventional list-1 decoder corrects 38 errors).
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Finding z-roots of bi-variate polynomials

» The goal: given Q(x,z2) € F[z,z], and an integer k > 0, find all factors
of Q(x, z) of the form z — u(x), with u(x) € F[z] and degu(x) < k.
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Finding z-roots of bi-variate polynomials

» The goal: given Q(z,z) € F[z,z], and an integer k > 0, find all factors
of Q(x, z) of the form z — u(x), with u(x) € F[z] and degu(x) < k.

» The observation: if
(z—up —ux — - —up_12°7 ) | Q(z,2) and z f Q(z, 2)

then (z —wug) | Q(0,2) = wy is a root of Q(0, z) € F[z].
® Find ug using a root-finding algorithm for univariate polynomials.
For example, Chien search is O(|F|), which is O(n) when n ~ |F|
(e.g., primitive RS codes). More sophisticated methods exist.
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Finding z-roots of bi-variate polynomials

» The goal: given Q(z,z) € F[z,z], and an integer k > 0, find all factors
of Q(x, z) of the form z — u(x), with u(x) € F[z] and degu(x) < k.

» The observation: if
(z—up —ux — - —up_12°7 ) | Q(z,2) and z f Q(z, 2)

then (z —wug) | Q(0,2) = wy is a root of Q(0, z) € F[z].
® Find ug using a root-finding algorithm for univariate polynomials.
For example, Chien search is O(|F|), which is O(n) when n ~ |F|
(e.g., primitive RS codes). More sophisticated methods exist.

» Let 2/ = zx + ug. Then,

k—1

2 —u(x) = zr—uyr—uor?— - —up_12"” k

= 2(z—uy —ugx— - —up_12° %)
and we get that

(z—uy —ugw — - —up_12" ) | 27 Q(x, 22 + ug) .
We proceed recursively, recovering ug, u1, ..., Ug_1.
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Algoritm BiRoot (Roth-Ruckenstein 2000)

BIRoOT (Q(z, 2) € Flz,y], k€ N, XA € N)

// Input X is the recursion depth.

// Global variables: set U C Fi[z], polynomial g(z) = 322} gsa* € Fi[z].
// On output, U contains all z-linear factors of Q(z, z).

// Call procedure initially with Q(z, z) # 0, £ > 0, and A = 0.
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Algoritm BiRoot (Roth-Ruckenstein 2000)

BiRooT (Q( z,y], k€N, AeN)

// Input X is the recursion depth.
// Global variables: set U C Fi[z], polynomial g(z) = 322} gsa* € Fi[z].
// On output, U contains all z-linear factors of Q(z, z).
// Call procedure initially with Q(z, z) # 0, £ > 0, and A = 0.
if (A ==0) /1)
U« 0; VY
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Algoritm BiRoot (Roth-Ruckenstein 2000)

BiRooT (Q( z,y], k€N, AeN)

// Input X is the recursion depth.

// Global variables: set U C Fi[z], polynomial g(z) = 322} gsa* € Fi[z].
// On output, U contains all z-linear factors of Q(z, z).

// Call procedure initially with Q(z, z) # 0, £ > 0, and A = 0.

m < largest integer such that z™ | Q(z, 2); /3 /
T(z,2) + 2~ "Q(x, 2); /4
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Algoritm BiRoot (Roth-Ruckenstein 2000)

BiRooT (Q( z,y], k€N, AeN)

// Input X is the recursion depth.

// Global variables: set U C Fi[z], polynomial g(z) = 322} gsa* € Fi[z].
// On output, U contains all z-linear factors of Q(z, z).

// Call procedure initially with Q(z, z) # 0, £ > 0, and A = 0.

Z + set of all distinct (2-)roots of T'(0, z) in F}; /5
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Algoritm BiRoot (Roth-Ruckenstein 2000)

BiRooT (Q( z,y], k€N, AeN)

// Input X is the recursion depth.

// Global variables: set U C Fi[z], polynomial g(z) = 322} gsa* € Fi[z].
// On output, U contains all z-linear factors of Q(z, z).

// Call procedure initially with Q(z, z) # 0, £ > 0, and A = 0.

for each v € Z do { /] 6/
gr — ; VAN
} /13 /] |
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Algoritm BiRoot (Roth-Ruckenstein 2000)

BiRooT (Q( z,y], k€N, AeN)

// Input X is the recursion depth.

// Global variables: set U C Fi[z], polynomial g(z) = 322} gsa* € Fi[z].
// On output, U contains all z-linear factors of Q(z, z).

// Call procedure initially with Q(z, z) # 0, £ > 0, and A = 0.

for each v € Z do { /] 6/
gr — ; VA,
if (A< k—1) Y
BiRooT(T(z, zz + ), k, A+1); /9 /)

} /18 /) |
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Algoritm BiRoot (Roth-Ruckenstein 2000)

BiRooT (Q( z,y], k€N, AeN)

// Input X is the recursion depth.

// Global variables: set U C Fi[z], polynomial g(z) = 322} gsa* € Fi[z].
// On output, U contains all z-linear factors of Q(z, z).

// Call procedure initially with Q(z, z) # 0, £ > 0, and A = 0.

for each v € Z do { /] 6/
gx 7 /T
else // 10 //

if (Q(z,gr—1)==0) /)11 /)
U+ UU{g(x)}; /)12 //
} /13// |
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Algoritm BiRoot (Roth-Ruckenstein 2000)

v,y], k€N, AeN)

// Input X is the recursion depth.
// Global variables: set U C Fi[z], polynomial g(z) = 322} gsa* € Fi[z].
// On output, U contains all z-linear factors of Q(z, z).
// Call procedure initially with Q(z, z) # 0, £ > 0, and A = 0.
if (A ==0) /1)
U« 0; VY
m < largest integer such that z™ | Q(z, 2); /3 /)
T(z,2) + z~"Q(z, 2); /e
Z <+ set of all distinct (z-)roots of T'(0, z) in F; /5 /)
for each v € Z do { /) 6/
gr <7 /17
if (A<k—1) /)8 //
BiRooT(T(z, zz + ), k, A+1); /9 /)
else // 10 //
if (Q(z,gr—1)==0) /)11 /)
U+ UU{g(z)} /)12 //
} /13// |
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Algorithm BiRoot: correctness

Proposition

Let Q(z, z) be a nonzero bivariate polynomial in Fx,z]| and let U be the
set that is computed by the call BIROOT(Q, k,0). Then, every element
of U is a z-root of Q(z, z), and every z-root of Q(x, z) is contained in U.

Proof: Roth & Ruckenstein (2000), Roth (2005).
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Algorithm BiRoot: complexity

» The z-degree of Q;(z,z) and T'(z, z) does not change during execution
= T(0,z) in Step //5// is nonzero and of finite, bounded degree
— Step //5// returns a finite set.

» Clearly, the recursion depth is limited to k in Step //8//
—> BIROOT terminates.
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» The z-degree of Q;(z,z) and T'(z, z) does not change during execution
= T(0,z) in Step //5// is nonzero and of finite, bounded degree
— Step //5// returns a finite set.

» Clearly, the recursion depth is limited to k in Step //8//
—> BIROOT terminates.

» Roth (2005) shows that if the z-degree of Q(z, z) is ¢ then the total
number of recursive calls made to BIROOT is at most ¢(k — 1)
= BIROOT runs in polynomial time if the root finder of Step //5//
does.
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Algorithm BiRoot: complexity

» The z-degree of Q;(z,z) and T'(z, z) does not change during execution
= T(0,z) in Step //5// is nonzero and of finite, bounded degree
— Step //5// returns a finite set.

» Clearly, the recursion depth is limited to & in Step //8//
— BIROOT terminates.

» Roth (2005) shows that if the z-degree of Q(z, z) is ¢ then the total
number of recursive calls made to BIROOT is at most ¢(k — 1)
= BIROOT runs in polynomial time if the root finder of Step //5//
does.

Detailed complexity analysis can be found in Roth (2005), and Roth &
Ruckenstein (2000). Assuming complexity O(¢?log® £log |F)) for
root-finding in F[z], the total complexity of BIROOT is

O((Llog? O)k(n + Llog |F])).
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