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¾De qué vamos a hablar?

n Aprender grafos desde observaciones en nodos

n Ex: Central en network neuroscience

⇒ Red funcional a partir de señales de fMRI

n Mayoría de trabajos GSP: cómo un grafo conocido G afecta señales y �ltros

l Posible para e.g., redes físicas
l Links son tangibles y directamente observables

n Igual, obtener y actualizar la información de topología es desa�ante

⇒ por tamaño, recon�guración, privacidad, seguridad

n Aquí, camino inverso: ¾cómo usar GSP para inferir la topología del grafo?

n Objetivo: recuperar una red latente, o, una representación en grafos de datos
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Connecting the dots

n Algunos tutoriales recientes en aprendizaje de grafos a partir de datos

l IEEE Signal Processing Magazine y Proceedings of the IEEE
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The construction of a meaningful graph topology plays a 
crucial role in the effective representation, processing, 
analysis, and visualization of structured data. When a nat-

ural choice of the graph is not readily available from the data 
sets, it is thus desirable to infer or learn a graph topology from 
the data. In this article, we survey solutions to the problem of 
graph learning, including classical viewpoints from statistics 
and physics, and more recent approaches that adopt a graph 
signal processing (GSP) perspective. We further emphasize 
the conceptual similarities and differences between classical 
and GSP-based graph-inference methods and highlight the 
potential advantage of the latter in a number of theoretical and 
practical scenarios. We conclude with several open issues and 
challenges that are keys to the design of future signal pro-
cessing and machine-learning algorithms for learning graphs 
from data.

Introduction
Modern data analysis and processing tasks typically involve 
large sets of structured data, where the structure carries criti-
cal information about the nature of the data. One can find nu-
merous examples of such data sets in a wide diversity of ap-
plication domains, including transportation networks, social 
networks, computer networks, and brain networks. Typically, 

graphs are used as mathematical tools to describe the struc-
ture of such data. They provide a flexible way of  representing 
the relationship between data entities. In the past decade, 
numerous signal processing and machine-learning algorithms 
have been introduced for analyzing structured data on a priori 
known graphs [1]– [3]. However, there are often settings where 
the graph is not readily available, and the structure of the data 
has to be estimated to permit the effective representation, pro-
cessing, analysis, or visualization of the data. In this case, a 
crucial task is to infer a graph topology that describes the char-
acteristics of the data observations, hence capturing the under-
lying relationship between these entities.

Consider an example in brain signal analysis: suppose we 
are given blood-oxygen-level-dependent (BOLD) signals, i.e., 
time series extracted from functional magnetic resonance 
imaging data that reflect the activities of different regions of 
the brain. An area of significant interest in neuroscience is the 
inference of functional connectivity, i.e., to capture the relation-
ship between brain regions that correlate or synchronize given a 
certain condition of a patient, which may help reveal underpin-
nings of some neurodegenerative diseases (see Figure 1). This 
leads to the problem of inferring a graph structure, given the 
multivariate BOLD time series data.

Formally, the problem of graph learning is the following: 
given M  observations on N  variables or data entities rep-
resented in a data matrix ,X RN M! #  and given some prior 
knowledge (e.g., distribution, data model, and so on) about 
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ABSTRACT | Identifying graph topologies as well as processes 

evolving over graphs emerge in various applications involving 

gene-regulatory, brain, power, and social networks, to name 

a few. Key graph-aware learning tasks include regression, 

classification, subspace clustering, anomaly identification, 

interpolation, extrapolation, and dimensionality reduction. 

Scalable approaches to deal with such high-dimensional tasks 

experience a paradigm shift to address the unique modeling and 

computational challenges associated with data-driven sciences. 

Albeit simple and tractable, linear time-invariant models are 

limited since they are incapable of handling generally evolving 

topologies, as well as nonlinear and dynamic dependencies 

between nodal processes. To this end, the main goal of this paper 

is to outline overarching advances, and develop a principled 

framework to capture nonlinearities through kernels, which are 

judiciously chosen from a preselected dictionary to optimally 

fit the data. The framework encompasses and leverages (non)

linear counterparts of partial correlation and partial Granger 

causality, as well as (non)linear structural equations and vector 

autoregressions, along with attributes such as low rank, sparsity, 

and smoothness to capture even directional dependencies with 

abrupt change points, as well as time-evolving processes over 

possibly time-evolving topologies. The overarching approach 

inherits the versatility and generality of kernel-based methods, 
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and lends itself to batch and computationally affordable 

online learning algorithms, which include novel Kalman filters 

over graphs. Real data experiments highlight the impact of 

the nonlinear and dynamic models on consumer and financial 

networks, as well as gene-regulatory and functional connectivity 

brain networks, where connectivity patterns revealed exhibit 

discernible differences relative to existing approaches.

KEYWORDS | Kernel-based models; network topology 

inference; nonlinear modeling; time-varying networks

I. IN TRODUCTION

The science of networks and networked interactions has 

recently emerged as a major catalyst for understanding 

the behavior of complex systems [28], [67], [90], [109]. 

Such systems are typically described by graphs, and can 

be man-made or natural. For example, human interac-

tion over the web commonly occurs over social networks 

such as Facebook and Twitter, while sophisticated brain 

functions are the result of complex physical interactions 

among neurons; see, e.g., [95] and references therein. 

Other complex networks show up in diverse fields includ-

ing financial markets, genomics, proteomics, power grids, 
and transportation systems, to name a few.

Despite their popularity, single-layer networks may fall 

short in describing complex systems. For instance, mode-

ling interactions between two individuals using a single edge 

weight can be an oversimplification of reality. Generalizing 
their single-layer counterparts, multilayer networks allow 

nodes to belong to different groups, termed layers [10], [66]. 
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Topology Identification and 
Learning Over Graphs: 
Accounting for Nonlinearities 
and Dynamics
This article focuses on the problem of learning graphs from data, in particular, to 
capture the nonlinear and dynamic dependencies.
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l Special issue on Network Topology Inference (Jan. 2020)
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Inferencia de topología del grafo

1 Métodos estadísticos para inferencia de topología del grafo

2 Aprendiendo grafos a partir de observaciones de señales suaves

3 Identi�cando la estructura de procesos de difusión en redes
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Problemas de inferencia de topología del grafo

n Q: Si G (o una porción de él) no es observada, ¾podemos inferirlo a partir de datos?

n Formular como inferencia estadística, i.e. dados

l Medidas de señales xi en todos/algunos vértices i ∈ V
l Indicadores Aij de estado de aristas para algunos pares de vértices {i, j} ∈ V(2)

obs
l Una colección G de grafos candidatos G

Objetivo: inferir la topología del grafo G(V, E)

n Poder aprovechar conceptos estadísticos existentes y herramientas

⇒ Estudiar identi�cabilidad, consistencia, robustez, complejidad

n Tres problemas canónicos de inferencia de topología del grafo [Kolaczyk'09]

(i) Predicción de enlaces
(ii) Association network inference ← Énfasis de estas clases
(iii) Tomographic network topology inference
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Predicción de enlaces
1

Fig. 7.1 Visual characterization of three types of network topology inference problems, for a toy
network graph G. Edges shown in solid; non-edges, dotted. Observed vertices and edges shown
in dark (i.e., red and blue, respectively); un-observed vertices and edges, in light (i.e., pink and
light blue). Top left: True underlying graph G. Top right: Link prediction. Bottom left: Association
graph inference. Bottom right: Tomographic network inference.

Copyright 2009 Springer Science+Business Media, LLC. These figures may be used for noncom-
mercial purposes as long as the source is cited: Kolaczyk, Eric D. Statistical Analysis of Network
Data: Methods and Models (2009) Springer Science+Business Media LLC.

1

Fig. 7.1 Visual characterization of three types of network topology inference problems, for a toy
network graph G. Edges shown in solid; non-edges, dotted. Observed vertices and edges shown
in dark (i.e., red and blue, respectively); un-observed vertices and edges, in light (i.e., pink and
light blue). Top left: True underlying graph G. Top right: Link prediction. Bottom left: Association
graph inference. Bottom right: Tomographic network inference.

Copyright 2009 Springer Science+Business Media, LLC. These figures may be used for noncom-
mercial purposes as long as the source is cited: Kolaczyk, Eric D. Statistical Analysis of Network
Data: Methods and Models (2009) Springer Science+Business Media LLC.

Original graph Link prediction 

n Supongamos que observamos la señal en el grafo x = [x1, . . . , xN ]>; y

n Estado de aristas observado solo en algun subconjunto de pares V(2)
obs ⊂ V(2)

n Objetivo: predecir estado de aristas para el resto de los pares, i.e., V(2)
miss = V(2) \ V(2)

obs
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Association network inference
1

Fig. 7.1 Visual characterization of three types of network topology inference problems, for a toy
network graph G. Edges shown in solid; non-edges, dotted. Observed vertices and edges shown
in dark (i.e., red and blue, respectively); un-observed vertices and edges, in light (i.e., pink and
light blue). Top left: True underlying graph G. Top right: Link prediction. Bottom left: Association
graph inference. Bottom right: Tomographic network inference.

Copyright 2009 Springer Science+Business Media, LLC. These figures may be used for noncom-
mercial purposes as long as the source is cited: Kolaczyk, Eric D. Statistical Analysis of Network
Data: Methods and Models (2009) Springer Science+Business Media LLC.

1

Fig. 7.1 Visual characterization of three types of network topology inference problems, for a toy
network graph G. Edges shown in solid; non-edges, dotted. Observed vertices and edges shown
in dark (i.e., red and blue, respectively); un-observed vertices and edges, in light (i.e., pink and
light blue). Top left: True underlying graph G. Top right: Link prediction. Bottom left: Association
graph inference. Bottom right: Tomographic network inference.

Copyright 2009 Springer Science+Business Media, LLC. These figures may be used for noncom-
mercial purposes as long as the source is cited: Kolaczyk, Eric D. Statistical Analysis of Network
Data: Methods and Models (2009) Springer Science+Business Media LLC.

Original graph Association network 
inference 

n Supongamos que solo observamos la señal en el grafo x = [x1, . . . , xN ]>; y

n Asumimos (i, j) de�nido por un `nivel de asociación' no trivial entre xi, xj

n Objetivo: predecir estado de aristas para todos los pares de vértices V(2)
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Tomographic network topology inference

1

Fig. 7.1 Visual characterization of three types of network topology inference problems, for a toy
network graph G. Edges shown in solid; non-edges, dotted. Observed vertices and edges shown
in dark (i.e., red and blue, respectively); un-observed vertices and edges, in light (i.e., pink and
light blue). Top left: True underlying graph G. Top right: Link prediction. Bottom left: Association
graph inference. Bottom right: Tomographic network inference.

Copyright 2009 Springer Science+Business Media, LLC. These figures may be used for noncom-
mercial purposes as long as the source is cited: Kolaczyk, Eric D. Statistical Analysis of Network
Data: Methods and Models (2009) Springer Science+Business Media LLC.

1

Fig. 7.1 Visual characterization of three types of network topology inference problems, for a toy
network graph G. Edges shown in solid; non-edges, dotted. Observed vertices and edges shown
in dark (i.e., red and blue, respectively); un-observed vertices and edges, in light (i.e., pink and
light blue). Top left: True underlying graph G. Top right: Link prediction. Bottom left: Association
graph inference. Bottom right: Tomographic network inference.

Copyright 2009 Springer Science+Business Media, LLC. These figures may be used for noncom-
mercial purposes as long as the source is cited: Kolaczyk, Eric D. Statistical Analysis of Network
Data: Methods and Models (2009) Springer Science+Business Media LLC.

Original graph Tomographic 
inference 

n Supongamos que solo observamos xi para algunos vértices i ⊂ V en el `perímetro' de G

n Objetivo: predecir estado de vértices y aristas en el `interior' de G
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Association networks

n Def : en association networks los vértices están unidos por aristas si hay un nivel
su�ciente de `asociación' entre atributos de los pares de vértices

5

Experiments
G
en
es

Fig. 7.5 Image representation of 445 microarray expression profiles collected for E. coli, under
various conditions, for the 153 genes that are listed as known transcription factors in the Regu-
lonDB database. Larger negative values are indicated with darker shades of blue, and larger positive
values, in yellow to orange. Shades of green indicate values comparatively close to zero.

Ejemplo

n Gene-regulatory networks

n Neuro-functional connectivity networks
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Association network inference

n Dada una colección de N elementos representados como vértices v ∈ V
l Señal en el grafo x = [x1, . . . , xN ]> ∈ RN de atributos observados en los vértices

n Similaridad de�nida por usuario sim(i, j) = f(xi, xj) especi�ca aristas (i, j) ∈ E
l Q: ¾Si los valores mismos de sim (i.e., estado de aristas) no son observables?

Association network inference

Inferir valores no triviales de sim a partir de observaciones i.i.d. X := {xp}Pp=1

n Hay muchas elecciones a tomar, y entonces muchos acercamientos posibles

l Elección de sim: correlación, correlación parcial, información mutua
l Elección técnica de inferencia: test de hipótesis, regresión, ad hoc
l Elección de parámetros: umbrales de test, nivel de signi�cancia, regularización
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Redes de correlación

n Coe�ciente de correlación de Pearson como sim entre pares de vértices

sim(i, j) := ρij =
cov[xi, xj ]√
var [xi] var [xj ]

, i, j ∈ V

n Def: el grafo de correlación G(V, E) tiene como aristas

E =
{

(i, j) ∈ V(2) : ρij 6= 0
}

l Association network inference ⇔ Inferencia de correlaciones no nulas

n Inferencia de E típicamente atacado como problema de test de hipótesis

H0 : ρij = 0 versus H1 : ρij 6= 0
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Estadísticos para el test

n Una elección usual de estadístico son las correlaciones empíricas

ρ̂ij =
σ̂ij√
σ̂iiσ̂jj

, where Σ̂ = [σ̂ij ] =
1

P − 1

P∑
p=1

xpx
>
p

n Un estadístico alternativo conveniente es el transformado de Fisher

ẑij =
1

2
log

(
1 + ρ̂ij
1− ρ̂ij

)
, i, j ∈ V

⇒ Bajo H0, ẑij ∼ N (0, 1
P−3 ) ⇒ Simple de controlar signi�cancia

n Rechazamos H0 bajo nivel de signi�cancia α, i.e., asignamos arista (i, j) si |ẑij | >
zα/2√
P−3

Tasa de control de error: PH0
(falsa arista) = PH0

(
|ẑij | >

zα/2√
P − 3

)
= α
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Grafos y testeo múltiple

n Surgen desafíos interesantes con grafos de gran escala

⇒ Supongamos que testeamos los
(
N
2

)
pares de vértices, cada uno a nivel α

n Incluso si el grafo verdadero G es el grafo vacío, i.e., E = ∅
⇒ Esperamos encontrar

(
N
2

)
α aristas espúreas solo por azar!

⇒ Para un grafo grande, este número puede ser considerable

n Ex: Si G tiene N = 100 nodos y testeamos aristas individualmente a nivel α = 0,05

⇒ El número esperado de aristas espúreas es 4950× 0,05 ≈ 250

n En estadística, este dilema es conocido como el problema de testeo múltiple
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Corrección para testeo múltiple

n Idea: Controlar los errores a nivel de la colección de test, no de forma individual

n False discovery rate (FDR) controla, i.e., para un nivel dado γ aseguramos

FDR = E
[
Rfalse
R

∣∣R > 0

]
P (R > 0) ≤ γ

l R es el número total de aristas detectadas; y
l Rfalse es el número de falsas aristas detectadas

n Método para controlar FDR a nivel γ [Benjamini-Hochberg'94]

Paso 1: Ordenar p-valores para los N̄ :=
(
N
2

)
tests, obtenemos p(1) ≤ . . . ≤ p(N̄)

Paso 2: Rechazar H0, i.e., declarar todas las aristas para las cuales

p(k) ≤
(
k

N̄

)
γ
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Ejemplo: correlaciones en nivel de expresión de genes

n Datos de microarray para bacteria Escherichia coli (E. coli)

l Dos TFs tyrR y lrp, potencial target aroG sobre n = 445 experimentos
l Ground truth: aroG es regulado por tyrR pero no por lrp

3
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corr = 0.43
p−value = 7.69e−22

8 9 10 11 12
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lrp
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oG

corr = 0.85
p−value = 4.27e−152

Fig. 7.3 Scatterplots of microarray measurements, in units of log-relative RNA expression levels,
for the gene aroG and the transcription factors tyrR (left) and lrp (right), in the organism E. coli.

n Fisher scores: zaroGtyrR = 0,4599 y zaroGlrp = 1,2562. Ambos p-valores son chicos

n En base a correlaciones, aroG está fuertemente asociado con ambos TFs tyrR y lrp
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Correlaciones parciales

n Hay que usar la correlación con cuidado: `correlación no implica causalidad'

l Nodos i, j ∈ V pueden tener alto ρij porque se in�uencian entre sí

n Pero ρij podría ser alto si ambos i, j son in�uenciados por un tercer nodo k ∈ V
⇒ Redes de correlación pueden declarar aristas debidas a factores de confusión

n Las correlaciones parciales capturan mejor la in�uencia directa entre nodos

l Para i, j ∈ V consideremos los nodos latentes Sm = {k1, . . . , km} ⊂ V \ {i, j}

n Correlación parcial entre xi y xj , ajustada por (o condicionada a) xSm = [xk1 , . . . , xkm ]>

es

ρij|Sm =
cov[xi, xj

∣∣xSm ]√
var
[
xi
∣∣xSm] var [xj ∣∣xSm] , i, j ∈ V

n Q: ¾Cómo calcular estas correlaciones parciales?
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Cálculo de correlaciones parciales

n Dados xSm = [xk1 , . . . , xkm ]>, la correlación parcial entre xi y xj es

ρij|Sm =
cov[xi, xj

∣∣xSm ]√
var
[
xi
∣∣xSm] var [xj ∣∣xSm] =

σij|Sm√
σii|Smσjj|Sm

n Aquí σii|Sm , σjj|Sm y σij|Sm son los elemntos en la diagonal y fuera de la diagonal de

Σ11|2 := Σ11 −Σ12Σ
−1
22 Σ21 ∈ R2×2

n Las matrices Σ11, Σ22 y Σ21 = Σ>12 son los bloques de la matriz de covarianza:

cov

[
w1

w2

]
=

(
Σ11 Σ12

Σ21 Σ22

)
, donde w1 := [xi, xj ]

> y w2 := xSm
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Redes de correlaciones parciales

n Hay varias formas de usar correlaciones parciales para de�nir aristas en G

Ex: xi, xj correlacionados sin importar sobre qué m vértices condicionamos

E =
{

(i, j) ∈ V(2) : ρij|Sm 6= 0, para todo Sm ∈ V(m)
\{i,j}

}
n Inferencia de potencial arista (i, j) como problema de test de hipótesis

H0 : ρij|Sm = 0 para algún Sm ∈ V(m)
\{i,j}

H1 : ρij|Sm 6= 0 para todo Sm ∈ V(m)
\{i,j}

n De nuevo, dadas medidas X := {xp}Pp=1 necesitamos:

l Seleccionar un estadístico para el test
l Construir una distribución de referencia
l Ajustes de test múltiple
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Case study: Inferencia de interacciones de regulación génica

n Genes son segmentos del ADN que codi�can información sobre funcionamiento celular

n Esta información se usa en el proceso de expresión de genes

⇒ Creación de productos bioquímicos, i.e., ARN o proteínas

n Regulación de un gen re�ere al control de esta expresión

Ex: regulación durante la transcripción, copia del ADN a ARN

⇒ Los genes que controlan son transcription factors (TFs)

⇒ Los genes controlados se denominan targets

⇒ Tipo de regulación: activación o represión

n Ineracciones de regulación entre genes es fundamental para entender el funcionamiento de
oganismos

⇒ Inferencia de interacciones → Encontrar pares de genes TF/target

n Esta información relacional se resume en una red de regulación génica

Marcelo Fiori � Aprendizaje Automático para Datos en Grafos 19/23



Interacciones de regulación entre genes en E. coli

n Uso de datos de microarray y métodos de correlación para inferir pares TF/target

5

Experiments

G
en
es

Fig. 7.5 Image representation of 445 microarray expression profiles collected for E. coli, under
various conditions, for the 153 genes that are listed as known transcription factors in the Regu-
lonDB database. Larger negative values are indicated with darker shades of blue, and larger positive
values, in yellow to orange. Shades of green indicate values comparatively close to zero.

n Dataset: nivel de expresión relativa logartítmica de expresión ARN, para genes en E. coli

l 4,345 genes medidos bajo 445 condiciones experimentales diferentes

n Ground truth: 153 TFs, y pares de TF/target de la base de datos RegulonDB
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Métodos para inferir pares de genes TF/target

n Tres métodos basados en correlación para inferir pares de genes TF/target

⇒ Declaramos interacciones si los p-valores caen debajo de cierto umbral

Método 1: Correlación de Pearson entre TF y potencial gen destino (target)

Método 2: Correlaciones parciales, condicionado individualmente a un (m = 1) TF,
sobre todos los 152 TFs

Método 3: Correlación parcial completa, condicionando simultáneamente a todos los
otros TFs (m = 152)

n En todos los casos se aplica la transformación de Fisher para obtener z-scores

⇒ Distribuciones asintóticas gaussianas para p-values, con P = 445

n Comparamos los grafos inferidos con el ground-truth network de RegulonDB
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Comparación de performance
n Curvas ROC y Precision/Recall para los métodos 1, 2, y 3

⇒ Precision: fracción de aristas que se predicen que son efectivamente ciertas

⇒ Recall: fracción de aristas verdaderas que se predicen correctamente
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Fig. 7.6 ROC curves (left) and Precision/Recall curves (right) evaluating performance of the cor-
relation (yellow), partial correlation (red), and full partial correlation (blue) methods of network
inference described in the text.

n Método 1 es el peor, pero ninguno es la gran cosa

⇒ Correlación no es un indicador fuerte de regulación en estos datos

n Todos los métodos comparten una región de alta precisión, pero con muy bjo recall

⇒ Limitantes en número y diversidad de per�les [Faith et al'07]
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Predecir nuevos pares de genes TF/target
n En biología, suele haber interés en predecir nuevas interacciones
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Fig. 7.7 Gene targets predicted by the correlation method for the transcription factor lrp, at 60%
precision. Patterns and colors of arcs are described in the text.n 11 interacciones encontradas para TF lrp, 10 con�rmadas experimentalmente (punteado)

⇒ 5 interacciones con genes target son nuevas (magenta, red, cyan)

⇒ 4 presentes en RegulonDB (magenta, cyan), pero no como lrp targets
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