
Parcial 1 - 12 de mayo de 2007

SOLUCIONES

1. (a)

p =
103

105
=

1

100

(b)

C = capicúa I = 3 d́ıgitos iguales

P (C/I) =
P (C ∩ I)

P (I)

P (C ∩ I) =
2× 10× 9

105

P (I) =
C53 × 10× 9× 9

105

P (C/I) =
2× 10× 9

C53 × 10× 9× 9
=

1

45

(c) Sea X el número de boletos capicúas en los siguientes 7 viajes

X ∼ Bin (7, p)

P (X ≥ 2) = 1− P (X = 0)− P (X = 1)

= 1−

(
99

100

)7
−

7

100

(
99

100

)6

(d) Sea X el número de boletos capicúas en los siguientes n viajes

X ∼ Bin (n, p)

P (X ≥ 1) >
1

2

1− (1− p)n >
1

2

(1− p)n <
1

2

n >

log

(
1

2

)

log

(
99

100

) ≈ 68.9⇒ n = 70

(e) Sea X el número de viajes necesarios hasta obtener 5 boletos capicúas.

X ∼ BN (5, p)

E (X) =
5

p
=

5
1

100

= 500
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2. (a) i.

a

0∫

−∞

1

1 + x2
dx =

a

2
π =

1

2
⇒ a =

1

π

∞∫

0

be−xdx = b

∞∫

0

e−xdx = b =
1

2

ii. FZ (z) =






1
π

z∫

−∞

1

1 + t2
dt =

1

π

(
arctanz+

1

2
π

)
si z < 0

1
π

0∫

−∞

1

1 + t2
dt+

1

2

z∫

0

e−tdt = 1−
1

2
e−z si z ≥ 0

iii.

1

π

0∫

−∞

t

1 + t2
dt ∼

0∫

−∞

1

t
dt = −∞

1

2

∞∫

0

te−tdt =
1

2
⇒

E (X) = −∞

(b) i.

fX (x) =

∞∫

−∞

fXY (x, y) dy =






1
π

1

1 + x2

1∫

0

dy si x < 0

1
2e
−x

1∫

0

dy si x ≥ 0

=






1

π

1

1+ x2
si x < 0

1

2
e−x si x ≥ 0

ii.

fY (y) =

∞∫

−∞

fXY (x, y) dx =






1
π

0∫

−∞

1

1 + x2
dx+

1

2

+∞∫

0

e−xdx

∞∫

−∞

0 dx

=

{
1 si y ∈ [0, 1]

0 si y /∈ [0, 1]

⇒ Y ∼ U [0, 1]

iii.

fX (x)× fY (y) = fXY (x, y) ∀ (x, y) ∈ R2 ⇒ X e Y son independientes
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3. (a) i.

FZ (z) = P (Z ≤ z) = 1− P (Z ≥ z) = 1− P (X ≥ z)P (Y ≥ z)

= 1− (1− FX (z)) (1− FY (z))

=

{
1− (e−µz)

(
e−λz

)
si z ≥ 0

0 si z < 0
=

{
1− e−(µ+λ)z si z ≥ 0

0 si z < 0

⇒ Z ∼ exp (µ+ λ)

ii.

fXY (x, y) =

{
µλe−µxe−λy si x ≥ 0 y y ≥ 0

0 en otro caso

A = {(x, y) : x ≥ 0 y y ≥ 0}

B = {(x, y) : x ≤ y}

P (X ≤ Y) =

∫∫

B

fXY (x, y) dxdy =

∫∫

B∩A

µλe−µxe−λydxdy +

∫∫

B∩AC

0dxdy

=

∞∫

0




∞∫

x

µλe−µxe−λydy



 dx =

∞∫

0

µe−µx




∞∫

x

λe−λydy



dx

=

∞∫

0

µe−µxe−λxdx =

∞∫

0

µe−(µ+λ)xdx =
µ

µ+ λ

(b)

P (T1 = T2) = P (X3 ≤ min {X1,X2}) + P (X1 = X2,X1 < X3)︸ ︷︷ ︸
=0

min {X1,X2} ∼ exp (λ1 + λ2) y X3 ∼ exp (λ3) e independientes

a.ii
⇒ P (X3 ≤ min {X1,X2}) =

λ3
λ1 + λ2 + λ3

⇒ P (T1 = T2) =
λ3

λ1+λ2+λ3
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