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Sparse Subspace Clustering: spectral Clustering

» Spectral clustering
— Represent data points as nodes in graph G
— Connect nodes ¢ and 7 with weight C;;
— Infer clusters from Laplacian of G
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« How to define a good affinity matrix C
for subspaces?
— points in the same subspace: ¢;; # 0
— points in different subspaces: ¢;; = 0




Sparse Subspace Clustering: intuition

« Data in a union of subspaces are self-expressive
N

CBj:ZCZ'j.’L‘Z' — azj:ch — X = XC
1=1

* Union of subspaces admits subspace-sparse representation

\

S3

" / \

« Sparse Subspace Clustering

m(/inHC’Hl s.t. X =X(C, diag(C) =0
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E. Elhamifar and R. Vidal. Sparse Subspace Clustering. CVPR 2009.
E. Elhamifar and R. Vidal. Clustering Disjoint Subspaces via Sparse Representation. ICASSP 2010.
E. Elhamifar and R. Vidal. Sparse Subspace Clustering: Algorithm, Theory and Applications. TPAMI 2013.




Subspace Clustering by Matrix Factorization

. Data from i-th subspace can be factorized as Y; = U;V,'

YT = V1. Ys,....Y,] = [U1,Us,....Up)]

* Segmentation of the data can be obtained from
— Leading singular vector of Y = UXV " Boult and Brown 91)
— Shape interaction matrix C = VVT (Costeira & Kanade '95, Gear '94)

Object1 |

- Cj; =0 if points i and j lie in two
iIndependent subspaces (kanatani et al. '01, Vidal et al. '08)

T. Boult, L. Brown. Factorization-based segmentation of motions. Workshop on Motion Understanding, pages 179-186, 1991.
J. Costeira, T. Kanade. A multibody factorization method for independently moving objects. IJCV, 29(3):159-179, 1998.

K. Kanatani. Motion segmentation by subspace separation and model selection. ICCV, volume 2, pages 586-591, 2011. —
R. Vidal, R. Tron, R. Hartley. Multiframe motion segmentation with missing data using PowerFactorization and GPCA. IJCV,2008. .4 ObJeCt =




Low Rank Subspace Clustering

« Data in a union of subspaces are self-expressive
N

T :Zc@-jwi — x; = X¢c; — X =XC
=1

— C s sparse
— Cis low-rank

« Low Rank Subspace Clustering (noiseless case)

X =uxy’

min [|Cll, s.t. X =XC = i
C C=VV

« Low Rank Subspace Clustering (noisy case)

1
min O]l + 2| X - XCll} = C=v(I—--z VT

G. Liu, Z. Lin, and Y. Yu. Robust subspace segmentation by low-rank representation. ICML 2010.

G. Liu, Z. Lin, S. Yan, J. Sun, and Y. Ma. Robust recovery of subspace structures by low-rank representation. TPAMI, 2013.
P. Favaro, R. Vidal and A. Ravichandran. A closed form solution to robust subspace estimation and clustering. CVPR 2011.
R. Vidal and P. Favaro. Low rank subspace clustering (LRSC). Pattern Recognition Letters, 43:47-61, 2014.




SSC versus LRSC

Sparse Subspace Clustering Low-Rank Subspace Clustering
Convex Optimization Closed Form Solution

Arbitrary Subspaces Independent Subspaces

Provably Robust to Noise,
Oultliers
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* Motion segmentation problem

Experiments on 3D Motion Segmentation

— Input: multiple images of a scene with multiple rigid-body motions

— Output: number of motions, motion model parameters, segmentation

— P = #points
— F = #frames
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® M0t|0n Of a r|g|d'b0dy 4D SUbSpace (Boult and Brown ’91, Tomasi and Kanade ’92)
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Vidal et al., ECCV02, IJCVO06; Vidal, Ma and Sastry CVPR03, PAMIO5; Vidal and Sastry CVPRO03;
Vidal and Ma ECCV04, JMIV0G6; Vidal and Hartley, CVPRO04; Tron and Vidal, CVPRO7; Li et al.
CVPRO7; Goh and Vidal CVPRO7; Vidal and Hartley, PAMIO8; Vidal, Tron and Hartley IJCV08;
Rao et al. CVPR 08, PAMI 09; Elhamifar and Vidal, CVPR 09, TPAMI 13; Vidal SPM11; Tsakiris ‘15




Experiments on 3D Motion Segmentation

« 2 motions, 120 sequences, 266 points, 30 frames

GPCA |LLMC|LSA |[RANSAC|MSL | SCC| ALC | SSC
Checkerboard| 6.09 | 3.96 |2.57| 6.52 [4.46[1.30| 1.55 [1.12
Traffic 1.41 | 3.53 |5.43| 2.55 [2.23|1.07| 1.59 [0.02
Articulated 2.88 | 6.48 (4.10| 7.25 |7.23|3.68|10.70/0.62
All 4.59 | 4.08 [3.45| 5.56 |4.14|1.46| 2.40 [0.82

« 3 motions, 35 sequences, 398 points, 29 frames

GPCA |LLMC| LSA |RANSAC| MSL | SCC | ALC | SSC
Checkerboard| 31.95 | 8.48 | 5.80 25.78 [10.38| 5.68 | 5.20 |2.97
Traffic 19.83 | 6.04 |25.07| 12.83 | 1.80 | 2.35 | 7.75 |0.58
Articulated | 16.85| 9.38 | 7.25 | 21.38 | 2.71110.94(21.08|1.42
All 28.66 | 8.04 | 9.73 | 22.94 | 823 | 5.31 | 6.69 |2.45

« Al

| GPCA | LLMC | LSA | RANSAC | MSL | SCC | ALC | LRR | LRSC | SSC

Al [ 10.34 | 497 | 494 |

9.76

| 5.03 | 2.33 | 3.37 | 3.16 | 3.28 | 1.24

Vidal et al., ECCV02, IJCVO06; Vidal, Ma and Sastry CVPR03, PAMIO5; Vidal and Sastry CVPRO03;
Vidal and Ma ECCV04, JMIV0G6; Vidal and Hartley, CVPRO04; Tron and Vidal, CVPRO7; Li et al.
CVPRO7; Goh and Vidal CVPRO7; Vidal and Hartley, PAMIO8; Vidal, Tron and Hartley IJCV08;
Rao et al. CVPR 08, PAMI 09; Elhamifar and Vidal, CVPR 09, TPAMI 13; Vidal SPM11; Tsakiris ‘15




Experiments on 3D Motion Segmentation

* Misclassification rates on Hopkins 155 database

R. Tron and R. Vidal. A Benchmark for the Comparison of 3-D Motion Segmentation Algorithms. CVPR 2007.
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Vidal and Ma ECCV04, JMIV0G6; Vidal and Hartley, CVPRO04; Tron and Vidal, CVPRO7; Li et al.
CVPRO7; Goh and Vidal CVPRO7; Vidal and Hartley, PAMIO8; Vidal, Tron and Hartley IJCV08;
Rao et al. CVPR 08, PAMI 09; Elhamifar and Vidal, CVPR 09, TPAMI 13; Vidal SPM11; Tsakiris ‘15




Experiments on Video Segmentation

 Model each video segment as a low-dimensional subspace
» Cluster video frames into multiple segments
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* Advantages

— SSC easily detects sharp transitions in the video
— SSC can handle camera motion and scene variations



Experiments on Video Segmentation

 Model each video segment as a low-dimensional subspace
» Cluster video frames into multiple segments
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* Advantages

— SSC easily detects sharp transitions in the video
— SSC can handle camera motion and scene variations




Experiments on Video Segmentation

* Model each video segment as a low-dimensional subspace
« Segment the video into multiple segments

D = N W & oWn
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— The segmentation depends on the number of subspaces
— Continuous camera motion is not well handled




Experiments on Face Clustering

« Faces under varying illumination 7

— 9D subspace 60/

« Extended Yale B dataset <50
— 38 subjects §D4o

— 64 images per subject §a0

S 20,

» Clustering error

— SSC < 2.0% error for 2 subjects
— SSC < 11.0% error for 10 subjects

B P - - | 3
- ~ 4 Wiy > « 2 = % < r N 7
| -
: A b e . Y b ‘ “
Kl . ‘i.* ,"‘ " v = - .
7 » o L 3 :
o 4 b 4 ¢ .:‘ » , } '3

D = 2,016 dimensional data
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E. Elhamifar and R. Vidal, Sparse Subspace Clustering: Algorithm, Theory, and Applications, TPAMI13.




Experiment on extended Yale B

img-1 --- 1mg-64

LRSC 94.32 6698 6634 6749 66.78
SCC 7891 NA NA 1415 12.80

{(sec.): running time

- - No. subjects | 2 10 20 30 3%
subject-1 :
a%: average clustermg accuracy
SSC-OMP | 99.21 88.43 81.71 79.27 80.45

SSC-BP 9945 91.85 79.80 76.10 68.97
subject-2 . .

SSC-OMP 0.3 1.7 4.7 94 14.5

SSC-BP 49.1 2282 5546 1240 1851
, LSR 0.1 0.8 3.1 8.3 15.9
subject-38 n - ﬂ LRSC 1 19 63 148 265
, f SCC 50.0 NA NA  520.3 750.7

SR 96.77 62.89 67.17 67.79 63.96
6100 times fastD




Experiment on MNIST

000/ \ | B

No. points 2,000 6,000 20,000 60,000
a%: average clustenng accuracy
SSC-OMP | 85.17 88.99 90.56 94.21 94.68
SSC-BP | 83.01 85.58  85.60 - -
LSR 75.84 78.09 79091 - -
LRSC 75.02 7944 79.88 - .
SCC 5345 6643 70.60 - -
t(sec.): running time

SSC-BP 20.1  635.2 13605 - -

LSR 1.7 424  327.6 - -
LRSC 1.9 43.0 3129 - -
SCC 3.2 101.3  366.8 - -

ccccccccc



What's Next

« Big Data (peng 13, byer 13, You 15)

GPCA SSC OMP ?

Dimension of the data 10 10,000 10,000 1M

Number of data points 1000 10,000 100,000 1M Chong You

° MiSSing Data: (Grubber 04, Eriksson *12, Balzano ’12, Pimentel *14, Candes '14, Yang'15)

Congyuan
Yang

Matrix of corrupted observations Underlying low-rank matrix Sparse error matrix



Conclusions

« Many problems in computer vision can be posed as subspace
clustering and classification problems
— Spatial and temporal video segmentation
— Face clustering under varying illumination
— Face classification

* These problems can be solved using
— Generalized Principal Component Analysis (GPCA)
— Sparse Subspace Clustering (SSC)
— Low Rank Subspace Clustering (LRSC)

« This algorithms is provably correct when
— Subspaces are sufficiently separated
— Data are well distributed within each subspace
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