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The pulse framework
Algorithm overview

Pulse

save: 𝑠, 𝑣1, 𝑣4, 𝑒save: 𝑠, 𝑣1, 𝑣4, 𝑣3, 𝑒save: 𝑠, 𝑣1, 𝑣3, 𝑒

4

Pruning strategies!

Pruning strategies!
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Constrained Shortest Path 
Problem (CSP)

InfeasibilityDominance Bounds

Lozano, L., Medaglia, A.L., Comput. Oper. Res. (2013)

• Dumitrescu & Boland (2003)
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• The CSP is defined by: 

• Directed graph  𝒢 = 𝒩,𝒜

• 𝒩 = 𝑣1, … , 𝑣𝑖 , … , 𝑣𝑛

• 𝒜 = 𝑖, 𝑗 |𝑣𝑖 ∈ 𝒩, 𝑣𝑗 ∈ 𝒩, 𝑖 ≠ 𝑗

• Find a minimum cost path starting at node 𝑣𝑠 and ending at node 𝑣𝑒

• Nonnegative weights 𝑐𝑖𝑗 and 𝑡𝑖𝑗 are the cost and travel time of 

traversing arc 𝑖, 𝑗 ∈ 𝒜

• Time constraint 𝑇

Constrained Shortest Path Problem (CSP)
Problem statement
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𝑐𝑖𝑗 , 𝑡𝑖𝑗
𝑇 = 14

Constrained Shortest Path Problem (CSP)
Problem statement
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(2,4)(2,2)

(1,6)

(9,1)

(2,1)

𝑐𝑖𝑗 , 𝑡𝑖𝑗
𝑇 = 14

𝒫 ← 𝑠, 𝑣1, 𝑣3, 𝑒
𝑐 𝒫 = 11
𝑡 𝒫 = 9

Constrained Shortest Path Problem (CSP)
Problem statement
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Constrained Shortest Path Problem (CSP)
Dominance pruning
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Lozano, L., Medaglia, A.L., Comput. Oper. Res. (2013)
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• Dominance relationships can be defined over partial paths as in DP approaches

Cost:16
Time:8

Cost:6
Time:14

Cost:11
Time:10

Pulse

𝑐 𝒫 , 𝑡 𝒫 , 𝒫 𝑐 𝒫 : Cost of the path 𝒫
𝑡 𝒫 : Time of the path 𝒫
𝒫: Partial path to 𝑣𝑖

Constrained Shortest Path Problem (CSP)
Dominance pruning
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• Dominance relationships can be defined over partial paths as in DP approaches

Cost:16
Time:8

Cost:6
Time:14

Cost:11
Time:10
Cost:11
Time:10

Pulse

12, 12, 𝒫

Pulse is discarded by 
dominance pruning!

𝑐 𝒫 : Cost of the path 𝒫
𝑡 𝒫 : Time of the path 𝒫
𝒫: Partial path to 𝑣𝑖

Constrained Shortest Path Problem (CSP)
Dominance pruning
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Lozano, L., Medaglia, A.L., Comput. Oper. Res. (2013)
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Pulse

𝑐 𝒫 , 𝑡 𝒫 , 𝒫

An incoming pulse to 𝑣𝑖 is pruned if:

𝑡 𝒫 > 𝑇

Constrained Shortest Path Problem (CSP)
Infeasibility pruning
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Pulse

𝑐 𝒫 , 𝑡 𝒫 , 𝒫

𝑡 𝑖

Lower bound on the resource 
consumption from 𝑣𝑖 to 𝑣𝑒

An incoming pulse to 𝑣𝑖 is pruned if:

𝑡 𝒫 + 𝑡 𝑖 > 𝑇

Constrained Shortest Path Problem (CSP)
Infeasibility pruning
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• Calculate a bound on the minimum resource required 𝑡 𝑖 from node 𝑣𝑖 to the final node

• Reverse the network

• Use a shortest path algorithm over the reversed network for the travel time attribute

𝑡1,4

𝑡1,2

𝑡𝑠,1

𝑡2,1
𝑡1,3 𝑡4,3

𝑡3,𝑒

𝑡4,𝑒

𝑡2,3

Constrained Shortest Path Problem (CSP)
Infeasibility pruning
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Constrained Shortest Path 
Problem (CSP)

InfeasibilityDominance Bounds

Lozano, L., Medaglia, A.L., Comput. Oper. Res., 2013 
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Pulse

𝑐 𝒫 , 𝑡 𝒫 , 𝒫

An incoming pulse to 𝑣𝑖 is pruned if:

𝑐 𝒫 ≥ 𝑐 Primal bound

Constrained Shortest Path Problem (CSP)
Bounds pruning
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Pulse

𝑐 𝒫 , 𝑡 𝒫 , 𝒫

𝑐 𝑖

Lower bound on the cost 
from 𝑣𝑖 to 𝑣𝑒

An incoming pulse to 𝑣𝑖 is pruned if:

𝑐 𝒫 + 𝑐 𝑖 ≥ 𝑐 Primal bound

Constrained Shortest Path Problem (CSP)
Bounds pruning
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• Calculate a bound on the minimum cost 𝑐 𝑖 from node 𝑣𝑖 to the final node

• Reverse the network

• Use a shortest path algorithm over the reversed network for the cost attribute

𝑐1,4

𝑐1,2

𝑐𝑠,1

𝑐2,1
𝑐1,3 𝑐4,3

𝑐3,𝑒

𝑐4,𝑒

𝑐2,3

Constrained Shortest Path Problem (CSP)
Bounds pruning
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Constrained Shortest Path Problem (CSP)
Numerical example

https://github.com/dukduque/jPulseBase

https://github.com/dukduque/jPulseBase
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Setup:

• Benchmark algorithm proposed by Santos et al. (2007)

• Pulse algorithm coded in Java and compiled in Eclipse SDK 3.4.2

• CPU: Intel mobile core 2 Duo @ 2.4GHz 512MB of RAM for the JVM

• The amount of labels is set to 3

Constrained Shortest Path Problem (CSP)
Computational experiments
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• Other benchmark algorithm: Zhu & Wilhelm (2012)

• See Lozano & Medaglia (2013)

• Other algorithmis: 

• Sedeño-Noda & Alonso-Rodriguez (2015) - k-SP

• Thomas, Calogiuri & Hewitt (2018) – RC-BDA*

Constrained Shortest Path Problem (CSP)
Computational experiments
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Weight Constrained Shortest Path 
Problem with Replenishment (WCSPP-R)

InfeasibilityDominance Bounds

Bolívar, M. A., Lozano, L., & Medaglia, A.L. Optim. Lett. (2014)
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• Smith, Boland & Waterer (2012)
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• The WCSPP-R is defined by: 

• Directed graph  𝒢 = 𝒩,𝒜

• 𝒩 = 𝑣1, … , 𝑣𝑖 , … , 𝑣𝑛

• 𝒜 = 𝑖, 𝑗 |𝑣𝑖 ∈ 𝒩, 𝑣𝑗 ∈ 𝒩, 𝑖 ≠ 𝑗

• Find a minimum cost path starting at node 𝑣𝑠 and ending at node 𝑣𝑒

• Nonnegative weights 𝑐𝑖𝑗 and 𝑡𝑖𝑗 are the cost and travel time of 

traversing arc 𝑖, 𝑗 ∈ 𝒜

• Time constraint 𝑇

• Replenishment arcs

Weight Constrained Shortest Path Problem with 
Replenishment (WCSPP-R) 
Problem statement
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Weight Constrained Shortest Path Problem with 
Replenishment (WCSPP-R) 
Problem statement
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Weight Constrained Shortest Path 
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𝑡 𝒫𝑠𝑖 + 𝑡 𝒫𝑖𝑒
𝑐 ≤ 𝑇 ∧ feasible 𝒫𝑖𝑒

𝑐

Pulse

𝑐 𝒫𝑠𝑖 , 𝑡 𝒫𝑠𝑖 , 𝒫𝑠𝑖

𝒫𝑖𝑒
𝑐

Weight Constrained Shortest Path Problem with 
Replenishment (WCSPP-R) 
Path completion



http://copa.uniandes.edu.co/ 35

Weight Constrained Shortest Path Problem with 
Replenishment (WCSPP-R) 
Acceleration strategies

Weight Constrained Shortest Path 
Problem with Replenishment (WCSPP-R)

InfeasibilityDominance Bounds

Bolívar, M. A., Lozano, L., & Medaglia, A.L. Optim. Lett. (2014)
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Weight Constrained Shortest Path 
Problem with Replenishment (WCSPP-R)

InfeasibilityDominance Bounds

Bolívar, M. A., Lozano, L., & Medaglia, A.L. Optim. Lett. (2014)

Pulse 
queue

Path 
completion

Exploration 
order

Implements

Extends

Core pruning 
strategy 

Preprocessing 
procedure

Problem-specific 
pruning strategy 

Acceleration 
strategy

Weight Constrained Shortest Path Problem with 
Replenishment (WCSPP-R) 
Acceleration strategies
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𝜓 𝒫𝑠𝑖 = 𝑐 𝒫𝑠𝑖 + 𝑐 𝒫𝑖𝑒
𝑐

We propose to follow a best-promise 
exploration order

Promise 𝜓(∙) is defined as:

s 1 4

s 1 3

s 2 5

s 2 1

3 2 5s 1

Pulse queue

Treatment order:

min𝜓(𝒫𝑠𝑖)

Weight Constrained Shortest Path Problem with 
Replenishment (WCSPP-R) 
Exploration order
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Setup:

• Benchmark algorithm proposed by Smith et al. (2012)

• Pulse algorithm coded in Java and compiled in Eclipse SDK 3.6.1

• CPU: Intel Xeon X5450 @ 3.00 GHz 6.0GB of RAM (JVM)

• Exploration order: Best Promise

• Pulse depth: 2

Weight Constrained Shortest Path Problem with 
Replenishment (WCSPP-R) 
Computational experiments
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Weight Constrained Shortest Path Problem with 
Replenishment (WCSPP-R) 
Computational experiments
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Pulse Algorithm for 
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Biobjective Shortest Path Problem (BSP)
Pruning strategies

Biobjective Shortest Path 
Problem (BSP)

Dominance Nadir Point Efficient Set

Duque, D., Lozano, L., & Medaglia, A.L. Eur. J. Oper. Res. (2015) 

• Tung & Chew (1992)
• Raith & Ehrgott (2009)
• Raith (2010)
• Demeyer et al. (2013)

Implements
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Preprocessing 
procedure
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• The BSP is defined by: 

• Directed graph  𝒢 = 𝒩,𝒜

• 𝒩 = 𝑣1, … , 𝑣𝑖 , … , 𝑣𝑛

• 𝒜 = 𝑖, 𝑗 |𝑣𝑖 ∈ 𝒩, 𝑣𝑗 ∈ 𝒩, 𝑖 ≠ 𝑗

• Find a set of efficient solutions (paths) starting at node 𝑣𝑠 and ending 

at node 𝑣𝑒

• Nonnegative weights 𝑐𝑖𝑗 and 𝑡𝑖𝑗 are the cost and travel time of 

traversing arc 𝑖, 𝑗 ∈ 𝒜

• Two objectives 𝑐(𝐱) and 𝑡(𝐱)

Biobjective Shortest Path Problem (BSP)
Problem statement
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Biobjective Shortest Path Problem (BSP)
Problem statement
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𝑡′

𝑐′

Biobjective Shortest Path Problem (BSP)
Problem statement
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Biobjective Shortest Path Problem (BSP)
Pruning strategies

Biobjective Shortest Path 
Problem (BSP)

Dominance Nadir Point Efficient Set

Duque, D., Lozano, L., & Medaglia, A.L. Eur. J. Oper. Res. (2015) 

Implements

Extends

Core pruning 
strategy 

Preprocessing 
procedure

Problem-specific 
pruning strategy 

Acceleration 
strategy



http://copa.uniandes.edu.co/ 75

𝑡(𝐱)

𝑐(𝐱)

Biobjective Shortest Path Problem (BSP)
Efficient set pruning
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𝑡(𝐱)

𝑐(𝐱)

Biobjective Shortest Path Problem (BSP)
Efficient set pruning
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𝑡(𝐱)

𝑐(𝐱)

Biobjective Shortest Path Problem (BSP)
Efficient set pruning
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𝑡(𝐱)

𝑐(𝐱)

Biobjective Shortest Path Problem (BSP)
Efficient set pruning
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Pulse

𝑐 𝒫 , 𝑡 𝒫 , 𝒫

𝑐 𝑖

An incoming pulse to 𝑣𝑖 is pruned if it exists 

𝐱 ∈ 𝑋𝐸 such that:

𝑐 𝒫 + 𝑐 𝑖 ≥ 𝑐 𝐱
and 

𝑡 𝒫 + 𝑡 𝑖 ≥ 𝑡 𝐱

𝑡 𝑖

𝑡(𝐱)

𝑐(𝐱)

Biobjective Shortest Path Problem (BSP)
Efficient set pruning
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Setup:

• Benchmark algorithm proposed by Raith (2010)

• Pulse and benchmark algorithms are coded in Java and compiled in Eclipse 

SDK 4.3.0

• CPU: Intel Core i7 (2 cores) Duo @ 1.90GHz 6GB RAM for JVM

• The amount of labels is set to 20

• Arcs are sorted according to the sum of both lower bounds of the arc’s head 

node

• There is a computational time limit of 3,600 seconds

Biobjective Shortest Path Problem (BSP)
Computational experiments
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Biobjective Shortest Path Problem (BSP)
Computational experiments
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Pulse Algorithm for 
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Elementary Shortest Path Problem with Resource Constraints
Pruning strategies

Elementary Shortest Path Problem with Resource 
Constraints (ESPPRC)

Infeasibility Bounds Rollback

Lozano, L., Duque, D., & Medaglia, A.L. Transp. Sci. (2016)

•Righini & Salani (2008)
•Desaulniers, Lessard & Hadjar (2008)
•Baldacci & Mingozzi (2011)
•Contardo, Desaulniers & Lessard (2008) 

Implements

Extends

Core pruning 
strategy 

Preprocessing 
procedure

Problem-specific 
pruning strategy 

Acceleration 
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• The ESPPRC is defined by: 

• Directed graph  𝒢 = 𝒩,𝒜

• 𝒩 = 𝑣1, … , 𝑣𝑖 , … , 𝑣𝑛

• 𝒜 = 𝑖, 𝑗 |𝑣𝑖 ∈ 𝒩, 𝑣𝑗 ∈ 𝒩, 𝑖 ≠ 𝑗

• Find a minimum cost path starting at node 𝑣𝑠 and ending at node 𝑣𝑒

• Cost 𝑐𝑖𝑗 for traversing arc 𝑖, 𝑗 ∈ 𝒜

• Nonnegative weight 𝑡𝑖𝑗 is the travel time between nodes

• Nonnegative demand 𝑑𝑖 for visiting node 𝑣𝑖

• Resource constraints (e.g., time windows, vehicle capacity, maximum travel 

time)

v

Elementary Shortest Path Problem with Resource Constraints
Problem statement
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Elementary Shortest Path Problem with Resource Constraints
Bounds pruning

Elementary Shortest Path Problem with Resource 
Constraints (ESPPRC)

Infeasibility Bounds Rollback

Lozano, L., Duque, D., & Medaglia, A.L. Transp. Sci. (2016)

Implements

Extends

Core pruning 
strategy 

Preprocessing 
procedure

Problem-specific 
pruning strategy 

Acceleration 
strategy
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Discarding Paths Using Bounds:

• Save a primal bound

• Calculate a bound on the minimum cost to the final node

• Compare cumulative cost plus with

c

)(ic

)(ic

𝑐 𝒫 + 𝑐 𝑖 ≥ ҧ𝑐

An incoming pulse to 𝑣𝑖 is pruned if:

c

Elementary Shortest Path Problem with Resource Constraints
Bounds pruning
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Discarding Paths Using Bounds:

• Save a primal bound

• Calculate a bound on the minimum cost to the final node

• Compare cumulative cost plus with

c

)(ic

)(ic c

ESPPRC for every node!

𝑐 𝒫 + 𝑐 𝑖 ≥ ҧ𝑐

An incoming pulse to 𝑣𝑖 is pruned if:

Elementary Shortest Path Problem with Resource Constraints
Bounds pruning
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𝑐 𝒫 + 𝑐 𝑖 ≥ ҧ𝑐

𝑇 = 100

Pulse

𝑐 𝒫 , 𝑡 𝒫 , 𝒫

𝑎𝑖 𝑏𝑖

An incoming pulse to 𝑣𝑖 is pruned if:

Elementary Shortest Path Problem with Resource Constraints
Bounds pruning
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𝑡 𝒫 = 25 Remaining time = 75
𝑇 = 100

𝑎𝑖 𝑏𝑖

Pulse

𝑐 𝒫 , 𝑡 𝒫 , 𝒫

𝑐 𝒫 + 𝑐 𝑖 ≥ ҧ𝑐

An incoming pulse to 𝑣𝑖 is pruned if:

Elementary Shortest Path Problem with Resource Constraints
Bounds pruning
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Remaining time = 20
𝑇 = 100

𝑎𝑖 𝑏𝑖

Pulse

𝑐 𝒫 , 𝑡 𝒫 , 𝒫

𝑐 𝒫 + 𝑐 𝑖 ≥ ҧ𝑐

𝑡 𝒫 = 80

An incoming pulse to 𝑣𝑖 is pruned if:

Elementary Shortest Path Problem with Resource Constraints
Bounds pruning
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𝑐 𝒫 + 𝑐 𝑖, 𝑡 𝒫 ≥ ҧ𝑐

Remaining time = 20
𝑇 = 100

𝑎𝑖 𝑏𝑖

Pulse

𝑐 𝒫 , 𝑡 𝒫 , 𝒫

𝑡 𝒫 = 80

An incoming pulse to 𝑣𝑖 is pruned if:

Elementary Shortest Path Problem with Resource Constraints
Bounds pruning
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Find ESPPRC for every node given a consumed resource 

),( icLower bounds 

t  t 2 t 3 t

ҧ𝑡 ≜ 𝑇

Elementary Shortest Path Problem with Resource Constraints
Bounds pruning
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Find ESPPRC for every node given a consumed resource 

),( icLower bounds 

t  t 2 t 3 t

ҧ𝑡 ≜ 𝑇

Elementary Shortest Path Problem with Resource Constraints
Bounds pruning
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Find ESPPRC for every node given a consumed resource 

),( icLower bounds 

t  t 2 t 3 t

ҧ𝑡 ≜ 𝑇

Elementary Shortest Path Problem with Resource Constraints
Bounds pruning
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Find ESPPRC for every node given a consumed resource 

t  t 2 t 3 t

),( icLower bounds 

ҧ𝑡 ≜ 𝑇

Elementary Shortest Path Problem with Resource Constraints
Bounds pruning
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20c• Primal bound

Pulse

𝑐 𝒫 , 𝑡 𝒫 , 𝒫

• Lower bounds 𝑐 𝑖, 𝜏

𝑇 = 100

Elementary Shortest Path Problem with Resource Constraints
Bounds pruning
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20c• Primal bound

Pulse

𝑐 𝒫 , 𝑡 𝒫 , 𝒫

• Lower bounds 𝑐 𝑖, 𝜏

𝑇 = 100

Elementary Shortest Path Problem with Resource Constraints
Bounds pruning
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𝑇 = 100
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?20c• Primal bound
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Elementary Shortest Path Problem with Resource Constraints
Bounds pruning
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𝑇 = 100
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Pulse
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• Lower bounds 𝑐 𝑖, 𝜏
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Elementary Shortest Path Problem with Resource Constraints
Bounds pruning
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𝑇 = 100
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? 2014 
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20c• Primal bound

• Lower bounds 𝑐 𝑖, 𝜏

Elementary Shortest Path Problem with Resource Constraints
Bounds pruning
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Pulse is discarded 
by bounds pruning!Pulse

𝑐 𝒫 , 𝑡 𝒫 , 𝒫

20c• Primal bound

• Lower bounds 𝑐 𝑖, 𝜏

𝑇 = 100

Elementary Shortest Path Problem with Resource Constraints
Bounds pruning
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Setup:

• ESPPRC is embedded in a CG procedure to solve the VRPTW root node

• Benchmark algorithms by Baldacci et al. (2011) and Desaulniers et al. (2008)

• Pulse algorithm coded in Java and compiled in Eclipse SDK 4.3.0

• CPU: Intel Core i7 (2 cores) Duo @ 2.00GHz 512MB of RAM for JVM

• Tabu search heuristic (Desaulniers et al., 2008) is used for the first iterations of 

the CG procedure

• Master problem is solved using Gurobi 5.0.1

Elementary Shortest Path Problem with Resource Constraints
Computational experiments
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Elementary Shortest Path Problem with Resource Constraints
Computational experiments
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Orienteering Problem with Time Windows (OPTW)
Pruning and acceleration strategies

Orienteering Problem with Time Windows 
(OPTW)

Infeasibility Bounds
Soft 

Dominance

Detour Arc Deletion

•Righini & Salani (2009)
•Vansteenwegen et al. (2011)
•Gambardella, Montemanni & Weyland (2012)
•Archetti, Bianchessi & Speranza (2013)

Duque, D., Lozano, L., & Medaglia, A.L. Comput. Oper. Res. (2015)

Implements

Extends

Core pruning 
strategy 

Preprocessing 
procedure

Problem-specific 
pruning strategy 

Acceleration 
strategy



http://copa.uniandes.edu.co/ 120

• The OPTW is defined by: 

• Directed graph  𝒢 = 𝒩,𝒜

• 𝒩 = 𝑣1, … , 𝑣𝑖 , … , 𝑣𝑛

• 𝒜 = 𝑖, 𝑗 |𝑣𝑖 ∈ 𝒩, 𝑣𝑗 ∈ 𝒩, 𝑖 ≠ 𝑗

• Find a maximum score path starting at node 𝑣𝑠 and ending at node 𝑣𝑒

• Nonnegative score 𝑠𝑖 for visiting the node 𝑣𝑖

• Nonnegative weight 𝑡𝑖𝑗 is the travel time between nodes

• Maximum travel time 𝑇

• Time window 𝑎𝑖 , 𝑏𝑖 at each node 𝑣𝑖

Orienteering Problem with Time Windows (OPTW)
Problem statement
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20 40

85 95

30 50

80 90 45 95

60 75

45 60

30 70

0 90

0 100

Which nodes to visit?
How to route those nodes within the time constraints?

Orienteering Problem with Time Windows (OPTW)
Problem statement
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Orienteering Problem with Time Windows (OPTW)
Soft-dominance pruning

Orienteering Problem with Time Windows 
(OPTW)

Infeasibility Bounds
Soft 

Dominance

Detour Arc Deletion

Duque, D., Lozano, L., & Medaglia, A.L. Comput. Oper. Res. (2015)

Implements

Extends

Core pruning 
strategy 

Preprocessing 
procedure

Problem-specific 
pruning strategy 

Acceleration 
strategy
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i

k
j

0

20 40
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30 50

0 50 85 95

0 15

45 60

30 70

70 90

0 100

95

Pulse log:
𝑆 𝒫 = 35
𝑡 𝒫 = 58

𝒫 = 𝑣0, 𝑣𝑖 , 𝑣𝑗 ∪ 𝑣𝑘

Orienteering Problem with Time Windows (OPTW)
Soft-dominance pruning
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i

k
j

0

20 40

85

30 50

0 50 85 95

0 15

45 60

30 70

70 90

0 100

95

Pulse log:
𝑆 𝒫 = 35
𝑡 𝒫 = 58

𝒫 = 𝑣0, 𝒗𝒊, 𝒗𝒋 ∪ 𝑣𝑘

Orienteering Problem with Time Windows (OPTW)
Soft-dominance pruning
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i

k
j

0

20 40

85

30 50

0 50 85 95

0 15

45 60

30 70

70 90

0 100

95

Pulse log:
𝑆 𝒫 = 35
𝑡 𝒫 = 40

𝒫 = 𝑣0, 𝒗𝒋, 𝒗𝒊 ∪ 𝑣𝑘

Orienteering Problem with Time Windows (OPTW)
Soft-dominance pruning
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i

k
j

0

20 40

85

30 50

0 50 85 95

0 15

45 60

30 70

70 90

0 100

Pulse log:
𝑆 𝒫 = 35
𝑡 𝒫 = 40

𝒫 = 𝑣0, 𝒗𝒋, 𝒗𝒊 ∪ 𝑣𝑘

95

Prune incoming pulse to 𝑘

𝒫 = 𝑣0, 𝒗𝒊, 𝒗𝒋 ∪ 𝑣𝑘

Orienteering Problem with Time Windows (OPTW)
Soft-dominance pruning
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Orienteering Problem with Time Windows (OPTW)
Soft-dominance pruning
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Orienteering Problem with Time Windows (OPTW)
Soft-dominance pruning
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Orienteering Problem with Time Windows (OPTW)
Soft-dominance pruning
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Orienteering Problem with Time Windows (OPTW)
Soft-dominance pruning
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Orienteering Problem with Time Windows (OPTW)
Soft-dominance pruning
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feasible 𝒫𝑠,𝑖
′ and 𝑡 𝒫𝑠,𝑖

′ ≤ 𝑡 𝒫𝑠,𝑖

An incoming pulse to 𝑣𝑖 is pruned if:

Orienteering Problem with Time Windows (OPTW)
Soft-dominance pruning
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Orienteering Problem with Time Windows (OPTW)
Detour pruning

Orienteering Problem with Time Windows 
(OPTW)

Infeasibility Bounds
Soft 

Dominance

Detour Arc Deletion

Duque, D., Lozano, L., & Medaglia, A.L. Comput. Oper. Res. (2015)

Implements

Extends

Core pruning 
strategy 

Preprocessing 
procedure

Problem-specific 
pruning strategy 

Acceleration 
strategy
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ji

𝑎𝑖 𝑏𝑖 𝑎𝑗 𝑏𝑗

Start 𝑇

0 𝑎𝑖 𝑏𝑖 𝑎𝑗 𝑏𝑗

Pulse

𝑠 𝒫 , 𝑡 𝒫 , 𝒫

𝑡 𝒫

Orienteering Problem with Time Windows (OPTW)
Detour pruning
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ji

𝑎𝑖 𝑏𝑖 𝑎𝑗 𝑏𝑗

Start 𝑇

0 𝑎𝑖 𝑡 𝒫 𝑏𝑖

𝑡 𝒫 + 𝑡𝑖𝑗

𝑎𝑗 𝑏𝑗

𝑡 𝒫 + 𝑡𝑖𝑗 ≤ 𝑎𝑗

Pulse

𝑠 𝒫 , 𝑡 𝒫 , 𝒫

Orienteering Problem with Time Windows (OPTW)
Detour pruning
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ji

𝑎𝑖 𝑏𝑖 𝑎𝑗 𝑏𝑗

Start 𝑇

0 𝑎𝑖 𝑏𝑖 𝑎𝑗 𝑏𝑗

k

𝑎𝑘 𝑏𝑘

𝑎𝑘 𝑏𝑘

Pulse

𝑠 𝒫 , 𝑡 𝒫 , 𝒫

𝑡 𝒫 + 𝑡𝑖𝑗

? ?

𝑡 𝒫

Orienteering Problem with Time Windows (OPTW)
Detour pruning
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ji

𝑎𝑖 𝑏𝑖 𝑎𝑗 𝑏𝑗

Start 𝑇

0 𝑎𝑖 𝑏𝑖 𝑎𝑗 𝑏𝑗

k

𝑎𝑘 𝑏𝑘

𝑎𝑘 𝑏𝑘

Pulse

𝑠 𝒫 , 𝑡 𝒫 , 𝒫

𝑡 𝒫 + 𝑡𝑖𝑗

Calculate when is the latest time
that a path can arrive to node i in
order to detour to node k and
reach node j before 𝒂𝒋.

𝑡 𝒫

? ?

Orienteering Problem with Time Windows (OPTW)
Detour pruning
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ji

𝑎𝑖 𝑏𝑖 𝑎𝑗 𝑏𝑗

Start 𝑇

0 𝑎𝑖 𝑏𝑖 𝑎𝑗 𝑏𝑗

k

𝑎𝑘 𝑏𝑘

𝑎𝑘 𝑏𝑘

Pulse

𝑠 𝒫 , 𝑡 𝒫 , 𝒫

𝑡 𝒫

𝐿 𝑘,𝑗
𝑘

𝐿 𝑘,𝑗
𝑘 = min 𝑎𝑗 − 𝑡𝑘𝑗 , 𝑏𝑘

Orienteering Problem with Time Windows (OPTW)
Detour pruning
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ji

𝑎𝑖 𝑏𝑖 𝑎𝑗 𝑏𝑗

Start 𝑇

0 𝑎𝑖 𝑏𝑖 𝑎𝑗 𝑏𝑗

k

𝑎𝑘 𝑏𝑘

𝑎𝑘 𝑏𝑘

𝐿 𝑖,𝑗
𝑘 = min 𝐿 𝑘,𝑗

𝑘 − 𝑡𝑖𝑘 , 𝑏𝑖

Pulse

𝑠 𝒫 , 𝑡 𝒫 , 𝒫

𝑡 𝒫

𝐿 𝑘,𝑗
𝑘

𝐿 𝑘,𝑗
𝑘 = min 𝑎𝑗 − 𝑡𝑘𝑗 , 𝑏𝑘

𝐿 𝑖,𝑗
𝑘

Orienteering Problem with Time Windows (OPTW)
Detour pruning
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ji

𝑎𝑖 𝑏𝑖 𝑎𝑗 𝑏𝑗

Start 𝑇

0 𝑎𝑖 𝑏𝑖 𝑎𝑗 𝑏𝑗

k

𝑎𝑘 𝑏𝑘

𝑎𝑘 𝑏𝑘

Pulse

𝑠 𝒫 , 𝑡 𝒫 , 𝒫

𝑡 𝒫

𝐿 𝑘,𝑗
𝑘𝐿 𝑖,𝑗

𝑘

𝐿 𝑖,𝑗
𝑘 = min 𝐿 𝑘,𝑗

𝑘 − 𝑡𝑖𝑘 , 𝑏𝑖

𝐿 𝑘,𝑗
𝑘 = min 𝑎𝑗 − 𝑡𝑘𝑗 , 𝑏𝑘

An incoming pulse to 𝑣𝑗 is pruned if:

𝑣𝑘 ∉ 𝒫 and 𝑡 𝒫 ≤ 𝐿 𝑖,𝑗
𝑘

Orienteering Problem with Time Windows (OPTW)
Detour pruning
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Setup:

• Benchmark algorithm by Righini & Salani (2009) 

• Pulse algorithm coded in Java and compiled with Eclipse SDK 4.2.1

• CPU: Intel Core i7 (2 cores) Duo @ 1.90GHz 2.0 GB RAM for JVM

• The number of threads triggered is fixed to four

Orienteering Problem with Time Windows (OPTW)
Computational experiments
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Orienteering Problem with Time Windows (OPTW)
Computational experiments
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Orienteering Problem with Time Windows (OPTW)
Computational experiments
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• Part II: intuition

• Part III: extensions
• Weight Constrained Shortest Path Problem with Replenishment (WCSPP-R)
• Biobjective Shortest Path Problem (BSP)
• Elementary Shortest Path Problem with Resource Constraints (ESPPRC)
• Orienteering Problem with Time Windows (OPTW)
• Robust Shortest Path (bw-RSP)

• Part IV: applications

• Part V: perspectives
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Pulse Algorithm for 
Hard Shortest Path Problems

Bounds

Orienteering Problem with 
Time Windows (OPTW)

Infeasibility Bounds

Implements

Extends

Core pruning 
strategy 

Preprocessing 
procedure

Constrained Shortest Path 
Problem (CSP)

Elementary Shortest Path Problem with 
Resource Constraints (ESPPRC)

Biobjective Shortest Path 
Problem (BSP)

Infeasibility Bounds

Dominance Nadir Point Efficient Set

RollbackInfeasibility

Soft 
Dominance

Detour
Arc 

Deletion

Dominance

Weight Constrained Shortest Path 
Problem with Replenishment (WCSPP-R)

InfeasibilityDominance

Path 
completion

Pulse 
queue

Exploration 
order

Bounds

Problem-specific 
pruning strategy 

Acceleration 
strategy

Dominance

Robust Shortest Path (bw-RSP)

b-robustnessw-robustness
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bw-Robust Shortest Path (bw-RSP)
Pruning strategies

Implements

Extends

Core pruning 
strategy 

Preprocessing 
procedure

Problem-specific 
pruning strategy 

Acceleration 
strategy

Robust Shortest Path Problem (bw-RSP)

Dominance 𝑤-Robustness 𝑏-Robustness

Duque, D. & Medaglia, A.L. Networks. (2019)

•Roy (2010)
•Gabrel, Murat & Wu (2013) 
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• The bw-RSP is defined by: 

• Directed graph  𝒢 = 𝒩,𝒜

• 𝒩 = 𝑣1, … , 𝑣𝑖 , … , 𝑣𝑛

• 𝒜 = 𝑖, 𝑗 |𝑣𝑖 ∈ 𝒩, 𝑣𝑗 ∈ 𝒩, 𝑖 ≠ 𝑗

• Set of scenarios 𝑆 = 1,… , 𝑟

• Nonnegative weight 𝑐𝑖𝑗
𝑘 that is the cost of traversing arc 𝑖, 𝑗 ∈ 𝒜 in 

scenario 𝑘 ∈ 𝑆

• Find a “robust” path starting at node 𝑣𝑠 and ending at node 𝑣𝑒

bw-Robust Shortest Path (bw-RSP)
Problem statement



http://copa.uniandes.edu.co/ 148

𝑆 = 1,2
𝐜𝑖𝑗

[1,5]

[1,4]

(3,2]

[4,3]

[2,1]

[1,3]

[9,1]

[2,1]

[2,2]

bw-Robust Shortest Path (bw-RSP)
Problem statement
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[1,5]

[1,4]

(3,2]

[4,3]

[2,1]

[1,3]

[9,1]

[2,1]

𝐜𝑖𝑗 𝑆 = 1,2

[2,2]

𝒫 ← 𝑠, 𝑣1, 𝑣3, 𝑒
𝑐1 𝒫 = 8
𝑐2 𝒫 = 8

𝒫 ← 𝑠, 𝑣2, 𝑣3, 𝑒
𝑐1 𝒫 = 14
𝑐2 𝒫 = 4

𝒫 ← 𝑠, 𝑣1, 𝑣4, 𝑒
𝑐1 𝒫 = 3
𝑐2 𝒫 = 12

bw-Robust Shortest Path (bw-RSP)
Problem statement
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max෍

𝑘∈𝑆

𝑦𝑘

s.t.

෍

𝑖,𝑗 ∈𝒜

𝑐𝑖𝑗
𝑘𝑥𝑖𝑗 ≤ 𝑤 1 − 𝑦𝑘 + 𝑏𝑦𝑘 ∀𝑘 ∈ 𝑆

෍

𝑗| 𝑖,𝑗 ∈𝒜

𝑥𝑖𝑗 − ෍

𝑗| 𝑗,𝑖 ∈𝒜

𝑥𝑗𝑖 = ቐ
1, 𝑖 = 𝑠
0, 𝑖 ≠ 𝑠, 𝑒

−1, 𝑖 = 𝑒
∀𝑖 ∈ 𝒩

𝑦𝑘 ∈ 0,1 , ∀𝑘 ∈ 𝑆
𝑥𝑖𝑗∈ 0,1 ∀ 𝑖, 𝑗 ∈ 𝒜

bw-Robust Shortest Path (bw-RSP)
Problem statement

Parameters (b < w):
𝑏: desirable (target) bound that the decision maker wants for most scenarios  
𝑤: strict cost upper bound that the decision maker is not willing to exceed in any scenario

Maximizes the number 
of scenarios with a cost 

of the path ≤ 𝑏
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bw-Robust Shortest Path (bw-RSP)
Pruning by w-Robustness (infeasibility)

Implements

Extends

Core pruning 
strategy 

Preprocessing 
procedure

Problem-specific 
pruning strategy 

Acceleration 
strategy

Robust Shortest Path Problem (bw-RSP)

Dominance 𝑤-Robustness 𝑏-Robustness

Duque, D. & Medaglia, A.L. Networks. (2019)
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෍

𝑖,𝑗 ∈𝒜

𝑐𝑖𝑗
𝑘𝑥𝑖𝑗 ≤ 𝑤 1 − 𝑦𝑘 + 𝑏𝑦𝑘 ∀𝑘 ∈ 𝑆

෍

𝑖,𝑗 ∈𝒜

𝑐𝑖𝑗
𝑘𝑥𝑖𝑗 ≤ 𝑤 ∀𝑘 ∈ 𝑆

𝑏 ≤ 𝑤

bw-Robust Shortest Path (bw-RSP)
Pruning by w-Robustness (infeasibility)
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Pulse

𝑐𝑘 𝒫𝑠𝑖 ,𝒫𝑠𝑖

𝑆 = 1,2,3

𝑐𝑘 𝒫𝑠𝑖 : cost of the path 𝒫𝑠𝑖 under scenario 𝑘 ∈ S

𝒫𝑠𝑖: partial path to 𝑣𝑖

bw-Robust Shortest Path (bw-RSP)
Pruning by w-Robustness (infeasibility)
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Pulse

𝑐𝑘 𝒫𝑠𝑖 ,𝒫𝑠𝑖

𝑐1 𝑖

Lower bound on the cost under 
scenario 𝑘 ∈ 𝑆 from 𝑣𝑖 to 𝑣𝑒

An incoming pulse to 𝑣𝑖 is pruned if for any 𝑘 ∈ 𝑆:

𝑐𝑘 𝒫𝑠𝑖 + 𝑐𝑘 𝑖 > 𝑤

𝑐2 𝑖

𝑐3 𝑖

𝑆 = 1,2,3

bw-Robust Shortest Path (bw-RSP)
Pruning by w-Robustness (infeasibility)
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bw-Robust Shortest Path (bw-RSP)
Pruning by b-Robustness (bounds)

Implements

Extends

Core pruning 
strategy 

Preprocessing 
procedure

Problem-specific 
pruning strategy 

Acceleration 
strategy

Robust Shortest Path Problem (bw-RSP)

Dominance 𝑤-Robustness 𝑏-Robustness

Duque, D. & Medaglia, A.L. Networks. (2019)
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෍

𝑖,𝑗 ∈𝒜

𝑐𝑖𝑗
𝑘𝑥𝑖𝑗 ≤ 𝑏𝑦𝑘 = 1

෍

𝑖,𝑗 ∈𝒜

𝑐𝑖𝑗
𝑘𝑥𝑖𝑗 ≤ 𝑤 1 − 𝑦𝑘 + 𝑏𝑦𝑘 ∀𝑘 ∈ 𝑆

max෍

𝑘∈𝑆

𝑦𝑘

bw-Robust Shortest Path (bw-RSP)
Pruning by b-Robustness (bounds)
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• Let 𝑦 be a lower bound of the objective function.

• If a feasible path exists, 0 ≤ 𝑦 ≤ 𝑆

• Let ത𝑦 𝒫𝑠𝑖 be an upper bound for any partial path 𝒫𝑠𝑖 to node 𝑣𝑖.

ത𝑦 𝒫𝑠𝑖 = ෍

𝑘∈S

1𝐵𝑘 𝒫𝑠𝑖

1𝐵𝑘 𝒫𝑠𝑖 = ൝
1, 𝑖𝑓 𝒫𝑠𝑖 ∈ 𝐵𝑘

0, 𝑖𝑓 𝒫𝑠𝑖 ∉ 𝐵𝑘

𝐵𝑘 = 𝒫𝑠𝑖|𝑐
𝑘 𝒫𝑠𝑖 + 𝑐𝑘 𝑣𝑖 ≤ 𝑏

bw-Robust Shortest Path (bw-RSP)
Pruning by b-Robustness (bounds)
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Pulse

𝑐𝑘 𝒫𝑠𝑖 ,𝒫𝑠𝑖

𝑐𝑘 𝑖
Lower bound on the cost under 

scenario 𝑘 ∈ 𝑆 from 𝑣𝑖 to 𝑣𝑒

An incoming pulse to 𝑣𝑖 is pruned if:

ത𝑦 𝒫𝑠𝑖 ≤ 𝑦

ത𝑦 𝒫𝑠𝑖 = ෍

𝑘∈S

1𝐵𝑘 𝒫𝑠𝑖

bw-Robust Shortest Path (bw-RSP)
Pruning by b-Robustness (bounds)
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• Setup
• Pulse algorithm is coded in Java and compiled with eclipse SDK 4.4.0.
• Core Xeon E5-2695 2.42GHz (10 cores) with 32GB of RAM allocated to 

JVM.
• IP model solved using Gurobi 6.0
• Six networks derived from the CSP (Beasley and Christofides, 1989)

• Nodes: 100 – 500
• Arcs: 990 – 4,868 

• Scenarios
• From 10 to 10,000

• Costs: randomly generated following a gamma distribution Γ 𝛼, 𝜃
• 𝛼 = 1,2,3
• 𝜃 = 𝜇𝑖𝑗/𝛼

• Six experiments per instance varying parameters 𝑤, 𝑏.
• Three values for 𝑤
• Two values for 𝑏

bw-Robust Shortest Path (bw-RSP)
Computational experiments
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Solved Avg. Time (s) Max. Time Solved Avg. Time (s) Max. Time

10                  6/6 0.099 0.125 6/6 0.005 0.005 19

100               6/6 0.666 0.687 6/6 0.042 0.042 16

1,000            6/6 11.484 11.576 6/6 0.178 0.178 65

10,000         6/6 246.843 258.838 6/6 2.080 2.081 119

10                  6/6 0.197 0.374 6/6 0.005 0.005 42

100               6/6 2.707 8.783 6/6 0.021 0.023 126

1,000            4/6 237.542 >600 6/6 0.183 0.191 >1298

10,000         3/6 482.828 >600 6/6 1.894 1.959 >255

10                  6/6 0.255 0.297 6/6 0.003 0.003 97

100               6/6 6.045 6.818 6/6 0.018 0.018 336

1,000            6/6 151.257 253.782 6/6 0.189 0.190 800

10,000         0/6 600.000 >600 6/6 1.864 1.870 >322

10                  6/6 0.858 1.248 6/6 0.002 0.002 366

100               6/6 12.878 35.693 6/6 0.021 0.027 613

1,000            3/6 402.022 >600 6/6 0.199 0.237 >2017

10,000         0/6 600.000 >600 6/6 2.097 2.185 >286

10                  6/6 2.714 4.789 6/6 0.003 0.003 898

100               6/6 19.999 32.479 6/6 0.029 0.030 689

1,000            4/6 450.240 >600 6/6 0.264 0.273 >1708

10,000         0/6 600.000 >600 6/6 3.453 3.660 >174

10                  6/6 1.485 1.544 6/6 0.003 0.003 469

100               4/6 242.439 >600 6/6 0.035 0.044 >6958

1,000            2/6 495.769 >600 6/6 0.305 0.391 >1627

10,000         0/6 600.000 >600 6/6 3.582 4.405 >168
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Solved Avg. Time (s) Max. Time Solved Avg. Time (s) Max. Time

10                  6/6 0.099 0.125 6/6 0.005 0.005 19

100               6/6 0.666 0.687 6/6 0.042 0.042 16

1,000            6/6 11.484 11.576 6/6 0.178 0.178 65

10,000         6/6 246.843 258.838 6/6 2.080 2.081 119

10                  6/6 0.197 0.374 6/6 0.005 0.005 42

100               6/6 2.707 8.783 6/6 0.021 0.023 126

1,000            4/6 237.542 >600 6/6 0.183 0.191 >1298

10,000         3/6 482.828 >600 6/6 1.894 1.959 >255

10                  6/6 0.255 0.297 6/6 0.003 0.003 97

100               6/6 6.045 6.818 6/6 0.018 0.018 336

1,000            6/6 151.257 253.782 6/6 0.189 0.190 800

10,000         0/6 600.000 >600 6/6 1.864 1.870 >322

10                  6/6 0.858 1.248 6/6 0.002 0.002 366

100               6/6 12.878 35.693 6/6 0.021 0.027 613

1,000            3/6 402.022 >600 6/6 0.199 0.237 >2017

10,000         0/6 600.000 >600 6/6 2.097 2.185 >286

10                  6/6 2.714 4.789 6/6 0.003 0.003 898

100               6/6 19.999 32.479 6/6 0.029 0.030 689

1,000            4/6 450.240 >600 6/6 0.264 0.273 >1708

10,000         0/6 600.000 >600 6/6 3.453 3.660 >174

10                  6/6 1.485 1.544 6/6 0.003 0.003 469

100               4/6 242.439 >600 6/6 0.035 0.044 >6958

1,000            2/6 495.769 >600 6/6 0.305 0.391 >1627

10,000         0/6 600.000 >600 6/6 3.582 4.405 >168
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• El pulso es un algoritmo de búsqueda profunda originalmente diseñado para 
resolver de forma exacta (y efectiva) el CSP

• El pulso usa estrategias de poda generales como lo son:
– Dominancia

– Cotas

– Infactibilidad

• El pulso ha probado ser efectivo y es considerado como uno de los mejores 
algoritmos exactos para resolver el CSP
– BD-A* - Thomas, Calogiuri & Hewitt (2019)

– k-SP - Sedeño-Noda & Alonso-Rodríguez (2015)
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• La extensión al WCSPP-R aporta al pulso:
– Path completion

– Pulse queue

– Best-promise order (dequeueing)

• La extensión a ESPPRC aporta al pulso:
– Rollback 

– Bounding matrix

• La extensión a BSP aporta al pulso:
– Efficient set

– Nadir point

• La extensión a OPTW aporta al pulso:
– Soft dominance

– Detour

• La extensión a bw-Robustness aporta al pulso:
– b-Robustness

– w-Robustness
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