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Definicion del Problema
Ruta mas corta (uno a uno)

4
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Definicion del Problema
Ruta mas corta (uno a uno)

Conjuntos:

G(IV, A): grafo dirigido
N: conjunto de nodos
A conjunto de arcos

Parametros:
c;j: costo de enviar una unidad por el arco (i,)) € A

s: nodo inicial
t: nodo final

Variables:
x;j: sielarco (i,j) € A estaenlarutamdscortaentresyt
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Definicion del Problema
Ruta mas corta (uno a uno)

min z Cijxij

(L,j)EA
S.d.
l,i=s
xij_ z in= O,l':/:S,t VieEN
{1, )eA} U1G.DeA} —1l,i=t

Xij >0 V(i,j) € A
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Definicion del Problema

Ruta mas corta (uno a uno)

/
-(
12)
13)
23)
2.4
25)
(35)
46)
5.4)
56)

o O A W DN B
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Definicion del Problema
Ruta mas corta (uno a uno)
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Vv, > vy,
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Definicion del Problema

Ruta mas corta (uno a todos)

Conjuntos:

G(IV, A): grafo dirigido
N: conjunto de nodos
A conjunto de arcos

Parametros:
c;j: costo de enviar una unidad por el arco (i,)) € A
s: nodo inicial

Variables:
x;j: sielarco (i,j) € A esta enlarutamidscortaentresyt

12

http://copa.uniandes.edu.co/




Universidad de

los Andes

Definicion del Problema

Ruta mas corta (uno a todos)

min z CijXij

(i,j))EA
s.a.
IN|—1,i=s
Xij — z Xji = VieN
{10, j)eA} {1G,)eEA} —1,i #s

Xij >0 V(i,j) € A

http://copa.uniandes.edu.co/ 13




Universidad de

los Andes

Definicion del Problema

Ruta mas corta (uno a todos)

http://copa.uniandes.edu.co/ 14




Universidad de

los Andes

Colombia

Condiciones de optimalidad KKT

* Factibilidad primal
* Factibilidad dual

* Holgura complementaria
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Condiciones de optimalidad KKT

* Factibilidad dual
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Dual del Problema de Ruta mas Corta

min z Cijxij
(i,j)EA

S.d.

V| —=1,i=s
Xij — z Xji = VieN [T[i]
{10, j)eA} {1G,)eEA} —1,i #s

xij 20 V(i) €A
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Dual del Problema de Ruta mas Corta

max Z bini

LEN
S.d.

Ty — T < Cij V(l,]) €A

m; libre Vi €N

o O A W DN P
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Dual del Problema de Ruta mas Corta

max Z —m; + (V| — 1)mg
iEN\{s}

S.da.
Ty — Ty < Cij V(l,]) €A

m; libre Vi e N
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Dual del Problema de Ruta mas Corta

max Z (mgy — m;)

iEN\{s}

S.da.
Ty — Ty < Cij V(l,]) €A

m; libre Vi e N

¢ési 1; es un solucion, entonces 1; + ¢ es una solucion?

http://copa.uniandes.edu.co/ 21
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Dual del Problema de Ruta mas Corta

e Si,conmty =0

max E —TT;

iEN\{s}

S.da.
Ty — Ty < Cij V(l,]) €A

m; libre Vi e N
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Dual del Problema de Ruta mas Corta

« Reformulando, asuma d(i) = —m; Vi€ NV
max Z —1T;
iEN\{s}
s.a.

Ty — Ty < Cij V(l,]) €A

m; libre Vi e N
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Dual del Problema de Ruta mas Corta

« Reformulando, asuma d(i) = —m; Vi€ NV
max z d(i)
IEN\{s}
s.a.
d(j) —d() < c;jV(i,j) €A yd(s) =0

d(i) libre Vi eN
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Condiciones de optimalidad KKT

* Factibilidad dual

d(j) — d(i) < c;j V(i) € A
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Condiciones de optimalidad KKT

* Holgura complementaria

wl(Ax—b) =0

(cT —wlA)x =0
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Condiciones de optimalidad KKT

* Holgura complementaria
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Dual del Problema de Ruta mas Corta

Volviendo al dual ...

max z d(i) max Z d(i)

ieN\{s} ieN\{s}

S.d. S.d.

d() —d(i) <c;V(i,j) €A WY ¢, =c; +d(i) —d() V(,j) € A
d(i) libre Vie N d(i) libre Vie N
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Condiciones de optimalidad KKT

* Holgura complementaria

(cT —wlA)lx=0

Eij = Cl]+d(l)—d(]) V(l,]) € A

* Six;; >0 — ¢;; = 0 (costo reducido de una variable basica es cero)
Six;j =0 — ¢;; = 0(costo reducido de una variable no basica es no negativo)

http://copa.uniandes.edu.co/ 29
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Condiciones de optimalidad

Teorema 5.1 (Condiciones de optimalidad en ruta mas corta):

Asuma que d(j) representa la longitud de alguin camino dirigido desde
el nodo raiz hasta el nodo j € N . Entonces, los valores d(j)
representan la ruta mas corta si y solo si se satisface que:

Ahuja et al. (1993), p. 136

http://copa.uniandes.edu.co/
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Propiedades de RMC

Propiedad 1:

Si el camino {S = Ly b2y o by = k} es un camino de minimo costo, entonces
paratodoqg = 2,...,h — 1, el subcamino {S = L1y, i(q)} es la ruta mas corta de

S d i(q)

http://copa.uniandes.edu.co/ 31
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Propiedades de RMC

Propiedad 1:

Si el camino {S = Ly b2y o by = k} es un camino de minimo costo, entonces
paratodog = 2,...,h — 1, el subcamino {S = i(l), e i(q)} es la ruta mas corta de
Sa i(q)

Prueba:

* Asumaque P* = U Pi(q)k es la ruta mas corta de s a k con costo c(P*).

Si(q)

V4 . . ! - !
* Asuma ademas que existe un subcamino Pg; - de s a i) tal quec (Psi(q) ) <c (fPSi(q) )

Entonces, P* no es la ruta mas corta dado que es posible construir un caminoP’ = P,; U

Pi gk tal que c(P") < c(P™), lo cual contradice el supuesto inicial.

L)

32
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Propiedades de RMC

Propiedad 1:

Si el camino {S = Ly b2y o by = k} es un camino de minimo costo, entonces
paratodoqg = 2,...,h — 1, el subcamino {S = L1y, i(q)} es la ruta mas corta de

S d i(q)

FPsiay P;

Si(q)
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Propiedades de RMC

4
\{2 e }" 1{4
S TN
2
Vv, 1 3 Vé
4 Y /2'
\ )

Rutamascortadela6— 1,2,5,6
Rutamascortadela2—-1,2
Ruta mascortadela5—1,2,5
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Propiedades de RMC

Propiedad 2:

Si d es un vector de distancias minimas (i.e., d(i) Vi € V'), entonces un camino de
S EN ak € N es uncamino de minima distancia si y sélo si:

d(j) =d@) +c; V(@))€ Py

XU>0—>EU=O

http://copa.uniandes.edu.co/ 35




Propiedades de RMC

d(2) =2 d(4) =6
=0 2/ £\, 0=
2
Vv, 1 3 V6
x Y ; /21
17 > Vs
d(3) =3 d(5) = 4

http://copa.uniandes.edu.co/
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d(1) =0

d(2) = d(1) +ci2
d(3) = d(2) + cz3
d(4) =d(2) + ¢z
d(5) = d(2) + ¢35

d(6) = d(5) + cse

d(3) <d(1) +cy3
d(4) < d(S) + Csy
d(S) < d(3) + C3s

d(6) < d(4) + cuq

Colombia
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Edsger W. Dijkstra

http://copa.uniandes.edu.co/

Dhjkstra was the 1972 recipient of the ACW Turnng Award, often wewed
as the Mobel Prize for computing. He was a member of the MNetherlands
Eoval Academy of Arts and Sciences, a member of the Amencan
Academy of Arts and Sciences, and a Distinguished Fellow of the British
Computer Society. He recerved the 1974 AFTPS Harry Goode Award,
the 19852 IEEE Computer Pioneer Award, and the 1989 ACHK SIGCSE
Lwward tor Outstanding Contributions to Computer Science Education.
Athens Uiversity of Econotmics awarded hitn an honorary doctorate
2001, In 2002, the C&C Foundation of Japan recogrzed Dylostra "for
his paoneering contributions to the establishment of the scientific basis for
computer software through creative research i basic software theory,
algonthin theory, structured programming, and semaphores”.

He 1z well known for hislamazinglj.r efficient shottest path algc:-ﬂtlnnland

tor hawing desizned and coded the first Algol 60U compier. He was
farnously the leader in the abolition of the GOTO statement from

S gelssgzlanasiial=g
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Algoritmo de Dijkstra

G(N, A): grafo dirigido

N: conjunto de nodos

A: conjunto de arcos

cij: costo del arco (i,j) € A

S: conjunto de nodos etiquetados permanentemente

S: conjunto de nodos etiquetados temporalmente

s: nodo 1nicial

d(7): etiqueta del nodo i

p(i): nodo que precede al nodo i

A(7): conjunto de arcos de la estrella delantera para el nodo i

38
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Algoritmo de Dijkstra

* Supuesto:

Cij = OV(I,,]) €A

e Ruta mas corta de uno a todos

http://copa.uniandes.edu.co/ 39
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Algoritmo de Dijkstra

S+ 0SS« N

2: d(i) o0, i € N,i#s

3: d(s) + 0, p(s) « 0

4: while |S| < |N| do

5: i 4 argmin;cg{d(j)} 4

6:  d(i) + minjeg{d(j)} v —> V4
7. S+ Su{i}
9: for (i,j) € A7) do 2
10: if d(j) > d(i) + ¢;; then v
1 d(j) « d(i) + ci; v 1 3 6
12: p(j) < i
13: end if h 4
4 2
14: end for 3
15: end while V3 > Vs

40
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Algoritmo de Dijkstra

Ejercicio en clase

S+ 0SS« N

2: d(i) o0, i € N,i#s

3: d(s) + 0, p(s) « 0

4: while |S| < |N| do

5: i 4 argmin;cg{d(j)} 4

6:  d(i) + minjeg{d(j)} v —> V4
7. S+ Su{i}
9: for (i,j) € A7) do 2 .
10: if d(j) > d(i) + ¢;; then v
1 d(j) « d(i) + ci; v 1 3 6
12: p(j) < i
13: end if h 4
4 2
14: end for 3
15: end while Vs | > Vs

41
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ALGORITMO DE DUKSTRA
EJERCICIO EN CLASE

S+ 0,8« N
2: d(i) 00, i € N,i # s
3: d(s) < 0, p(s) < 0
1: while S| < |N| do
: 4« argmin;es{d(j)}
d(i) < min ;. s{d(j)}
S« SU{i}

for (i,j) € A(i) do
if d(j) > d(i) + ¢;; then
d(j) < d(i) + cij
pj) i
end if
end for
. end while

//copa.uniandes.edu.co/
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Algoritmo de Dijkstra

S={} S =1{1,2,3,4,5,6}

S« 0, S« N

2: d(i) o0, i € N,i#s
3: d(s) + 0, p(s) « 0
4
5)

. while |S| < |V do
i ¢+ argmin;cg{d(j)} 4

6:  d(i) + minjeg{d(j)} v —> V4
7. S+ Su{i}
9: for (i,j) € A7) do 2
10: if d(j) > d(i) + ¢;; then v
1 d(j) « d(i) + ci; v 1 3 6
12: p(j) < i
13: end if h 4
4 2
14: end for 3
15: end while V3 > Vs

http://copa.uniandes.edu.co/ 43
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Algoritmo de Dijkstra

1: 8§ + @-, S — N S { } = {1,2,3’4,5,6}
24 d(i) < 00, 1 € N,i # s
34 d(s) «+ 0, p(s) < 0 d(2) = d(4) =
4: while |S| < |N| do
5. 14 argmin;.g{d(j)} 4
6:  d(i) « Hli]_’ljjeg{d(j)} V2 ] —> vy
7. S+ Su{i} A
S« 8\ {i} d(1)=o/ \d(6)=oo
9: for (i,j) € A7) do 2
10: if d(j) > d(i) + ¢;; then
11: d(j) < d(i) + ¢;j Vi 1 3 Ve
12: p(j) < i
13: end if 4 h 4 )
14: end for 3
15: end while V3 > Vs

d(3) = d(5) = o

http://copa.uniandes.edu.co/ 44
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Algoritmo de Dijkstra

S+ 0,S+ N S=t ) § =11,234,5,6}
2: d(i) < 00, 1 € N,i # s
3: d(s) « 0, p(s) « 0 d(2) = d(4) =
4:|while |S| < |N]| do i0<6?
5. 14 argmin;.g{d(j)} 4
6:  d(i) « Hli]_’ljjeg{d(j)} V2 ] —> vy
7. S+ Su{i} A
S« 8\ {i} d(1)=o/ \d(6)=oo
9: for (i,j) € A7) do 2
10: if d(j) > d(i) + ¢;; then
11: d(j) < d(i) + ¢;j Vi 1 3 Ve
12: p(j) < i
13: end if 4 h 4 )
14: end for 3
15: end while V3 > Vs
d(3) = o d(5) =

http://copa.uniandes.edu.co/ 45
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Algoritmo de Dijkstra

S+ 0,S+ N S=t ) § =11,234,5,6}
2: d(i) < 00, 1 € N,i # s
3: d(s) + 0, p(s) « 0 d(2) = d(4) =
4: while |S| < |N]| do
5: | @+ argmin; g{d(j)} 4
6: | d(i) « Hli]_’ljjeg{d(j)} V2 ] —> vy
S SUT) X
S+ S\ {i} d(1)=0/ \d(6)=oo
9: for (i,j) € A7) do 2
10: if d(j) > d(i) + ¢;; then
11: d(7) < d(i) + t’j:j Vi 1 3 Ve
12: p(j) < i
13: end if 4 h 4 )
14: end for 3
15: end while V3 > Vs
d(3) = d(5) = o

http://copa.uniandes.edu.co/ 46
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Algoritmo de Dijkstra

1S« 0,S«N § = § = 123456}
2: d(i) < 00, 1 € N,i # s
3: d(s) + 0, p(s) « 0 d(2) = d(4) =
4: while |S| < |N| do
5. i+ argmin;.g{d(j)} 4
6: _d(i) < min;fq{d( 7} Va2 | —-> v,

| S+ SU{i} A 2

S« S\ {i} d(1)=o/ \d(6)=oo
9: for (i,7) € A7) do 2
10: if d(j) > d(i) + ¢;; then
11: d(7) < d(i) + t’j:j Vi 1 3 Ve
12: p(j) < i
13: end if 4 h 4 )
14: end for 3
15: end while V3 > Vs
d(3) = d(5) = o

http://copa.uniandes.edu.co/ a7
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Algoritmo de Dijkstra

; s=A{1 S ={2,3,4,56
1: S0, S+« N tJ t ;
2: d(i) < 00, 1 € N,i # s
3: d(s) + 0, p(s) « 0 d(2) = o d(4) = oo
4: while |S| < |N| do
5: i 4= argmin;cg{d(j)} 4
6:  d(i) < min;s{d(j)} V2 ] vy
7: b; ¢ éiU {r} 5 y'y ) B

S« 8\ {i) d(1) =0 d(6) = o
9: |for (i,j) € A(i) do 2
10: if d(j) > d(i) + ¢;; then| v
11: d(j) « d(i) + ci; Vi 1 3 6
12: p(y) i
13: end if h 4
4 2
14: |end for 3
15: end while V3 > Vs
d(3) = d(5) = o

48
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S0 SeN S ={1} S =1{2,3,4,5,6}
2: d(i) < 00, 1 € N,i # s
3: d(s) + 0, p(s) « 0 d(2) = d(4) =
4: while |S| < |N| do
5. 14 argmin;.g{d(j)} : o0 9 4
6:  d(i) + Hli]_’ljjeg{d(j)} (0 >0+ 2 V2 ] —> Yy
7. S+ SU{i} Yy 2
S8\ {i} d(1)=0/ \d(6)=oo
9: |for (i,j) € A(i) do 2
10: if d(j) > d(i) + ¢;; then|
11: d(7) < d(i) + t’j:j Vi 1 3 Ve
12: p(j) < i
13: end if 4 h 4 ’)
14: |end for 3
15: end while V3 Vs
d(3) = d(5) = o

http://copa.uniandes.edu.co/
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S0 SeN S ={1} S =1{2,3,4,5,6}
2: d(i) < 00, 1 € N,i # s
3: d(s) + 0, p(s) « 0 d(2) =2 d(4) =
4: while |S| < |N| do
5. 14 argmin;.g{d(j)} : o0 9 4
6:  d(i) + Hli]_’ljjeg{d(j)} (0 >0+ 2 V2 ] —> Yy
7. S+ SU{i} Yy 2
S8\ {i} d(1)=0/ \d(6)=oo
9: |for (i,j) € A(i) do 2
10: if d(j) > d(i) + ¢;; then|
11: d(7) < d(i) + t’j:j Vi 1 3 Ve
12: p(j) < i
13: end if 4 h 4 ’)
14: |end for 3
15: end while V3 Vs
d(3) = d(5) = o
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; s=A{1 S ={2,3,4,56
1: S0, S+« N tJ t ;
2: d(i) < 00, 1 € N,i # s
3: d(s) « 0, p(s) « 0 d(2) =2 d(4) = oo
4: while |S| < |N| do
5: i 4= argmin;cg{d(j)} 4
6:  d(i) < min;s{d(j)} V2 ] vy
7: b; ¢ éiU {r} 5 y'y ) B

S« 8\ {i) d(1) =0 d(6) = o
9: |for (i,j) € A(i) do 2
10: if d(j) > d(i) + ¢;; then| v
11: d(j) « d(i) + ci; Vi 1 3 6
12: p(y) i
13: end if h 4
4 2
14: |end for 3
15: end while V3 > Vs
;oo >0+4?
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; s=A{1 S ={2,3,4,56
1: S0, S+« N tJ t ;
2: d(i) < 00, 1 € N,i # s
3: d(s) « 0, p(s) « 0 d(2) =2 d(4) = oo
4: while |S| < |N| do
5: i 4= argmin;cg{d(j)} 4
6:  d(i) < min;s{d(j)} V2 ] vy
7: b; ¢ éiU {r} 5 y'y ) B

S« 8\ {i) d(1) =0 d(6) = o
9: |for (i,j) € A(i) do 2
10: if d(j) > d(i) + ¢;; then| v
11: d(j) « d(i) + ci; Vi 1 3 6
12: p(y) i
13: end if h 4
4 2
14: |end for 3
15: end while V3 > Vs
;oo >0+4?
d(3) =4 d(5) = oo
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Algoritmo de Dijkstra

1S« 0,S«N § = § =1234,5,6]
2: d(i) < 00, 1 € N,i # s
3: d(s) « 0, p(s) « 0 d(2) =2 d(4) =
4:|while |S| < |N]| do
5. 14 argmin;.g{d(j)} 4
6:  d(i) « Hli]_’ljjeg{d(j)} V2 ] —> vy
7. S+ Su{i} A 2
S+ S\ {i} d(1)=0/ \d(6)=oo
9: for (i,j) € A7) do ! 2
10: if d(j) > d(i) + ¢;; then
11: d(7) < d(i) + t’j:j Vi 1 3 Ve
12: p(j) < i
13: end if 4 h 4 )
14: end for 3
15: end while V3 > Vs
d(3) =4 d(5) = o
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1S« 0,S«N § = § =1234,5,6]
2: d(i) < 00, 1 € N,i # s
3: d(s) + 0, p(s) « 0 d(2) =2 d(4) =
4: while |S| < |N]| do
5: | @+ argmin; g{d(j)} 4
6: | d(i) « Hli]_’ljjeg{d(j)} V2 ] —> vy
S SUT) A2
S+ S\ {i} d(1)=0/ \d(6)=oo
9: for (i,j) € A7) do ! 2
10: if d(j) > d(i) + ¢;; then
11: d(7) < d(i) + t’j:j Vi 1 3 Ve
12: p(j) < i
13: end if 4 h 4 )
14: end for 3
15: end while V3 > Vs
d(3) =4 d(5) = o
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. s=1{1.2 S =1{3,45,6
1: S0, S+« N 1,2} t )
2: d(i) < 00, 1 € N,i # s
3: d(s) + 0, p(s) « 0 d(2) =2 d(4) = o
4: while |S| < |N| do
5: i 4= argmin;cg{d(j)} 4
6: d(i) < min,.s{d(j)} V2 ) vy
7: Ci_ — b;U {i} ) A 2 ~
8: | S+ S\ {i} d(1) =0 d(6) =
9: for (z,7) € A7) do ! 2
10: if d(j) > d(i) + ¢;; then v
11: d(j) « d(i) + ¢;j Vi 1 3 6
12: p(j) < i
13: end if h 4

4 2
14: end for 3
15: end while V3 > Vs
d(3) =4 d(5) = o
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. s=1{1.2 S =1{3456
1: S0, S+« N t1,2} t )
2: d(i) < 00, 1 € N,i # s
3: d(s) + 0, p(s) « 0 d(2) =2 d(4) = o
4: while |S| < |N| do
5: i 4= argmin;cg{d(j)} 4
6:  d(i) < min;s{d(j)} V2 ) >V
7: b; ¢ élU {r} 5 A 2 B

S+ S\ {i} d(1) =0 d(6) =
9: |for (i,j5) € A7) do ! 2
10: if d(j) > d(i) + ¢;; then| v
11: d(j) « d(i) + ¢;j Vi 1 3 6
12: p(j) < i
13: end if h 4
4 2
14: | end for 3
15: end while V3 > Vs
d(3) =4 d(5) = o
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. s=1{1.2 S =1{3456
1: S0, S+« N t1,2} t )
2: d(i) < 00, 1 € N,i # s
3: d(s) + 0, p(s) « 0 d(2) =2 d(4) = o
4: while |S| < |N| do
5: i 4= argmin;cg{d(j)} 4
6:  d(i) < min;s{d(j)} V2 ) >V
7: b; ¢ élU {r} 5 A 2 B

S+ S\ {i} d(1) =0 d(6) =
9: |for (i,j5) € A7) do ! 2
10: if d(j) > d(i) + ¢;; then| v
11: d(j) « d(i) + ¢;j Vi 1 3 6
12: p(j) < i
13: end if ) 4 /
4 2
14: | end for 3
15: end while V3 > Vs
d(3) =4 d(5) = o
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. s=1{1.2 S =1{3456
1: S0, S+« N t1,2} t )
2: d(i) < 00, 1 € N,i # s
3: d(s) + 0, p(s) « 0 d(2) =2 d(4) = o
4: while |S| < |N| do
5: i 4= argmin;cg{d(j)} 4
6:  d(i) < min;s{d(j)} V2 ) >V
7: b; ¢ élU {r} 5 A 2 B

S+ S\ {i} d(1) =0 d(6) =
9: |for (i,j5) € A7) do ! 2
10: if d(j) > d(i) + ¢;; then| v
11: d(j) « d(i) + ¢;j Vi 1 3 6
12: p(j) < i
13: end if ) 4 /
4 2

14: | end for 3
15: end while V3 > Vs
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Algoritmo de Dijkstra

. s=1{1.2 S =1{3456
1: S0, S+« N t1,2} t )
2: d(i) < 00, 1 € N,i # s
3: d(s) + 0, p(s) « 0 d(2) =2 d(4) = o
4: while |S| < |N| do
5: i 4= argmin;cg{d(j)} 4
6:  d(i) < min;s{d(j)} V2 ) >V
7: b; ¢ élU {r} 5 A 2 B

S+ S\ {i} d(1) =0 d(6) =
9: |for (i,j5) € A7) do ! 2
10: if d(j) > d(i) + ¢;; then| v
11: d(j) « d(i) + ¢;j Vi 1 3 6
12: p(j) < i
13: end if ) 4 /
4 2

14: | end for 3
15: end while V3 > Vs
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. s=1{1.2 S =1{3456
1: S0, S+« N t1,2} t )
2: d(i) < 00, 1 € N,i # s
3: d(s) + 0, p(s) « 0 d(2) =2 d(4) = o
4: while |S| < |N| do
5: i 4= argmin;cg{d(j)} 4
6:  d(i) < min;s{d(j)} V2 ) >V
7: b; ¢ élU {r} 5 A 2 B

S+ S\ {i} d(1) =0 d(6) =
9: |for (i,j5) € A7) do ! 2
10: if d(j) > d(i) + ¢;; then| v
11: d(j) « d(i) + ¢;j Vi 1 3 6
12: p(j) < i
13: end if ) 4 /
4 2
14: | end for 3
15: end while V3 > Vs
d(3) =3 d(5) =4
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. s=1{1.2 S =1{3456
1: S0, S+« N t1,2} t )
2: d(i) < 00, 1 € N,i # s
3: d(s) + 0, p(s) « 0 d(2) =2 d(4) = o
4: while |S| < |N| do
5: i 4= argmin;cg{d(j)} 4
6:  d(i) < min;s{d(j)} V2 7 > vy
7: b; ¢ élU {r} 5 A 2 B

S+ S\ {i} d(1) =0 d(6) =
9: |for (i,j5) € A7) do ! 2
10: if d(j) > d(i) + ¢;; then| v
11: d(j) « d(i) + ¢;j Vi 1 3 6
12: p(j) < i
13: end if ) 4 /
4 2
14: | end for 3
15: end while V3 > Vs
d(3) =3 d(5) =4
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. s=1{1.2 S =1{3456
1: S0, S+« N t1,2} t )
2: d(i) < 00, 1 € N,i # s
3: d(s) + 0, p(s) « 0 d(2) =2 d(4) =6
4: while |S| < |N| do
5: i 4= argmin;cg{d(j)} 4
6:  d(i) < min;s{d(j)} V2 7 > vy
7: b; ¢ élU {r} 5 A 2 B

S+ S\ {i} d(1) =0 d(6) =
9: |for (i,j5) € A7) do ! 2
10: if d(j) > d(i) + ¢;; then| v
11: d(j) « d(i) + ¢;j Vi 1 3 6
12: p(j) < i
13: end if ) 4 /
4 2
14: | end for 3
15: end while V3 > Vs
d(3) =3 d(5) =4
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. s=1{1.2 S =1{3456
1: S0, S+« N t1,2} t )
2: d(i) < 00, 1 € N,i # s
3: d(s) < 0, p(s) < O d(2) =2 d(4) =6
4:|while |S| < |N]| do
5: i 4= argmin;cg{d(j)} 4
6:  d(i) < min;s{d(j)} . > vy
7: b; ¢ élU {r} 5 A 2 B

S+ S\ {i} d(1) =0 d(6) =
9: for (i,j) € A7) do ! 2
10: if d(j) > d(i) + ¢;; then v
11: d(j) « d(i) + ¢;j Vi 1 3 6
12: p(j) < i
13: end if ) 4 /
4 2
14: end for 3
15: end while V3 > Vs
d(3) =3 d(5) =4
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. s=1{1.2 S =1{3456
1: S0, S+« N t1.2} t )
2: d(i) < 00, 1 € N,i # s
3: d(s) + 0, p(s) « 0 d(2) =2 d(4) =6
4: while |S| < |N]| do
5: | i < argmin;cg{d(j)} 4
6: | d(i) < min;s{d(j)} . > vy
7: b; — élU {r} 5 y Y p) -

S« S\ {i} d(1)=0 d(6) = o
9: for (i,j) € A7) do \ 2
10: if d(j) > d(i) + ¢;; then v
11: d(j) « d(i) + ¢;j Vi 1 3 6
12: p(j) < i
13: end if h 4 /
4 2
14: end for 3
15: end while V3 > Vs
d(3) =3 d(5) =4

http://copa.uniandes.edu.co/ 64




Universidad de

los Andes

Colombia

Algoritmo de Dijkstra

_ s=1{123 S ={456
1: S0, S+« N { ) t )
2: d(i) < 00, 1 € N,i # s
3: d(s) + 0, p(s) « 0 d(2) =2 d(4) =6
4: while |S| < |N| do
5: i 4= argmin;cg{d(j)} 4
6: _d(i) « min, s{d(j)} . > vy
7 Ci_ — b;U {i} ) A 2 ~
8: | S« 8\ {i} d(1) =0 d(6) =
9: for (z,)) € A7) d ! 2
10: if d(j) > d(i) + ¢;; then v
11: d(7) + d(s) + ¢ij Vi 1 3 6
12: p(j) < i
13: end if h 4 /

4 2
14: end for 3
15: end while V3 > Vs
d(3) =3 d(5) =4
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. s=1{123 S =1{45,6
1: S0, S+« N { ) t J
2: d(i) < 00, 1 € N,i # s
3: d(s) + 0, p(s) « 0 d(2) =2 d(4) =6
4: while |S| < |N| do
5: i 4= argmin;cg{d(j)} 4
6:  d(i) < min;s{d(j)} . > vy
7: b; ¢ éiU {r} 5 A 2 B

S+ S\ {i} d(1) =0 d(6) =
9: | for (i,j) € A(i) do ! 2
10: if d(j) > d(i) + ¢;; then| v
11: d(j) « d(i) + ¢;j Vi 1 3 6
12: p(j) < i
13: end if h 4 /
4 2
14: | end for 3
15: end while V3 > Vs
d(3) =3 d(5) =4
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. s=1{123 S =1{45,6
1: S0, S+« N { ) t J
2: d(i) < 00, 1 € N,i # s
3: d(s) + 0, p(s) « 0 d(2) =2 d(4) =6
4: while |S| < |N| do
5: i 4= argmin;cg{d(j)} 4
6:  d(i) < min;s{d(j)} . > vy
7: b; ¢ éiU {r} 5 A 2 B

S+ S\ {i} d(1) =0 d(6) =
9: | for (i,j) € A(i) do ! 2
10: if d(j) > d(i) + ¢;; then| v
11: d(j) « d(i) + ¢;j Vi 1 3 6
12: p(j) < i
13: end if h 4 /
4 2
14: | end for 3
15: end while V3 > Vs
d(3) =3 d(5) =4
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. s=1{123 S =1{45,6
1: S0, S+« N { ) t J
2: d(i) < 00, 1 € N,i # s
3: d(s) + 0, p(s) « 0 d(2) =2 d(4) =6
4: while |S| < |N| do
5: i 4= argmin;cg{d(j)} 4
6:  d(i) < min;s{d(j)} . > vy
7: b; ¢ éiU {r} 5 A 2 B

S+ S\ {i} d(1) =0 d(6) =
9: | for (i,j) € A(i) do ! 2
10: if d(j) > d(i) + ¢;; then| v
11: d(j) « d(i) + ¢;j Vi 1 3 6
12: p(j) < i
13: end if h 4 /
4 2
14: | end for 3
15: end while V3 > Vs
d(3) =3 d(5) =4
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1: S« @, S — N

2: d(i) 00, i€ N,i#s
3: d(s) + 0, p(s) + 0
4

.| while |S| < |V do
5: i 4 argmin;cg{d(j)}
6:  d(i) < min;s{d(j)}
7:

S+ SuU{i}
S+ S\ {i}
9: for (i,7) € A7) do
10: if d(j) > d(i) + ¢;; then
11: d(j) < d(i) + ¢;j
12: p(j) < i
13: end if

14: end for
15: end while
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1S« 0,S«N

2: d(i) 00, i€ N,i#s
3: d(s) + 0, p(s) « 0

4: while |S| < |N]| do

5:  |i ¢ argmin-g{d(j)}
6: |d(i) < min; s{d(j)}
T

S+ SU{i}
S+ S\ {i}
9: for (i,7) € A7) do
10: if d(j) > d(i) + ¢;; then
11: d(j) < d(i) + ¢;j
12: p(j) < i
13: end if

14: end for
15: end while
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S =1{1,2,3,5} S = {4,6}

1S« 0,S«N

2: d(i) 00, i€ N,i#s

3: d(s) + 0, p(s) « 0
4: while |S| < |N| do

5: i 4 argmin -g{d(j)}

6: d(i) < min,;-s{d(j)}
7. | S+ SU{i}

8: S S_\ {A}

9: for (z,7) € A7) do
10: if d(j) > d(i) + ¢;; then
11: d(j) < d(i) + ¢;j
12: p(j) < i
13: end if

14: end for
15: end while
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_ S =1{1,2,3,5 S =1{46
: S0, S« N { ) 14,6)

1

2: d(i) 00, i€ N,i#s
3: d(s) + 0, p(s) « 0

4: while |S| < |N| do

5: i 4 argmin -g{d(j)}
6:  d(i) < min;s{d(j)}
?’-

S+ SuU{i}
S+ S\ {i}
9: |for (i,7) € A7) do
10: if d(j) > d(i) + ¢;; then
11: d(j) < d(i) + ¢;j
12: p(j) < i
13: end if
14: |end for

5: end while

[a—
i
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_ S =1{1,2,3,5 S =1{46
: S0, S« N { ) 14,6)

1

2: d(i) 00, i€ N,i#s
3: d(s) + 0, p(s) « 0

4: while |S| < |N| do

5: i 4 argmin -g{d(j)}
6:  d(i) < min;s{d(j)}
?’-

S+ SuU{i}
S+ S\ {i}
9: |for (i,7) € A7) do
10: if d(j) > d(i) + ¢;; then
11: d(j) < d(i) + ¢;j
12: p(j) < i
13: end if
14: |end for

5: end while

[a—
i
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_ S =1{1,2,3,5 S =1{46
: S0, S« N { ) 14,6)

1

2: d(i) 00, i€ N,i#s
3: d(s) + 0, p(s) « 0

4: while |S| < |N| do

5: i 4 argmin -g{d(j)}
6:  d(i) < min;s{d(j)}
?’-

S+ SuU{i}
S+ S\ {i}
9: |for (i,7) € A7) do
10: if d(j) > d(i) + ¢;; then
11: d(j) < d(i) + ¢;j
12: p(j) < i
13: end if
14: |end for

5: end while

[a—
i
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_ S =1{1,2,3,5 S =1{46
: S0, S« N { ) 14,6)

1

2: d(i) 00, i€ N,i#s
3: d(s) + 0, p(s) « 0

4: while |S| < |N| do

5: i 4 argmin -g{d(j)}
6:  d(i) < min;s{d(j)}
?’-

S+ SuU{i}
S+ S\ {i}
9: |for (i,7) € A7) do
10: if d(j) > d(i) + ¢;; then
11: d(j) < d(i) + ¢;j
12: p(j) < i
13: end if
14: |end for

5: end while

[a—
i
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_ S =1{1,2,3,5 S =1{46
: S0, S« N { ) 14,6)

1

2: d(i) 00, i€ N,i#s
3: d(s) + 0, p(s) « 0

4: while |S| < |N| do

5: i 4 argmin -g{d(j)}
6:  d(i) < min;s{d(j)}
?’-

S+ SuU{i}
S+ S\ {i}
9: |for (i,7) € A7) do
10: if d(j) > d(i) + ¢;; then
11: d(j) < d(i) + ¢;j
12: p(j) < i
13: end if
14: |end for

5: end while

[a—
i
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_ S =1{1,2,3,5 S =1{46
: S0, S« N { ) 14,6)

: d(i) o0, i € NJi# s

1
2
3: d(s) « 0. p(s) « 0 -
4

:| while |S| < |N| do l

5: i< argmin;cg{d(j)}
6:  d(i) < min;s{d(j)}
T:

S+ SuU{i}
S ¢ 8\ i} dm=o ?
9: for (i,7) € A7) do
10: if d(j) > d(i) + ¢;; then
11: d(j) < d(i) + ¢;j
12: p(j) < i
13: end if h 4

14: end for
15: end while

&
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Algoritmo de Dijkstra

_ S =1{1,2,3,5 S =1{46
: S0, S« N { ) 14,6)

: d(i) o0, i € NJi# s

1
2
3: d(s) + 0, p(s) « 0 -
4

. while |S| < |V do l

5: | i 4 argmin;cg{d(j)} p)
6: | d(i) < min;s{d(j)} | °
?'-

S+ SU{i}
S ¢ 8\ i} dm=o ?
9: for (i,7) € A7) do
10: if d(j) > d(i) + ¢;; then
11: d(j) < d(i) + ¢;j
12: p(j) < i
13: end if h 4

14: end for
15: end while

&
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Algoritmo de Dijkstra

_ S =1{1,2,3,5 S =1{46
: S0, S« N { ) 14,6)

: d(i) o0, i € NJi# s

1
2
3: d(s) + 0, p(s) « 0 -
4

. while |S| < |V do

5: | i 4 argmin;cg{d(j)} p)
6: | d(i) < min;s{d(j)} | °
?'-

S+ SU{i} ‘
. S8\ ww=o 2
9: for (i,7) € A7) do
10: if d(j) > d(i) + ¢;; then 1
11: d(j) < d(i) + ¢;j
12: p(j) < i

Y

13: end if x I

14: end for

15: end while
http://copa.uniandes.edu.co/ 79
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Algoritmo de Dijkstra

S =1{1,2,3,5,4} S = {6}

1: S« @, S — N

2: d(i) 00, i€ N,i#s
3: d(s) + 0, p(s) « 0
4

. while |S| < |V do

5: i< argmin;cg{d(j)}
o di) e omin e (d0)}
| S+ SU{i}

s | S« S\ {i) - 2
9: for (i,7) € A7) do

10: if d(j) > d(i) + ¢;; then

11: d(j) < d(i) + ¢;j

12: p(j) < i \

13: end if
14: end for
15: end while

1
0
@)=

http://copa.uniandes.edu.co/ 80
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Algoritmo de Dijkstra

. S =1{1,2,3,54 S =16
: S0, S« N { J 6}

: d(i) o0, i € NJi# s

1
2
3: d(s) + 0, p(s) « 0 -
4

. while |S| < |N]| do
5: i< argmin;cg{d(j)}
6:  d(i) < min;s{d(j)}
?'-

S+ SuU{i} ‘
v -/’
9: | for (i,7) € A7) do
10: if d(j) > d(i) + ¢;; then 1
11: d(j) < d(i) + ¢;j
12: p(j) < i
Y

13: end if x I

14: end for

5: end while
http://copa.uniandes.edu.co/ 81
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Algoritmo de Dijkstra

. S =1{1,2,3,54 S =16
: S0, S« N { J 6}

: d(i) o0, i € NJi# s

1
2
3: d(s) + 0, p(s) « 0 -
4

. while |S| < |N]| do
5: i< argmin;cg{d(j)}
6:  d(i) < min;s{d(j)}
?'-

S+ SuU{i} ‘
v -/’
9: | for (i,7) € A7) do
10: if d(j) > d(i) + ¢;; then 1
11: d(j) < d(i) + ¢;j
12: p(j) < i
Y

13: end if x I

14: end for

5: end while
http://copa.uniandes.edu.co/ 82
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Algoritmo de Dijkstra

. S =1{1,2,3,54 S =16
: S0, S« N { J 6}

: d(i) o0, i € NJi# s

1
2
3: d(s) + 0, p(s) « 0 -
4

. while |S| < |N]| do
5: i< argmin;cg{d(j)}
6:  d(i) < min;s{d(j)}
?'-

S+ SuU{i} ‘
v -/’
9: | for (i,7) € A7) do
10: if d(j) > d(i) + ¢;; then 1
11: d(j) < d(i) + ¢;j
12: p(j) < i
Y

13: end if x I

14: end for

5: end while
http://copa.uniandes.edu.co/ 83
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Algoritmo de Dijkstra

. S =1{1,2,3,54 S =16
: S0, S« N { J 6}

: d(i) o0, i € NJi# s

1
2
3: d(s) < 0. p(s) « 0 -
4

: |while |S| < |N] do
4
o

b: 14— argmin;eg{d(j)}
6:  d(i) < min;s{d(j)}
7. S+ SU{i}

$ « 8\ {i} =0 °
9: for (i,7) € A7) do
10: if d(j) > d(i) + ¢;; then 1 3 Vg
11: d(j) < d(i) + ¢;j
12: p(j) < i
13: end if

14: end for
15: end while

\”’s
o
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Algoritmo de Dijkstra

. S =1{1,2,3,54 S =16
: S0, S« N { J 6}

: d(i) o0, i € NJi# s

1
2
3: d(s) + 0, p(s) « 0 -
4

. while |S| < |N]| do
5: | i« argmin;cg{d(j)} ‘ 4 >
6: ‘ d(i) < min;cs{d(j)} '
T
8

S—SU iy

$ « 8\ {i} =0 °
9: for (i,7) € A7) do
10: if d(j) > d(i) + ¢;; then 1 3 Vg
11: d(j) < d(i) + ¢;j
12: p(j) < i
13: end if

14: end for
15: end while

\”’s
o
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Algoritmo de Dijkstra

s ={1,2,3,54,6} S={}

S0, S+ N
d(i) < o0, 1 € N,i # s

d(s) < 0, p(s) «+ 0 -

while |S| < |N| do
4
o

o B L T e B

i < argmin ;g {d(j)}
d(i) « min ;. s{d(j)}

o

7 | S+ SuU{i} 2

C [sosvt) aw=o 2 N s
9: for (z,7) € A7) do

10: if d(j) > d(i) + ¢;; then 1 3 Vg

11: d(j) < d(i) + ¢;j

12: p(j) < i

13: end if

14: end for
15: end while

\”’s
o
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Algoritmo de Dijkstra

) S =1{1,2,3,54,6 S =
: S0, S« N { J t}

: d(i) o0, i € NJi# s

1
2
3: d(s) + 0, p(s) « 0 -
4

. while |S| < |V do
4
o

5: i< argmin;cg{d(j)}
6:  d(i) < min;s{d(j)}
7. S+ SU{i}

A K d(6) =6

5: end while

[a—
i

S « S\ {i} d =0 ?
9: | for (¢, 7) € A7) do
10: if d(j) > d(i) + ¢;; then 1 3 Vg
11: d(j) < d(i) + ¢;j
12: p(j) < i
13: end if x h 4
14: | end for 3

o
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Algoritmo de Dijkstra

) S =1{1,2,3,54,6 S =
: S0, S« N { J t}

: d(i) o0, i € NJi# s

1
2
3: d(s) <« 0. p(s) < 0 -
4

:|while |S| < |V do

i+ argmin;eg{d(j)} 4 >
6:  d(i) < min;s{d(j)} |

7. S+ SU{i}

8:

A K_

$ « 8\ {i} =0 °
9: for (i,7) € A7) do 2
10: if d(j) > d(i) + ¢;; then 1 3 ‘
11: d(j) < d(i) + ¢;j
12: p(j) < i
13: end if

2
14: end for

15: end while

\v3
®
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Algoritmo de Dijkstra

) S =1{1,2,3,54,6 S =
: S0, S« N { J t}

: d(i) o0, i € NJi# s

1
2
3: d(s) + 0, p(s) « 0 -
4

. while |S| < |V do

i+ argmin;eg{d(j)} 4 >
6:  d(i) < min;s{d(j)} |

7. S+ SU{i}

8:

A K_

$ « 8\ {i} =0 °
9: for (i,7) € A7) do 2
10: if d(j) > d(i) + ¢;; then 1 3 ‘
11: d(j) < d(i) + ¢;j
12: p(j) < i
13: end if

2
14: end for

15: end while

\v3
®
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Algoritmo de Dijkstra: complejidad

e Cuantas operaciones elementales?
— Escogencia de nodos (con etiqueta temporal)

5: 1« argmin, s{d(j)}

— Actualizacién de etiquetas

9: for (i,j) € A(i) do

10: if d(j) > d(i) + ¢;; then
11: d(j) < d(i) + cij

12 p(i) < i

13: end if

14; end for

90
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Algoritmo de Dijkstra: complejidad

* Nodos examinados: n=|\|
 Debe examinar cada uno de los nodos con etiqueta temporal

n(n+1) )
N+(N-D+(N=2)+...+1= > =0(n?)

* Actualizacion de etiquetas temporales

> |A(i)| =m=0(m)
ieN
 Complejidad

O(n*)+0(m)=0(n?)

http://copa.uniandes.edu.co/ 91
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e Part|l: fundamentals
e Dijkstra
° l\*
* Labeling algorithms
* Branch and bound

http://copa.uniandes.edu.co/ 92
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A*: A-star

Intuition

Finds a path to a particular vertex in a weighted graph better than Dijkstra's.

* Dijkstra's algorithm greedily visits nodes by increasing distance from initial
vertex.

* Dijkstra's spends as much time exploring nodes that are along the optimal
path as it does on exploring nodes that are in the opposite direction from the

desired goal.

* The A* search algorithm directs the search towards the desired goal rather
than simply based on distance from the initial vertex.

Reference:
Cornell U.: Data structures and functional programming
http://www.cs.cornell.edu/courses/cs312/2007sp

93
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A*: A-star

Dijkstra vs. A*

® goal * goal

® source % source

Dijkstra's algorithm A* algorithm

http://copa.uniandes.edu.co/ 94
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A*: A-star

Dijkstra's behavior in large-scale road netwo

1.6M vertices, 3.8M arcs, travel time metric.
Reference:

A. Goldberg (2009): Reach for A*

http://copa.uniandes.edu.co/ 95
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A*: A-star

Heuristic function

* Key idea is to define a heuristic function h(v) that estimates how far a
given vertex v is from the goal vertex.

* Run Dijkstra's shortest path algorithm with the notion of distance defined
as the sum of the real distance and the heuristic function: dist(v) + h(v)

* Chooses vertex that minimizes the sum dist(v)+ h(v).

e |f heuristic function is perfectly accurate (correctly estimates the
remaining distance from node v to the desired goal), all nodes along the
optimum path have exactly the same value for dist(v)+ h(v).

— They will be dequeued sequentially off the priority queue without any other nodes
being considered. So optimal path will be found as efficiently as is possible.

— Perfectly accurate heuristic functions are not feasible in general. But even an
approximately correct heuristic function can improve search performance
dramatically.

http://copa.uniandes.edu.co/ 96
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A*: A-star

Heuristic function properties

A heuristic function is admissible if it never overestimates the distance to
the goal vertex.

— When the heuristic function is applied to the goal vertex itself, it must
return zero.

* A heuristic function is monotonic if the combined distance+heuristic from
the initial vertex never decreases along any path.

— This is actually a stronger property than admissibility
— If a function is monotonic, it must also be admissible.

http://copa.uniandes.edu.co/ 97




Universidad de

los Andes

Colombia

Algoritmo A*

Ejercicio en clase

98
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Nodos Arcos
Algo ”tm O A* GdnIndex, GdnX, GdnY GdnIndex, GdnSource, GdnTarget
. . int, int, int int, int, int
Ejercicio en clase 1,182,271 1,9,1
2,376,384 2,9,2
3,291,157 3,9,10
4,468,125 4,2,10
5,607,314 5,2,6
6,545,401 6,10,06
7,447,247 7,2,1
8,673,148 8,2,3
9,162,479 9,2,7
10,378,538 10,1,3
11,3,7
12,7,4
13,3,4
14,7,8
15,4,8
16,7,5
17,06,7
18,6,5
19,5,8

~
~
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Colombia &, GIDEN "A_star_ejemplo.csv” [Dijkstra]

File Edit Options Help

Shortest path tree length = 1719; Sum of (finite) shortest path lengths = 3566

Algoritmo A*

Ejercicio en clase

123

(=)

Shortest Path Tree |
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A*: A-star

What to expect from A*?

1.6M vertices, 3.8M arcs, travel time metric.
Reference:

A. Goldberg (2009): Reach for A*

http://copa.uniandes.edu.co/ 101
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e Part|: fundamentals
e Dijkstra
° /\*
* Labeling algorithms
e Branch and bound

102
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Ramificacion y acotamiento

Principios

Proposition 7.1:
Let S = S51U...USk be a decomposition of S into smaller sets, and
let 2F = max{ex:x€ S} fork=1,..., K. Then z = maxy, z*.

g g

* Descomposicion del espacio de solucion en conjuntos mas pequenos
* Escogencia del mejor valor de la funcion

Fuente:
Wolsey. (1998). Integer Programming. Wiley.

http://copa.uniandes.edu.co/
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Ramificacion y acotamiento

Ejemplo

Sc{01f @
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Ramificacion y acotamiento

Ejemplo

Sc{01f
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Ramificacion y acotamiento
Ejemplo
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Ramificacion y acotamiento
Ejemplo
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Ramificacion y acotamiento
Ejemplo
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Ramificacion y acotamiento
Ejemplo
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Ramificacion y acotamiento
Ejemplo
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Ramificacion y acotamiento
Ejemplo
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Ramificacion y acotamiento

Cotas

Proposition 7.2:

Let S = 51 U...U Sk be a decomposition of S into smaller sets,
and let z* = max{cx:x € S} for k =1,..., K, " be an upper
bound on z¥ and zF be a lower bound on z*¥. Then Z = max;, Z¥ is

an upper bound on z and z = maxy, z* is a lower bound on z.

* Funcion objetivo
— Cota superior
— Cota inferior
e ¢Para qué las cotas?
— Podar ramas del arbol
— Busqueda eficiente

http://copa.uniandes.edu.co/




Ramificacion y acotamiento
Podas

http://copa.uniandes.edu.co/

[

II.,.

— maxg 2~

= max{20,25} = 25

max{20,15} = 20
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Ramificacion y acotamiento
Podas

Nodo §, (y sus descendentes) podado por optimalidad

http://copa.uniandes.edu.co/
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Ramificacion y acotamiento
Podas

7 = maxy Z° = max{20,26} = 26
> = maxy, 2F = max{18,21} = 21

http://copa.uniandes.edu.co/
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Ramificacion y acotamiento
Podas

Nodo $, (y sus descendentes) podado por cota

http://copa.uniandes.edu.co/
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Ramificacion y acotamiento
Podas

Z = maxy z° = max{24,37} = 37
> = maxy, 2F = max{13, —oo} = 13

http://copa.uniandes.edu.co/
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Ramificacion y acotamiento
Podas

No es posible podar el arbol

http://copa.uniandes.edu.co/
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Ramificacion y acotamiento

éComo podar el arbol?

* Por optimalidad

— Se resuelve:

zt={maxcx:x € S;}

* Por cota
z'<z

e Porinfactibilidad
St —_ U)

http://copa.uniandes.edu.co/
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e Part|l: fundamentals
e Dijkstra
° /\*
* Labeling algorithms
* Branch and bound
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Labeling Algorithms

Weighted-Constrained Shortest Path

min E Cy Xy

ac A
L,
S.1. Z X, — z X, —1,
aco (i) aso~ (i) 0,
Z WX, = W
ac A
x, €10, 1}, Va e A

Universidad de

los Andes

Colombia

if i = s
if i — 1 vieV
if i e V\{s, 1)

* The WCSPP is an NP-hard problem, even if we consider the case when the
graph is acyclic and all weights and costs are positive (Garey and Johnson,

1979).

http://copa.uniandes.edu.co/

References:
Dumistrescu and Boland (2001)
Desrochers and Soumis (1988)
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Algoritmo de Labeling

Ejercicio en clase

S (311)
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(1,7)

—

(5,2) A (4,4)
(4,2)

(3,1)

!

(1,5)

'/,

WCSPP - LABELING
EJERCICIO EN CLASE

(1,1)

/ .

(3,1)

-

Algorithm 1. The label setting algorithm

Step 0: Initialization
Set Ly = {(0, 0)} and L;
Initialize /; accordingly fc
Sut { %) fot each i

lt U ey ( \ T, V‘ thcn SI()P all efficient labels have been generated
else choose 7 ¢ € I;\T; so that W " 1s minimal.
Treatment of h.*hc“ wi, C;
for all 'lf Jj) € 3+{f} with H " +w; = Wdo
if (WF+ n” Ck+¢y)is m.‘.-t dominated
by { w! i C; Iy for any 7 € /;
then
Set Lj = Ly U{(W¥ + wy, C¥ + c;j)}.
Update /; accordingly.
Set 7; := T; U{k}.
go to Step 1.

123




Labeling algorithms
WCSPP - example
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Labeling algorithms

WCSPP - example

Algorithm 1. The label setting algorithm

Step 0: Initialization
Set Ly = {(0, 0)} and L; = D forall i € V\{s}.
Initialize /; accordingly foreachi € V.

Set T; = @ foreachi € V.

http://copa.uniandes.edu.co/
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Labeling algorithms

WCSPP - example

Step 1: Selection of the label to be treated
it [ ev(1;\T;) = @ then STOP:; all efficient labels have been generated
else choose i € Vand k € [; \ 7; so that W' ;\ 1s minimal.

S0t
(s, i) é-cwj Lev AT
s ke

http://copa.uniandes.edu.co/




Labeling algorithms

WCSPP - example

Step 2: Treatment of label ( H:‘ C'f}
for all (i, j) € 67 (i) with Hf‘ + wy; = W do
if ( Hf‘ + wy, (f‘ + ¢j) 1s not dominated
by ( HJ‘: C‘J‘:-) forany / € I;
then
Set Lj = L U{(W¥ + wy, C¥ + ¢}
Update /; accordingly.
Set 7 := T; U{k}.

go to Step 1. M

http://copa.uniandes.edu.co/
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Labeling algorithms

WCSPP - example

Step 1: Selection of the label to be treated
it [ ev(1;\T;) = @ then STOP:; all efficient labels have been generated
else choose i € V and &k € _f,‘\, 1; so that Hf‘ 1s minimal.

http://copa.uniandes.edu.co/
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Labeling algorithms

WCSPP - example

Step 2: Treatment of label ( H:‘ C'f}
for all (i, j) € 67 (i) with Hf‘ + wy; = W do
if ( Hf‘ + wy, (f‘ + ¢j) 1s not dominated
(WL CY for anv .
by (M s (j-)f()r any [ €
then
Set Lj = L U{(W¥ + wy, C¥ + ¢}
Update /; accordingly. . <
Set 7; := T; U {k}. (),UD'?“”&
"

go to Step 1. :
éi(:ﬁ%; ? ()-S5 ‘)( :D;J

¥ 4
k= | \(7\

http://copa.uniandes.edu.co/
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Labeling algorithms

WCSPP - example

Step 1: Selection of the label to be treated
it [ ev(1;\T;) = @ then STOP:; all efficient labels have been generated
else choose i € V and &k € _f,‘\, 1; so that Hf‘ 1s minimal.

St
o 43,3 4]

(2\ / i) & O'{j eV, keIL\rTf,'

http://copa.uniandes.edu.co/
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Labeling algorithms

WCSPP - example

Step 2: Treatment of label ( H:‘ C'f}
for all (i, j) € 67 (i) with Hf‘ + wy; = W do
if ( Hf‘ + wy, (f‘ + ¢j) 1s not dominated
by ( HJ‘: C‘J‘:-) forany / € I;
then
Set Lj = L U{(W¥ + wy, C¥ + ¢}
Update /; accordingly.
Set 7 := T; U{k}.

go to Step 1. é_{.(_,lﬂ&— ﬁ(i)fﬁ ?"(5)’:4
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Labeling algorithms

WCSPP - example

Step 1: Selection of the label to be treated
it [ ev(1;\T;) = @ then STOP:; all efficient labels have been generated
else choose i € V and &k € _f,‘\, 1; so that Hf‘ 1s minimal.

St

(3; i) & O'{j ng,{?} keI N {

A 3\__).\

ﬁf ‘—g?

1o
—

(
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Step 2: Treatment of label ( H:‘ C'f}
for all (i, j) € 67 (i) with Hf‘ + wy; = W do
if ( Hf‘ + wy, (f‘ + ¢j) 1s not dominated
by ( HJ‘: C‘J‘:-) forany / € I;
then
Set Lj = L U{(W¥ + wy, C¥ + ¢}
Update /; accordingly.
Set 7 := T; U{k}.

go to Step 1. éi{;j_ﬂ’,z_
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Dijkstra

 Formulacién de los problemas de ruta mas corta como programas
matematicos (optimizacion lineal)
— Uno-a-uno
— Uno-a-todos
 Condiciones de optimalidad de KKT del algoritmo de Dijkstra
— Factibilidad primal
— Factibilidad dual (i.e., correccién de etiquetas)
— Holgura complementaria (propiedades de RMC)

 Complejidad de Dijkstra
— Escogencia de nodos (extension de etiquetas)
— Correccion de etiquetas (scanning)

* Analisis del comportamiento de la busqueda expansiva (breadth) de Dijkstra
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A*, branch-and-bound, labeling algorithms

 A* como una especializacion de Dijkstra con una meta (direccion)
— Definicion de heuristica
— Propiedades de la heuristica
e Principio de branch & bound (ramificacion y acotamiento)
— Definicién de particion del espacio
— Uso de cotas para podar el espacio de solucién (enumeracion implicita)
* Algoritmos de etiquetado para manejar multiples recursos (objetivos)
— Etiquetas
— Dominancia
— Espacio de estados
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