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Notes:

• the term ooperative may sometimes be misleading, it does not

mean that we are modeling ompeting or non ompeting situations;

it an model both

• oalitional game theory its a synonym

• the term oalitional means that the unit we are modeling are

oalitions (i.e. groups of players) we are not modeling player's

ation but groups of players' ations.

• the problem we are about is how to split the revenue/ost resulting

from the interation, among the players

Cooperative games with transferable utility

Some appliation examples

•
Transportation Share highways osts, Share Airport fees

•
P2P networks, WIFI share (e.g. fonera) Give a share (i.e.

fee redution) to those users who ollaborate with storage

apaity or WIFI overage

•
Eletri Vehiles Share the revenues of roaming among all

reharging operators. Give a share (diminish his/her fee) to a

user that provides energy to the network (V2G)

Notes:



Cooperative games with transferable utility

Motivation, simple example: Connetion to the power grid

•
Intuitively it makes sense to ollaborate

•
Cost funtion: f (distance)

•
How to split the ost?

Notes:

Upcoming

•
How is the revenue of the grand oalition split among its

members? → revenue/ost sharing

•
Is it interesting for a player to take part of a oalition? →
stability

Some solution onepts: the ore, the nuleolus, the τ -value, the
Shapley value

•
Establish revenue/ost shares

•
Provide di�erent properties

Notes:

Sharing Rules are Diverse and Provide
Different Shares

Example: the ontested garment.

•
2 persons A,B. One piee of fabri

•
A wants half of the piee, B wants the whole piee

Whih is the fairest way to share it?

Ideas:

•
Proportional to the demand

•
Answer provided in the Talmud

•
GT?

Notes:

• The Talmud (entral text of Rabbini Judaism) provides the answer

to both examples, without explaining how the alulations are done.

For 2k years mathematiians and eonomist had not found suh

explanation. Game theory does.

• Lets start by de�ning a quite natural rule, the proportional rule:

sharei =
demandi∑
j∈N demandj

• Proportional rule yields shareA = 1/2
1/2+1 = 1/3,

shareB = 1

1/2+1 = 2/3

• the Talmud law: A wants only half of it, thus only the other half of

the fabri is ontested. Share in equal parts the ontested piee.

shareA = 1/2
2

= 1/4, shareB = 1/2+ 1/2
2

= 3/4

• we will model this situation using GT

Another Talmud example

The bankrupt problem: One man dies with a wealth e and three

debts d
1

, d
2

,d
3

. How should e be split among the 3 debts laimers?

Claims d
1

, d
2

, d
3

Total (e) Talmudi Law Proportional

(100,200,300)

100 (

100

3

, 100
3

, 100
3

) (

50

3

, 100
3

, 50)
200 (50,75,75) (100

3

, 200
3

, 100)
300 (50,100,150) (50,100,150)

Table: The bankrupt problem example.

Notes:

• Game theory also allows to explain this result

• Would you say is the same rule as the garment?
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Notes:

• G = (N , v), where

• N is a set of players (usually referred as oalition or grand oalition)

• v is usually alled (the worth or revenue of the oalition)

• v : 2|N| → R

Vocabulary

superadditve game
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Notes:

• We will are about situations where the outome of being in the

oalition is more interesting than the outome of being alone.

• These games are alled superadditve games

• A superadditve game, is a ooperative game (N,v) suh that for all

sub oalitions S ,T ⊂ N suh that S
⋂
T = 0 then

v(S
⋃
T ) ≥ v(S) + v(T )

• A sharing rule is a funtion mapping a oalitional game into a real

vetor of dimension |N |: φ : N × R2

|N| → R|N|

• For short we shall admit notation x = {xi}i∈N = φ(N , v), where xi
is the share for player i .

• A pre-imputation is a sharing vetor x = {xi}i∈N suh that∑
i ∈ N xi = v(N)
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Marginal contr
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Notes:

• Marginal ontribution of i ∈ N to oalition S ⊂ N is de�ned as

v(S)− v(S \ {i})

Some desirable properties

•
E�ieny

•
Stability

•
Fairness

•
No free riders

•
Monotoniity

•
Resoure-

•
Population-

Notes:

• A rule is e�ient if for every outome x omputed through suh

rule it renders

∑

n:n∈N

xn = v(N)

• Stability: inentives to remain in the oalition, we shall formalize it

later on

• Fairness: not quite a onsensus in the literature. Eg. that who

ontributes the most reeives the most...

• Resoure monotoniity: provide the right inentives to members to

ontribute to inrease/derease the revenue/ost of the oalition

• Many �avors of resoure-monotoniity exist

• A population-monotoni revenue sharing rule guarantees that the

entrane of a new member to the alliane does not redue the

revenue of eah of the members already there



Notes:

• Photo Lloyd Shapley, Taken in 1980 by Konrad Jaobs, Erlangen,

Copyright is with MFO, soure Mathematishes Institut Oberwolfah

(MFO), http://owpdb.mfo.de/detail?photoID=3808

• One of the most well known sharing rule is the Shapley value

• It was proposed by Lloyd Shapley in 1953 [10℄.

• Intuitively, its idea is to share the worth proportionally to the

ontribution of eah player

The Shapley Value - Intuition

Example:

•
Consider 2 players, v(1) = 1, v(2) = 1, v({1, 2}) = 3.

•
Then, eah player's ontribution is equal to 2 units

Notes:

• Is evident that we ant share the 3 units giving 2 units to eah of

them!

• The idea behind Shapley value is to share proportionally to eah

player's ontribution to every suboalition, but weighting the

ontribution.

Shapley Value - Definition

Shapley value (SV)
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Notes:

• That is, for player i, we onsider all possible orderings for forming

the grand oalition from the empty one, and we sum up the

marginal ontribution of player i at the moment of being added. We

�nally average by dividing by all the possible orderings for forming

the grand oalition (i.e. by |N |!).
• Formally, Given a ooperative game (N,v) the SV for player i ∈ N is

given by

φi (N , v) = 1

|N|!
∑

S⊂N\i
|S |!(|N | − |S | − 1)![v(S ∪ {i})− v(S)].

Example: Voting game

Set-up:

•
Three parties, A, B, C

•
Representatives per party 44, 39, 7

•
They vote for approving a budget of 100 uruguayan pesos

•
They need simple majority, i.e. 51 votes to approve the budget

Question: How should they split the budget among them?

Possible answer

· De�ne a
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Notes:

• We de�ne a oalitional game where N is the set of parties, and v is

a funtion whose value is 100 for any suboalition with more than

50 votes, and 0 for all the others.

• We ompute the Shapley value for party A, using the intuitive

interpretation

• We shall thus onsider all possible orderings, sum up the marginal

ontribution of player A at the moment of being added, and divide

by all the possible orderings.

Ordering marginal ontribution of A at the moment of adding A

A,B,C v(A) − V (∅) = 0

A,C,B v(A) − V (∅) = 0

B,A,C v(A,B) − V (B) = 100

B,C,A v(B,C ,A) − V (B,C ) = 100

C,A,B v(C ,A) − V (C ) = 100

C,B,A v(C ,B,A) − V (C ,B) = 100

• From them, we alulate the SV and obtain A's share (φA) as
φA = 1

6

× [0+ 0+ 100+ 100+ 100+ 100] = 200

3



Is the SV a good solution? - Definitions

Interchangeabl
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Notes:

• We should of ourse de�ne good

• We should do that in terms of desirable properties for a good rule

• Note that eah sharing rule de�nes its own properties onveniently ;)

• If two players are interhangeable one desired property is that they

reeive the same share.

• De�nition i , j are interhangeable if v(S \ {i}) = v(S \ {j})
∀S ∪ N \ {i , j}

• De�nition, i ∈ N is a dummy player if v(S) = v(S \ {i}) = v({i})
∀S ⊆ N

SV - Axiomatic characterization

Symmetry
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Notes:

• Symmetry Axiom: φi (N \ j , v) = φj(N \ i , v) ∀i , j ∈ N

• Additivity Axiom: φi (N , v
1

) + φi (N , v
2

) = φi (N , v
1

+ v
2

), where the

game (N , v
1

+ v
2

) where v
1

+ v
2

is de�ned as

(v
1

+ v
2

)(S) = v
1

(S) + v
2

(S) ∀S ⊆ N

SV - Axiomatic characterization

Dummy player
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Notes:

• Dummy player axiom: if i is a dummy player then φi (N , v) = v({i})
• Remark: Is the dummy player a desirable property? Depends on the

ontext, at least no in a soial-aware ontext.

SV, axiomatic characterization

Theorem

There is only one sharing rule that veri�es all the three previously

stated axioms, and that rule is the SV.

Notes:

• So SV is only one possible sharing rule, we will see later on others

• Lets �rst address the question of whih oalition will be formed.

• For that we are going to disuss about Stability

• The idea is that the grand oalition will remain stable if there are no

inentives to form other sub oalitions.

• For that we will introdue the de�nition of the ore.



Important solution concept: The Core

The Core
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Notes:

• A payo� vetor x is in the ore of a oalitional game (N, v) if and

only if

∑
i :i∈S xi ≥ v(S)∀S ⊆ N

∑

i∈S

xi ≥ V (S)∀S ⊆ N (1)

∑

i∈N

xi = V (N) (2)

• A sharing rule lying in the Core is said to provide Stability

• Remark: similar onept to Nash equilibrium, when the payo�

vetor is in the ore, there are no inentives to unilaterally deviate

• It is however stronger, sine unilateral deviations are not possible

not only for individual players but for all possible suboalition

Is the core always non-empty?

Exerise: Three-player majority game. Three players dispute one

unit of a divisible good. Any majority keeps the good. De�ne a

oalitional game for this situation and show that the ore of suh

game is empty.

Notes:

• Three-player majority game, we de�ne the game as follows

• We de�ne a oalitional game as follows

• N = {1, 2, 3}
• v({1}) = v({2}) = v({3}) = 0,v({1, 2, 3}) = v({1, 3}) =

v({1, 2}) = 1

• Speify the onstraints de�ning the ore, and onlude

The core in convex games

Theorem

The ore of a onvex oalitional game is always non empty.

Notes:

Does the core determines a unique sharing
vector?

Example: Two people produe together one unit, whih they may

share in any way they wish. If they are alone eah produes zero

units. Eah person ares only about the amount of output she/he

reeives, preferring more to less.

Notes:

• De�ne a oalitional game

• Determine the ore



Does the Shapley value lie in the Core?

Theorem

For every onvex oalitional game, the SV lies in the ore.

Notes:

Other sharing rules

• τ -value

•
Nuleolus

•
Aumann-Shapley

•
Friedman-Moulin

• . . .

Notes:

• The SV is not, of ourse, the only sharing rule

• For instane, we have already introdued the proportional one,

whih ould be de�ed as dividing the whole value proportional to

the ontribution of eah player, or proportional to the demand.

• bak to the initial examples of ome bak to the ontested garment

and the bankrupt situations, and the solutions proposed in the

Talmud. Aumman [1℄ has shown that the solutions proposed in the

Talmud are the nuleolus of the bankrupt problem de�ned as a

oalitional game, and that it is also garment-onsistent for any two

players.

• The nuleolus is a ore re�nement and it is unique, regardless of the

game.

Example: Multicast Tree

•
A group of ustomers must be onneted to a servie provided

by some entral faility

•
a ustomer must either be diretly onneted to the faility or

be onneted to some other onneted ustomer.

•
We an model the ustomers and the faility as nodes on a

graph, and the possible onnetions as edges with assoiated

osts.

•
Problem an be modeled as a oalitional game (N, v) .

• N is the set of ustomers, and v(S) is the ost of onneting

all ustomers in S diretly to the faility minus the ost of the

minimum spanning tree that spans both the ustomers in S
and the faility.

Notes:

• Remark: the de�nition of the game implies that di�erent solutions

an verify di�erent properties

The Nash Bargaining Solution

De�ne:

•
a ompat and onvex set of all possible outomes

•
model eah member's bargaining power (weight for

negotiating)

•
a disagreement point (outome when there is no agreement)

•
eah member's utility funtion, i.e. their preferenes over the

set of possible outomes.

•
Assume there exits within the set of possible outomes an

outome �suitable� for every member

Notes:

• X set of possible outomes

• βn will note the bargaining power of n ∈ N

• Let us assume utility funtions are linear un = xn for all n ∈ N
where x = {xn}N ∈ X

• d is the disagreement point d ∈ D ⊂ R|N|

• we assume X is suh that ∃ x ∈ X suh that xn > dn, for all n ∈ N ,

where dn is n's disagreement point.

• examples of bargaining powers: ontribution to the oalition

• example of disagreement point: the stand alone revenue of eah

player, i.e. dn = v({n}), for all n ∈ N .

• The total amount to share is given by v(N), and bounds the set of

possible outomes.
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Notes:

• The nash bargaining solution is the result of the following

optimization problem

max
∏

n∈N

(xn − dn)
βn

s.t.

∑

n∈N

xn = v(N)

xn ≥ dn, ∀n ∈ N

whih an be proven to be given by:

xnbsn =
βn∑
j∈N βj


v(N)−

∑

j∈N

dn


+ dn. (3)

Is the NBS a “good” solution?-Definitions

Symmetry
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Independence
of Ir-

relevant alternatives
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Notes:

• Symmetry: if X is symmetri, and if players are indistinguishable,

then players get the same outome.

• Independene of irrelevant alternatives: let X and X ′
be suh that

X ′ ⊆ X . If φnbs(X ,D) ∈ X ′
then φnbs(X ′,D) = φnbs(X ,D)

Is the NBS a “good” solution?-Definitions

Pareto Efficiency
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Invariance to

equivalent utility
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Notes:

• Pareto e�ieny: phinbs(X ,D) is Pareto e�ient if there is not

x ∈ X suh that x ≥ φnbs(x ,D) and xn > φnbs
n (x ,D) for some

n ∈ N .

• Invariane to equivalent utility representations: e.g. of

transformation of the utility funtions that maintains the same

ordering over preferenes: a linear transformation

Is the NBS a “good” solution?

•
Nash proved that for 2-person bargaining games four

previously introdued axioms haraterize NBS [6℄, theory that

was then extended to multiple players (see e.g. [2℄)

Notes:



Agenda
1 Introdution

Examples

Basi assumptions

Course organization

2 Strategi Games

De�nition and First solution onept

Solution onept: NE in Mixed Strategies

3 Games in Extensive form with perfet information

4 Priing

Disussion: Priing in the Internet

5 Games with inomplete Information

Bayesian Games

Autions

Case Study: Adwords Autions

6 Cooperative Game Theory

7 Conlusion

8 Aknowledgments

Notes:

Further Types of Games

•
Non-atomi games

•
Large number of players

•
The individual e�et of a player in the outome is negligible

but not the one of a portion of players

•
Repeated games

•
Game is played several times, history is known

•
Potential games

•
Utilities an be expressed through a ommon funtion

•
...

Notes:

To Sum up

•
Game theory provides tools for analysing situations where

multiple deisions makers interat

•
Non-ooperative game theory

•
Study hoies of rational sel�sh players

•
Nash Equilibrium

•
helps predit the possible rational outomes of a game

•
Cooperative game theory (with TU)

•
How to split osts/revenue of a oalition

•
The ore set, stability

•
A orret modeling is very important for oherent results

•
Beyond Game Theory: evolutionary game theory

Notes:

¡Gracias!
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Notes:
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Quizz Lecture 5

The questions proposed here are taken from: the MOOC Game Theory
on Coursera platform, created by Matthew Jackson, Kevin Leyton-Brown
and Yoav Shoham.

Exercise 1 Suppose N = 3 and v(1) = v(2) = v(3) = 1.
Which of the following payoff functions is superadditive?

a. v(1,2)=3, v(1,3)=4, v(2,3)=5, v(1,2,3)=5;

b. v(1,2)=3, v(1,3)=4, v(2,3)=5, v(1,2,3)=7;

c. v(1,2)=0, v(1,3)=4, v(2,3)=5, v(1,2,3)=7;

d. None of the above.

Exercise 2 Suppose N=2 and v(1)=0, v(2)=2, v(1,2)=2.
What is the Shapley Value of both players?

a. φ1(N, v) = 1, φ2(N, v) = 0

b. φ1(N, v) = 1/2, φ2(N, v) = 1/2

c. φ1(N, v) = 1/3, φ2(N, v) = 2/3

d. φ1(N, v) = 0, φ2(N, v) = 2

Exercise 3 Suppose N=3 and v(1)=v(2)=v(3)=0, v(1,2)=v(2,3)=v(3,1)=2/3,
v(1,2,3)=1.

Which allocation is in the core of this coalitional game?

a. (0,0,0);

b. (1/3, 1/3, 0);

c. (1/3, 1/3, 1/3);

d. non of the above
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