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Exercise: More Information might hurt

•
Consider these games where ǫ veri�es 0 < ǫ < 1/2

•
Compute the BNE expe
ted payo� for player 2 in both

variants of the game

Notes:

• In single-person de
ision problems, a person 
annot be worse o�

with more information. In strategi
 intera
tions, a player may be

worse o� if she has more information and other players know that

she has more information.

• This example is taken from An Introdu
tion to Game Theory, by

Martin Osborne

1 Introdu
tion

Examples

Basi
 assumptions

Course organization

2 Strategi
 Games

De�nition and First solution 
on
ept

Solution 
on
ept: NE in Mixed Strategies

3 Games in Extensive form with perfe
t information

4 Pri
ing

Dis
ussion: Pri
ing in the Internet

5 Games with in
omplete Information

Bayesian Games

Au
tions

Case Study: Adwords Au
tions

6 Cooperative Game Theory

7 Con
lusion

8 A
knowledgments

Notes:

Notes:

• Photo: Flora Holland Flower Au
tion by S
ott Ableman, taken on

june 26th 2017 https://fli
.kr/p/VNZEew

• Au
tions have been used for ages for selling publi
 goods, art, et
.

• As a pri
ing me
hanism: situations where the market pri
e for a

good is not known in advan
e

• As a resour
e allo
ation me
hanism: how to allo
ate a resour
e

when there is more demand than o�er

• So what is an au
tion?

• Some de�nitions des
ribe the as a selling institution where the

winner and pri
e are only based on bids

• This implies they are universal (
an be used to sell any good) and

anonymous (winner and pri
e do not depend on who pla
ed the bid

but on the amount of the bids)

• A larger selling institution are Me
hanisms

� Me
hanisms di�er from au
tions in that they are not

ne
essarily universal or anonymous



Different flavors of auctions

Among the most 
lassi
al types au
tions we have

•
Open

•
English au
tion

•
Dut
h au
tion

•
Sealed-bid

•
First-pri
e au
tion

•
Se
ond-pri
e au
tion

Notes:

• The Dut
h open des
ending pri
e au
tion is strategi
ally equivalent

to the �rst-pri
e sealed-bid au
tion

• When values are private, the English open as
ending au
tion is also

equivalent to the se
ond-pri
e sealed-bid au
tion, but in a weaker

sense than noted earlier

Different flavors of auctions

But we also have

•
Ad-words

•
Double-au
tions

•
�deadline� au
tions

•
Other me
hanisms ..

Notes:

Sealed-bid auctions

1 Ea
h bidder i privately 
ommuni
ates a bid bi to the

au
tioneer

2 The au
tioneer de
ides who gets the good (if anyone)

3 The au
tioneer de
ides on a selling pri
e

Notes:

• There is a natural way to implement step 2: give the obje
t to the

bider pla
ing the highest bid. Today, we will fo
us on this allo
ation

rule that we study.

• How to implement step 3 is less intuitive. This step has a huge

impa
t on bidder behavior. For example, imagine we simply de
ide

to 
harge nothing for the winning bidder. Then bidders will have

in
entive to in
rease inde�nitely their bids.

Questions/Objectives

•
From the bidder point of view

•
How to set the bid?

•
How to use available information?

•
How to win without paying too mu
h

•
From the seller, or au
tion designer point of view

•
Revenue maximization

•
So
ial optimum

•
In
entive 
ompatibility

•
individual Rationality

•
Complexity, distributed implementation

•
Collusion avoidan
e

Notes:

• Revenue maximization me
hanisms are 
alled optimal me
hanism

• Me
hanisms maximizing the aggregated utilities are 
alled e�
ient

me
hanisms

• A me
hanism is in
entive 
ompatible if bidding truthfully is a

dominant strategy

• An individually rational me
hanisms guarantees that the expe
ted

payo� for any player is greater or equal to zero



Some Vocabulary

•
Valuation: willingness to pay of a bidder for the obje
t on sale

•
Bid: o�er done by a buyer

•
Pri
e: the pri
e determined for the obje
t, after au
tion takes

pla
e

•
Utility: quasi-linear model usually adopted

•
Allo
ation rule (step 2 two slides ago)

•
Payment rule (step 3 two slides ago)

Notes:

• the utility model we are assuming is the so-
alled quasi linear one.

there are other models that 
ould also be pertinent

• under this model the utility for player i is the di�eren
e between i's

valuation and the paid pri
e , if win, or zero otherwise

• We shall adopt the following notations: valuation for player i is vi ,
bid for player i is bi utility for player i is ui = 1

win

(vi − bi )

Some assumptions to start with

•
Single-obje
t

•
Private and independent values

•
Common prior

•
Bidders seek to maximize their expe
ted pro�ts

Notes:

• Private values: ea
h player`s valuation for the obje
t is a private

information for him/her

• Common prior: all private values are drown from a same known

distribution, number of bidders are known by all

• Independent values: valuations are independently drown from the


ommon distribution

• Ea
h players valuation is a random variable (RV) noted Vi . Ea
h Vi

is independently and identi
ally distributed on some interval [0, ω]
a

ording to the in
reasing distribution fun
tion F .

• Models for multiple-obje
ts, interdependent values also exist

Preferences towards risk - Definitions
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Notes:

• For instan
e, a risk neutral person is indi�erent between re
eiving

100 for sure and 0 with probability 9/10 and 1000 with probability

1/10.
• A risk averse person will prefer the 100 for sure

• We will usually assume risk neutral bidders, but not always

Second-Price (or Vickrey) auctions [6]

•
Bidders submit a sealed bid

•
Allo
ation: the bidder with the highest bid is awarded the

obje
t

•
Payment: the winner pays the se
ond-highest bid

Theorem

Bidding truthfully is a weakly dominant strategy

Notes:

• utility for player i , ui = vi −maxj 6=i if bi > maxj 6=i (i.e. i wins); 0
otherwise.

• proof intuition:

� Bidders have in
entives to submit their true valuation

(in
entive-
ompatible me
hanism):

� over-bidding 
reates the risk of paying more than one's

valuation

� under-bidding leads to the risk of losing the au
tion and

getting utility 0 in some 
ases when bidding truthfully would

have led to a stri
tly positive utility.

• The proof 
an be readily formalized

• Su
h proof does not relay in two of the assumptions we have

previously done (valuations independently and independently

distributed). Only the assumption of private values is important, so

the Theorem holds as long as we have private values.



Second-Price (or Vickrey) auctions, some
properties

•
It is in
entive-
ompatible

•
It is individually rational

•
If bidders bid truthfully, then it maximizes the so
ial surplus

•
Can be implemented in linear time

Notes:

• Se
ond-pri
e au
tions ful�ll a series of our previously mentioned

desired properties

• the two �rst properties imply truthful reporting is a dominant

strategy and never leads to negative utility, so it is easy for a bidder

to 
hose a bid

• we de�ne so
ial surplus as

∑

i

vi1iwins

Second-Price (or Vickrey) auctions

•
How mu
h a bidder expe
ts to pay in equilibrium?

Expected Payment
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i wins with bi

Notes:

• Let Y
1

be the RV de�ned as the maximum among N-1 randomly

and independently distributed values Vi , i 6= 1 Y
1

is known as the

highest-order statisti
 of V
2

,V
3

, . . . ,VN .

• Let G denote the probability distribution of Y
1

it 
an be easily

dedu
ed that G(y) = F (y)N−1

(remember F is the dist. of Vi s)

• We 
an then 
ompute the expe
ted utility payment of bidder i
under se
ond-pri
e au
tion as: whi
h yields to p2ndi (bi )=Prob[i

wins℄× E[2nd highest bid |bi is the highest bid℄ whi
h is equivalent

to p2ndi (bi ) = Prob[Y
1

< bi ]× E [maxj 6=ibi |Y1

< bi ].
• Finally, using the fa
t that in equilibrium vi = bi we obtain

p2ndi (bi ) = G(vi )× E [Y
1

|Y
1

< vi ]

First price auction

•
Bidders submit a sealed bid

•
Allo
ation: the bidder with the highest bid is awarded the

obje
t

•
Payment: the winner pays the highest bid

•
Bidding strategy is less intuitively dedu
ed than in

se
ond-pri
e au
tions

•
Bidders have in
entives to submit a bid lower than their

valuation

Notes:

• Utility for player i , ui = vi − bi if bi > maxj 6=i (i.e. i wins); 0
otherwise.

• Bidding strategy obtained through the equilibrium of the game

(�nding the best response of ea
h player)

• Best response si(vi ) = E [Y
1

< vi ]

• We 
an think it as if ea
h bidder 
onsiders for bidding all the 
ases

in whi
h his/her valuation is the highest, and in that 
ase 
omputes

the expe
tation of the highest of the other players' valuations. This

expe
tation is the amount she/he will bid.

• In the parti
ular 
ase of N bidders with valuations are randomly and

independently distributed a

ording to a uniform distribution

between 0 and 1. si (vi ) =
N−1

N vi

First-price auctions: expected payment

Expected payment

F

o

r

i i

s

P

r

o

b

[

i

w

i

n

s

℄

× A

m

o

u

n

t

b

i

d

Notes:

• p1sti (vi ) = G(vi )E [Y1

|Y
1

< vi ]
• Note that is the same as in se
ond-pri
e au
tions



First price auction - some properties

•
Are not in
entive 
ompatible

•
Are e�
ient

Notes:

Revenue-equivalence theorem

Theorem

Consider two au
tion me
hanisms su
h that

•
bidders are risk-neutral;

•
bidder valuations are independently distributed over a given

interval, with a �nite and stri
tly positive density;

•
bidder with the lowest possible valuation expe
ts a null utility;

•
bidder with the highest valuation always wins the item.

Then both s
hemes yield the same expe
ted revenue to the seller at

equilibrium, and ea
h bidder gets the same utility.

Notes:

• In parti
ular, �rst and se
ond pri
e au
tions are equivalent from the

point of view of the revenue obtained by the au
tioneer

• For instan
e, a third-pri
e au
tion, verifying the hypothesis of the

theorem yields also the same revenue

Vickrey-Clarke-Groves (VCG) auction

Setup

•
Multi-unit au
tion

•
Consider a set X of all possible out
omes (

•
Bids: ea
h bidder submits a bid for ea
h possible out
ome

•
Allo
ation rule: su
h that so
ial welfare is maximized

(a

ording to the de
lared bids)

•
Payment rule: opportunity 
ost (the total loss of (de
lared)

value his/her presen
e imposes on the others)

Notes:

• Ea
h bid submits a bid bi(x) for ea
h x ∈ X

• allo
ation rule : xVCG = argmaxx

∑

i∈N

bi (x)

• payment rule: pVCGi = maxx∈X

∑

j 6=i

bj(w)−
∑

j 6=i

bj(x
VCG )

VCG properties

•
Bidding truthfully is a dominant strategy

Theorem

Only me
hanism to be jointly in
entive 
ompatible, individually

rational and e�
ient.

Notes:

• Note that for a single obje
t, VCG 
oin
ides with a se
ond-pri
e

au
tion

• Can you think on in
onvenien
es of this au
tion?

• Proof intuition of truthfulness: 
onsider player i and �x b
i

� ui = vi (x
VCG )− pVCGi =

vi (x
VCG ) +

∑

j 6=i

bj(x
VCG )−maxx

∑

j 6=i

V̂j(x−i )



Beyond auctions: Mechanism design - The
Science of Rule-Making

•
Me
hanism: set of rules 
hosen by the de
ision maker to

optimize a global obje
tive

•
It in
ludes

•
A set of available strategies for ea
h agent,

•
An out
ome rule, that maps the strategy pro�les of agents to

an out
ome (ex: allo
ation of resour
e).

•
The rules have to be designed so that a game played by sel�sh

agents �naturally" rea
hes the expe
ted out
ome.

Notes:

• Is a Sta
kelberg situation, where the leader is the designer of the

game played by the followers.

• Bayesian games: all agents reason on a 
ommon prior distribution of

the types of the others.
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Notes:

Case Study: adword auctions

•
Sear
h engines play a 
ru
ial role in the Internet.

•
They get revenue mainly through advertising slots, usually

displayed at the top or right of the sear
h page.

•
Advertisers submit bids for relevant keywords only.

Notes:

• Content in this subse
tion 
omes from the work of B. Tu�n

(INRIA, Fran
e) and P. Maillé (IMT Atlantique, Fran
e)

Auction principle (single keyword, K slots)

•
Advertisers submit bids for spe
i�
 keywords.

•
Ea
h time there is a sear
h on that keyword:

•
advertisers are ranked and allo
ated slots a

ording to a

prespe
i�ed 
riterion:

•
bid value (initially for Yahoo!)

•
the revenue they will generate (more or less Google), taking

into a

ount the (learned) 
li
k-through rate (CTR).

Notes:



Auction principle (single keyword, K slots)

•
Possible payment rules:

•
Pay-Per-Impression (PPI): advertisers 
harged every time their

ad is displayed

•
Pay-Per-Cli
k (PPC): advertisers is 
harged only when the ad

is 
li
ked

•
Pay-Per-Transa
tion (PPT): advertisers 
harged when the 
li
k

results in a real sell.

•
Amount to be paid ea
h time?

•
First Pri
e

•
Generalized Se
ond Pri
e (GSP): they pay the bid of advertiser

below them in the ranking

•
VCG au
tions

•
In use: PPC and GSP.

Notes:

More details on auctions for ads

• N advertisers, k(< N) advertisement slots

• vi : valuation of Advertiser i for the �
onsidered a
tion"

(impression, 
li
k, sale): maximum pri
e i is willing to pay

• bi : bid submitted by i (not ne
essarily equal to vi )

•
b = (b

1

, . . . , b|N|) bid pro�le

•
But the k slots do not have the same probability to be looked

at

Ads at the top more seen than those at the bottom.

•
Di�erent interest for N advertisers depending on the sear
h

too.

Notes:

Click-Through-Rate (CTR)

De�nition (Cli
k-Through-Rate)

Probability that a given ad will be 
li
ked when displayed.

CTR wi ,s for advertiser i at slot s.

CTR often assumed separable:

wi ,s = qi rs

• qi : attra
tiveness of Advertiser i

• rs : probability that a user 
onsiders the ad on slot s. (Slots
ordered r

1

≥ · · · ≥ r|N|.)

Notes:

Ranking slot allocations

•
Rank a

ording to bids

•
Rank a

ording to wi ,sbi . More exa
tly

1 Ranked �rst: the advertiser maximizing wi ,1bi
2 Ranked se
ond: advertiser maximizing wi ,2bi (ex
luding the

�rst)

3 . . .

•
Generalizes ranking per bid: just 
onsider wi ,s = 1 ∀i , s

•
If the 
harge is ps at the s-th slot,revenue generated with a

pay-per-
li
k s
heme:

∑k
s=1

w(s)sps .

Notes:



Charging rule: GSP

•
First pri
e au
tion 
ould be 
onsidered

•
... or VCG, but

•
In pra
ti
e GSP: Generalized Se
ond-Pri
e

Generalized
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Notes:

GSP

Expli
itly:

•
if ranking by bid, the winner of slot s ≤ k is 
harged b(s+1),

be
ause bidding less would mean losing the s-th slot.

•
If ranking by revenue,

•
revenue asso
iated to slot s: w(s)sps

•
under the separability assumption, pri
e ps 
harged su
h that

bidding less than ps would make you lose the slot :

q(s)rsps ≥ q(s+1)rsb(s+1). This gives

ps = b(s+1)

q(s+1)

q(s)
.

•
Intuition: some advertisers with low CTR q would generate a

low revenue even if their bids are high.

Notes:

Example: k = 3 slots, n = 5 advertisers with r
1

= 1/2, r
2

= 1/4 and

r
3

= 1/5

Advertiser i Bid bi CTR qi Produ
t biqi
1 10 0.05 0.5

2 9 0.1 0.9

3 6 0.12 0.72

4 5 0.15 0.75

5 4 0.2 0.8

Notes:

• Ranking per bid:

� The three slots are allo
ated to �rst three advertisers

� p
1

= b
2

= 9, p
2

= b
3

= 6, p
3

= b
4

= 5

� Expe
ted revenue

∑
3

s=1

rsq(s)ps =
∑

3

s=1

rsq(s)b(s+1) =
1

2

0.45+ 1

4

0.6+ 1

5

0.6 = 0.52.

• Ranking per revenue:

� Advertiser 2 is allo
ated the �rst slot, Advertiser 5 is allo
ated

the se
ond, and Advertiser 4 the third

� p
1

= 8, p
2

= 3.75 and p
3

= 4.8 (with ps = b(s+1)
q(s+1)
q(s)

)

� Revenue

∑
3

s=1

rsq(s)ps =
∑

3

s=1

rsq(s+1)b(s+1) =
1

2

0.8+ 1

4

0.75+ 1

5

0.72 = 0.7315.

GSP and VCG

Proposition

In the 
ase of a single slot, VCG and GSP are equivalent.

VCG pro
edure:

•
Maximizes the the de
lared valuation (bid) of the winner for

the bid-based ranking

•
hen
e sele
ts the largest bidder like GSP.

•
Pri
e paid: loss of de
lared value, se
ond highest bid;

•
Maximizes the (de
lared) generated revenue for the

revenue-based ranking

•
hen
e advertiser maximizing qibi like GSP.

•
Total 
harge: loss of de
lared revenue of other players, value

r
1

q(2)b(2). Idem.

Notes:



But not true for more than one slot
Ba
k to our previous example, fo
using on revenue-based ranking:

•
Allo
ations for VCG are the same

•
Payments:

•
For Advertiser 2, winner of the �rst slot: loss of (de
lared)

revenue due to his presen
e:

b
3

q
3

(r
3

− 0) + b
4

q
4

(r
2

− r
3

) + b
5

q
5

(r
1

− r
2

)

=
0.72

5

+ 0.75

(
1

4

− 1

5

)
+ 0.8

(
1

2

− 1

4

)
= 0.3815,

•
For Advertiser 5,winner of the se
ond slot:

b
3

q
3

(r
3

−0)+b
4

q
4

(r
2

−r
3

) = 0.72
1

5

+0.75

(
1

4

− 1

5

)
= 0.1815;

•
For Advertiser 4,winner of the third slot:

b
3

q
3

(r
3

− 0) = 0.72
1

5

= 0.144.

•
Expe
ted revenue 0.707, less than the 0.7315 when using GSP.

Notes:

Why GSP instead of VCG?

•
GSP does not satisfy the in
entive 
ompatibility property in

general (exer
ise)

•
VCG pri
es unique truthful pri
es

•
But at least veri�es properties su
h as �every bidder allo
ated

position s has no in
entive to swit
h to positions s − 1 or s + 1

through a bid 
hange";

•
GSP more �
ompli
ated" in terms of strategy and resulting

equilibrium

•
And payment rule simpler to understand.

Notes:

• Comparison of expe
ted revenue GSP vs VCG .

Let p
(GSP)
j and p

(VCG)
j 
harges per 
li
k of GSP and VCG for slot j .

Our indu
tion assumption is p
(GSP)
s+1 ≥ p

(VCG)
s+1 (equal for the last slot).

Then with VCG is the di�eren
e of opportunity 
osts between s and s + 1:

rsq(s)p
(VCG)
s − rs+1q(s+1)p

(VCG)
s+1 = b(s+1)q(s+1)(rs − rs+1)

≤ b(s+1)q(s+1)rs − b(s+2)q(s+2)rs+1

= rsq(s)p
(GSP)
s − rs+1q(s+1)p

(GSP)
s+1 .

Therefore

rsq(s)p
(GSP)
s ≥ rsq(s)p

(VCG)
s + rs+1q(s+1)(p

(GSP)
s+1 − p

(VCG)
s+1 ) ≥ rsq(s)p

(VCG)
s

• The analysis we have made is based on pay-per-
li
k

• There also exist on pay-per-view

• Some advertisers are more interested in brand awareness �not

related to 
li
ks�. Ex: Co
a-Cola; no dire
t sale from 
li
ks

Learning

•
CTR have to be learned

•
The advertiser has to trust the publisher: some advertisers

�led lawsuits 
laiming to be vi
tims of over
harging by lying

(in
reasing) the real CTR

•
Statisti
al tools to estimate the CTR.

Notes:



Quizz Lecture 4

Exercise 1 (Second-price Auctions) Probe that in second-price auctions,
with private values and a single object, bidding truthfully is a dominant strat-
egy.

Exercise 2 (VCG for one object) Show that for the case of a single ob-
ject, VCG coincides with a second-price auction.

Exercise 3 In this problem we will ask how the number of bidders in a
second-price, sealed-bid auction affects how much the seller can expect to
receive for his object. Assume that there are two bidders who have indepen-
dent, private values vi which are either 1 or 3.

For each bidder, the probabilities of 1 and 3 are both 1/2. (If there is a
tie at a bid of x for the highest bid the winner is selected at random from
among the highest bidders and the price is x.)

1. Show that the seller’s expected revenue is 3/2.

2. Now let’s suppose that there are three bidders who have independent,
private values vi which are either 1 or 3. For each bidder, the proba-
bilities of 1 and 3 are both 1/2. What is the seller?s expected revenue
in this case?

3. Briefly explain why changing the number of bidders affects the seller?s
expected revenue.

Exercise 4 (Adwords auction) Consider the example considered in the
class slides with a small variation. Here, k = 3 slots, where r1 = 1/2,r2 =
1/4 and r3 = 1/5, and n = 5 advertisers with bids and CTRs given in the
table. The modification is: q2 is increased to 1.
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Advertiser Bidbi CTR qi
1 10 0.05
2 9 1
3 6 0.12
4 5 0.15
5 4 0.2

1. Determine the winners of the slots for the ranking based on bids. Com-
pute the paid prices and expected revenue.

2. Determine the winners of the slots for the ranking based on revenue.
Compute the paid prices and expected revenue.

3. Show that ranking per revenue does not always produce the largest
revenue
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