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Extensive Form Games
Notes:

• In many situations, time is important, in other words player's moves

order are important

• We 
an model sequential moves through extensive form games

• Perfe
t information refers to the fa
t that ea
h player moves

knowing all previous moves of all players

• extensive games models with imperfe
t information also exist

Tree Representation of an extensive form
game

First two play of a game tree for ti
-ta
-toe

Notes:

• image sour
e: wikipedia.org

• We 
an model both 
ases through trees

• We will formalize this, for the moment observe that indeed we 
an

de
ompose the game in sequential states ea
h node being a state,

and we go from one node to the other with an given a
tion,

performed by a given player

• We don't see it in this pi
ture but at the end of the game we will

have the payo�s (in this 
ase either (1,0),(0,1) or (0,0)

• From an extensive game we 
an de�ne a normal form game

(
onverse not always true)

• We will fo
us in perfe
t information and �nite games
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Formalization
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Notes:

• Mathemati
ally it is de�ned by the tuple (N, A,H,Z,χ,ρ,σ,u)

• N is the set of players and A the set of a
tions

• De�ning the tree:

� H is the set of 
hoi
e nodes

� Z is the set of terminal nodes

� χ is a fun
tion that maps nodes into a
tions χ : H → 2

A

� ρ is the player fun
tion, a�e
ts players to the nodes ρ : H → N
� σ is the su

essor fun
tion, maps nodes and a
tions into nodes

(or terminal nodes) σ : H × A → {H ∪ Z} In order to obtain a

tree, we need to have only one possible path towards one node.

We impose that: if σ(h
1

, a
1

) = σ(h
2

, a
2

) then h
1

= h
2

and

a
1

= a
2

.

• u = {ui}i∈N , where ui is player's y utility fun
tions that maps every

terminal node into a real ui : Z → R

Definitions

Pure Strategy

f

o

r

p

l

a

y

e

r

i is a 
omp

l

e

t

e

s

p

e




i

�




a

-

t

i

o

n

o

f

t

h

e

a




t

i

o

n

t

o

t

a

k

e

a

t

e

a




h

n

o

d

e

b

e

l

o

n

g

i

n

g

t

o

i

•
With this de�nitions of pure strategies, we 
an keep the same

de�nitions for mixed strategies, best response, and nash

equilibrium

Notes:

• Mathemati
ally, a pure strategy in an extensive form game with

perfe
t information is the obtained from the 
ross produ
t of all

possible a
tions, whi
h we 
an de�ne as

∏

h inH :ρ(h)=i

χ(h)

• Mixed strategy: a distribution probability over pure strategies

• Best response in ms: is the mixed strategy that maximizes the

expe
ted utility for given other agents strategies

• Nash equilibrium, a strategy pro�le su
h that every players strategy

is a best response for the other agents strategies

• Theorem Any �nite Extensive Form Game with perfe
t information

has a pure strategy Nash equilibrium

Example: the ultimatum game

UF
1

R

0, 0

A

5, 5

2

R

0, 0

A

8, 2

2

Notes:

• A
tions for player 1 o�er unfair (U), or fair (F) share

• A
tions for player 2 a

ept (A) or reje
t (R) the o�er

• Compute all the available pure strategies for player 1, and for player

2

Finding NE

D

2,0

C

1

F

3, 1

E

2

H

0, 0

G

1, 2

1

Notes:

• How to �nd the equilibria?

• For every game in extensive form we 
an de�ne the normal form

game, and �n the equilibrium through the sear
h of BR in the table

• Find the NE of this game

• However, we 
an observe in this example, that not all NE are

intuitively rational

• Informally, a subgame is every subtree with terminal nodes, without

�breaking� any node



Solution Concept - Subgame Perfect Equilibrium

Subgame
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Subgame Perfect

Equilibruim (SPE)
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Notes:

• More formally: given a perfe
t-information extensive-form game G ,

the subgame of G rooted at node h is the restri
tion of G to the

des
endants of h.

• The SPE of a game G are all strategy pro�les s su
h that for any

subgame G ′
of G , the restri
tion of s to G ′

is a Nash equilibrium of

G ′
.

• From previous example, �nd whi
h of the NE are SPE

• A subgame perfe
t equilibrium indu
es a NE in every sub game of

an extensive form game

• Every �nite extensive game with perfe
t information has at least

one SPE

Computing SPE - Backward Induction

1 Start from the smallest subgame

2 Find the best strategy for the player in that turn

3 Report the payoffs to the node rea
hed ba
kwardly

with that strategy

4 ba
k to 2 till the first node is rea
hed

•
Restart from the subsequent smallest subgame

•
If several possible answers for 2, start one

ba
kward sear
h for ea
h of the possibilities

Notes:

• An algorithmi
 way of �nding the SPE is the so 
alled ba
kward

indu
tion method

Exercise

B

3,5,3

A

1

D

5, 3, 4

C

2

FE

2, 4, 2

3

H

1, 2, 1

G

4, 1, 5

2

Notes:

• 
ompute the SPE using ba
kward indu
tion

SPE is not always appealing

Example: the 
entipede game

S

1, 0

1 C

S

0, 2

2 C

S

3, 1

1 C

S

2, 4

2 C

S

5, 3

1 C

S

4, 6

2 C
6, 5

Notes:

• Show that the unique SPE (whi
h is found by ba
kward indu
tion)

makes that the game ends at the �rst move

• A
tually, in real experiments people were observed to end the game


losest to the end; whi
h shows the limitations of ba
kward

indu
tions



Example, extending the Jamming game [1]

Ch 2Ch 1

1

Ch 2

c ,−d

Ch 1

−a, b

2

Ch 2

−a, b

Ch 1

c ,−d

2

Notes:

• Note that the game is not the same Jamming game written in

extended form, but rather, is another game, similar to the Jamming

game but where players play sequentially

• Note that every extensive form game with perfe
t information 
an

be 
onverted into a normal form one, but the 
onverse is not true

• In parti
ular, verify that in this example there are two NE in pure

strategies, while in the original normal form there were no

Stackelberg Games

•
A duopoly model

•
One player moves after the other one

•
Se
ond player knows �rst player`s move before playing

•
Modeled by extensive form (tree) games

•
Also 
alled Leader-Follower games

•
One round games

Notes:

• Typi
al setting proposed by Heinri
h Freiherr von Sta
kelberg in

1934

• One player (leader) plays �rst, the other player plays afterwards

(follower)

• Is a player better o�-moving �rst or se
ondly?

• Solution method: ba
kwards indu
tion

Stackelberg Games-Pricing example

•
Leader: servi
e provider �xing its pri
e p

•
Followers: users, demand is a fun
tion of pri
e say D(p)
equilibrium population a

epting the servi
e for a given pri
e.

•
We have assumed that there is an equilibrium population that

a

epts the servi
e for that pri
e (demand fun
tion)

•
The leader sets pri
e p to maximize its revenue, whi
h is

proportional to demand: R(p) = pD(p).

•
Assuming demand is known, p maximizing the revenue 
an be

obtained by derivation

Notes:



Quizz Lecture 2

The questions proposed here are taken from: the MOOC Game Theory
on Coursera platform, created by Matthew Jackson, Kevin Leyton-Brown
and Yoav Shoham and from the Book An Introduction to Game Theory, by
Martin J. Osborne.

Exercise 1 (Normal form games - Mixed Strategies) Consider the fol-
lowing game in normal form.

Player 2
L R

Player 1
T (2,2) (0,2)
B (1,2) (3,3)

Find all pure-strategy and mixed-strategy Nash equilibria:

a. (T, L);

b. (B, R);

c. Player 1 plays T with prob q=1, player 2 plays L with prob p=3/4;

d. All of above.

Exercise 2 (Normal form games - Maxmin strategies) Consider the
following game in normal form:

Player 2
L R

Player 1
T (3,0) (1,2)
B (2,1) (0,3)

What is a maxmin strategy for player 1?

a. T;

b. B;

1



c. mixed, playing T with proba. 1/2 and B with proba. 1/2

d. mixed, playing T with proba. 1/3 and B with proba. 2/3.

Exercise 3 (Extensive form games - SPE) Consider the following game
in extensive form:

RL

1

D

(0,-1)

U

(2,0)

2

D

(0, 2)

U

(0,−1)

2

How many subgames are in this game? Which is a subgame perfect
equilibrium?

a. There are 1 subgames; (L), (U,D);

b. There are 1 subgames; (L), (U,U);

c. There are 3 subgames; (L), (U,D);

d. There are 3 subgames; (L), (U,U).

Exercise 4 (extensive form game - backward induction) Consider the
following extensive form game.

Enter

0, 2

Out

1

AF

1

A

1,−2

F

−2,−1

2

A

3, 1

F

−2,−1

2

Which is the backward induction solution of this game?

2



a. (Enter, Acc.), (Fight, Fight).

b. (Enter, Fight), (Acc., Acc.).

c. (Stay out, Acc.), (Fight, Acc.).

d. (Enter, Acc.), (Fight, Acc.).

Exercise 5 (extensive form game, backward induction) Consider the
following game:

• Player A makes an offer x in 0,1,...10 to player B;

• Player B can accept or reject;

• A gets 10-x and B gets x if accepted;

• If rejected, player A gets 0 and player B gets a punishment of -1.

Which is a possible outcome (payoff to players A,B) from backward in-
duction?

a. (9, 1).

b. (5, 5).

c. (0, -1).

d. (10, 0).

Exercise 6 (Stackelbergs duopoly game with quadratic costs) Consider
a market in which there are two firms, both producing the same good. Firm
i’s cost of producing qi units of the good is ci(qi); the price at which output
is sold when the total output is Q is p(Q)

Each firms strategic variable is output, the firms make their decisions
sequentially, simultaneously: one firm chooses its output, then the other
firm does so, knowing the output chosen by the first firm.

1. Find the sub-game perfect equilibrium of Stackelbergs duopoly game
when Ci(qi) = q2i for i = 1, 2, and p(Q) = aQ for all Q ≤ a (with p(Q) =
0forQ > a).

In a Cournot duopoly, both firms chose their output simultaneously.
2. Compare the equilibrium outcome with the Nash equilibrium of Cournots

game under the same assumptions

3
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Pricing, what for?

•
Revenue maximiser me
hanism

•
Signalling me
hanism

•
Feedba
k to the seller

•
In
entive provider me
hanism

Example: Mobile telephony tari�s

O�er 1) Week-end and night free 
alls

O�er 2) All day free 
alls

Notes:

• The more 
lients 
hoosing o�er 1 ⇒ the more demand is going to

be greater nights and week-ends

• Clients of O�er 1 are en
ouraged to make 
alls the night and

week-ends

Pricing, what for?

•
In data networks, pri
ing has also been 
laim as a me
hanism

for admission 
ontrol/
ongestion 
ontrol

•
If pri
es in
rease, demand de
reases and thus 
ongestion

de
reases

Notes:

Some Terms and Definitions

•
Charge Amount that is billed for a servi
e

•
Pri
e Amount of money asso
iated with a unit of servi
e

•
Tari� Part of the 
ontra
t between two parts whi
h spe
i�es

the way the 
harge will be 
omputed for the servi
es

Example: Taxi tari�s. Charge for a ride of X kms and

T minutes

ride_price(X ,T ) =

{
a + bX speed > s∗
a+ cT speed ≤ s∗ where:

a �xed pri
e per ride, b pri
e per km, c pri
e per

minute, speed taxi's speeds, s∗ threshold

Notes:

• What is the in
entive to the taxi driver?

• and for 
ustomers?



Internet History is Very Related to its
Economic Model

•
Initially free. Obje
tive: redu
e 
osts by inter
onne
ting

•
Dependen
y on the telephony wired network for initial

deployment

Notes:

Business Models in the Internet

•
Network a

ess pri
ing

s
hemes

•
Investments for network

servi
e providers (NSPs or

ISPs)

•
E
onomi
 relations between

NSPs

•
E
onomi
 relations between


ontent/appli
ation and

NSPs

•
E
onomi
 model of


ontent/appli
ation servi
e

providers

TIER 1

TIER 2 TIER 2 TIER 2

TIER 3 TIER 3 TIER 3
TIER 3

Peering

Customer-Provider
(transit or sell)

Current inter
onne
tion business model

Notes:

Some Facts of Nowadays Internet

•
Commoditization of the Internet servi
es

•
Providers 
laim the need for produ
t di�erentiation e.g. quality

•
Internet is best e�ort, 
ongestion might degrade quality

•
How to o�er di�erent quality levels?

•
Upgrade 
apa
ity?

•
A

ess 
ontrol me
hanism?

•
As in any good, if pri
e raises demand de
reases

•
Problem at di�erent levels: network, 
ontents

Notes:

Particularity of Pricing Network Services

•
Externalization: the more 
lients/
onne
tions the more value

the network has

•
Congestion

•
Not 
entralized 
ontrol in the Internet

•
Statisti
al multiplexing

Notes:



Some Types of Access Pricing Schemes

Flat tari�s

•
Fixed payment for unlimited 
onsumption

•
Easy to apply

•
Predi
table

•
Unfair fore some users

•
Wrong in
entives

•
The tragedy of the 
ommons

Waste of resour
es if no 
ontrol

Sour
e: http://www.mania
world.
om/

May lead to deplete 
ommon

resour
es. Sour
e: http://www.lemonde.fr

Notes:

Some Types of Access Pricing Schemes

Usage-based tari�s

•
Users are 
harged a

ording to 
onsumption (e.g. for

ex
hanged Mbs)
•
Less predi
table

•
Needs a

urate measurement

•
Problem in 
ommuni
ations networks: di�
ult to a

urately

predi
t 
onsumption

Dynami
 pri
ing

•
Pri
e per unit time varies dynami
ally to re�e
t demand

•
Non predi
table for users

•
May provide right in
entives

•
Needs 
areful design

•
E.g. Pri
es that depend on 
ongestion

Notes:

Proposed Pricing Schemes for the Internet

•
Paris metro pri
ing (A. Odlyzko [2℄)

•
Proposed for di�erentiated servi
es in a pa
ket network (e.g.

the Internet)

•
Inspired in the old Paris RER pri
ing s
heme

•
Two types of wagons: expensive and normal pri
e

•
Wagons are the same, but less people in the expensive one

•
Self regulated

Sour
e: http://dozodomo.
om

Sour
e: http://www.rtl.fr

Notes:

And what about Net neutrality ?

•
Started end 2005 by the CEO of AT&T 
laiming that 
ontent

providers should pay ISPs to whi
h they are not 
onne
ted

•
Investments are mainly made by ISPs but 
ontent providers

also bene�t from them

•
Content providers re
eive mu
h revenue from adds and 
ontent

•
ISPs re
eived revenue per transit, whi
h is very low (1$ per

Mbps �month in 2004)

•
Rea
tion of some ISPs: blo
k some tra�
 (e.g. P2P)

•
Rea
tion of 
ontent providers and users asso
iations: �ltering

tra�
 is against spee
h freedom and human rights

•
Dis
ussion at the legal level

•
Pri
ing & QoS: 
an we treat users' tra�
 di�erently and

remain neutral? And di�erentiate per appli
ation? Or per

provider?

Notes:


