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Reducibility Among Combinatorial Problems

Richard M. Karp

Introduction by Richard M. Karp

Throughout the 1960s I worked on combinatorial optimization problems includ-
ing logic circuit design with Paul Roth and assembly line balancing and the traveling
salesman problem with Mike Held. These experiences made me aware that seem-
ingly simple discrete optimization problems could hold the seeds of combinatorial
explosions. The work of Dantzig, Fulkerson, Hoffman, Edmonds, Lawler and other
pioneers on network flows, matching and matroids acquainted me with the elegant
and efficient algorithms that were sometimes possible. Jack Edmonds’ papers and
a few key discussions with him drew my attention to the crucial distinction be-
tween polynomial-time and superpolynomial-time solvability. I was also influenced
by Jack’s emphasis on min-max theorems as a tool for fast verification of optimal
solutions, which foreshadowed Steve Cook’s definition of the complexity class NP.
Another influence was George Dantzig’s suggestion that integer programming could
serve as a universal format for combinatorial optimization problems.

Throughout the ’60s I followed developments in computational complexity the-
ory, pioneered by Rabin, Blum, Hartmanis, Stearns and others. In the late ’60s
I studied Hartley Rogers’ beautiful book on recursive function theory while teach-
ing a course on the subject at the Polytechnic Institute of Brooklyn. This experience
brought home to me the key role of reducibilities in recursive function theory, and
started me wondering whether subrecursive reducibilities could play a similar role
in complexity theory, but I did not yet pursue the analogy.

Cook’s 1971 paper [1], in which he defined the class NP and showed that propo-
sitional satisfiability was an NP-complete problem, brought together for me the two
strands of complexity theory and combinatorial optimization. It was immediately
apparent to me that many familiar combinatorial problems were likely to have the
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same universal role as satisfiability. I enjoyed constructing the polynomial-time re-
ductions that verified this intuition. Most of them were easy to find, but I failed to
prove the NP-completeness of the undirected hamiltonian circuit problem; that re-
duction was provided independently by Lawler and Tarjan. I was also frustrated by
my inability to classify linear programming, graph isomorphism and primality.

As I recall I first presented my results at an informal seminar at Don Knuth’s
home, and a few months later, in April 1972, I exposed the work more broadly at
an IBM symposium. In the next couple of years many results more refined than
my own were added to the accumulation of NP-completeness proofs, and later the
Garey-Johnson book [2] presented the concepts to a wide audience.

Heuristic algorithms often find near-optimal solutions to NP-hard optimization
problems. For some time in the mid-1970s I tried to explain this phenomenon by
departing from worst-case analysis, and instead analyzing the performance of sim-
ple heuristics on instances drawn from simple probability distributions. This work
was technically successful but gained limited traction, because there was no way
to show that the problem instances drawn from these probability distributions are
representative of those arising in practice. The surprising success of many heuristics
remains a mystery.
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