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INTRODUCTION TO STRUCTURAL DYNAMICS 
 
Structural mechanics frequently deals with static problems, i.e. problems which are independent of 
time. In these cases we are usual to consider an equilibrium configuration reached by increasing 
slowly forces and displacements. In other words, we consider that the evolution from the unloaded 
and undeformed configuration to the loaded and deformed configuration occurs through a series of 
equilibrium configurations. 
 

 
 
In reality, everey physical phenomenon concerning structural mechanics depends on time. 
 

 
 
We can deal with a problem as static when the time dependence is slow, as in the case of the snow 
accumulation, or when it is limited to a small time interval (the application of permanent loads). 
 
We shall deal with a problem as dynamic when rapid time variations occur, as in the case of wind 
and seismic actions. 
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SINGLE-DEGREE-OF-FREEDOM-SYSTEMS 
 
Undamped free vibrations 
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2nd Newton law F = ma 
F = - kq    restoring elastic force; q = q(t) 

qa ɺɺ=      absolute acceleration 
 

( ) ( )mq t kq t 0+ =ɺɺ  ⇒ (dividing both members by m) 

( ) ( )k
q t q t 0

m
+ = ⇒ɺɺ    Defining 2

0

k

m
ω =  

( ) ( )2
0q t q t 0+ ω =ɺɺ  ⇒ 2nd order, homogeneous, linear differential equation 

with constant coefficients 
 

( ) ( ) 00 q0q;q0q ɺɺ ==     initial conditions 

( ) ( ) 000 qA0qtsinBtcosAtq ==⇒ω+ω=  

( ) ( )
0

0
000000

q
BqB0qtcosBtsinAtq

ω
=⇒=ω=⇒ωω+ωω−= ɺ

ɺɺɺ  

( ) tsin
q

tcosqtq 0
0

0
00 ω

ω
+ω= ɺ

  ( )0 0 0q 0 q t q cos t= ⇒ = ωɺ  

 

   
 

=ω0  fundamental circular frequency 

=πω= 2/n 00  fundamental frequency 

=ωπ== 000 /2n/1T  fundamental period 

 
Indicatively: 
 

( )s1THz1n 00 ><  - Dynamically flexible structure 

( )s1THz1n 00 <>  - Dynamically rigid structure 
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Example: Arc lamp 
 

mf = 8000 kg

h
 =

 3
0

 m

h p
 =

 3
0
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m f q

 
 

15 mm

550
mm  

2 12 2E 2.100.000 kgf / cm 0.21 10 N / m= = ×  
44 m10027.9J −×=  

2m0252.0A =  

m/N21063
h

JE3

JE3

hf

f

q

f
k

33
====  

 
Mass of the pole pm 0.0252 27 7850 5343 kg= × × =  

It is assumed kg106712/mmm pf =+=  

 

s/rad405.1
10671

21063

m

k
0 ===ω  

Hz223.02/n 00 =πω=  

s47.4n/1T 00 ==  
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Example: Single-storey reinforced concrete building 
 

34 m
16 m 9 m9 m

h 
=

 6
 m

 
 

Frame step i = 3 m 
Slab depth = 20 cm 
Beam 30 ×150 cm 
Columns 30 ×100 cm 
Shear-type model 
 

m

k

 

7.2342.02500m ×××=          (slab) 
    5.13.0342500 ×××+           (beam) 
    2/13.025.525002 ××××+  (columns/2) 
     kg5.88087=  

( ) 433
ppp m025.013.0

12

1
hb

12

1
J =××==  

( )
11

p 8
33

12 EJ 12 0.3 10 0.025
k 2 2 0.8333 10 N / m

h 6

× × ×= × = × = ×  

s204.0T;H9.4n;s/rad76.30
m

k
0z00 ====ω  

 
Considering a distributed vertical load with mass 21000 kg / m ⇒  

kg5.19008733410005.88087m =××+=  
 

s30.0T;H33.3n;s/rad94.20
m

k
0z00 ====ω  

 



 4

Damped free vibrations 
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2nd Newton law  F = ma   ;   qa ɺɺ=  

qckqF ɺ−−=     ;    =− qcɺ  damping viscous force 
 

( ) ( ) ( )mq t cq t kq t 0+ + =ɺɺ ɺ  ⇒ (dividing both members by m) 

( ) ( ) ( )c k
q t q t q t 0

m m
+ + =ɺɺ ɺ   2

0
m

k ω=  

�
0

m

k

mk2

c
2

k2mm

k2c

m

c

ωξ

=
⋅

⋅
=

���

 

 
=ξ  damping ratio or damping coefficient 

 

( ) ( ) ( )
( ) ( )

2
0 0

0 0

q t 2 q t q t 0

q 0 q ; q 0 q

+ ξω + ω =

= =

ɺɺ ɺ

ɺ ɺ
           (1) 

 
Eq. (1) admits three distinct solutions depending on whether 1 1 1, ,ξ < ξ > ξ = . In structural 
engineering not only 1ξ <  but, even more 1ξ≪ . A structure with 1ξ <  is said “underdamped”. In 
this case the solution of Eq. (1) is given by: 
 

( ) ( )t1sinat1cosaetq 2
02

2
01

t0 ξ−ω+ξ−ω= ξω−
        (2) 

 
where 1a  and 2a  are constants depending on the initial conditions: 
 

2
0

000
201

1

qq
a;qa

ξ−ω

ωξ+== ɺ
 

 
Eq. (2) may be rewritten as: 
 

( ) ( )

















ξ−ω

ωξ+−=ϕ
















ξ−ω

ωξ++=

ϕ+ξ−ω= ξω−

2
00

000

2

2
0

0002
00

2
0

t0
0

1q

qq
arctg;

1

qq
qQ

t1coseQtq

ɺɺ
       (3) 
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  2
0 0 1ω = ω − ξ  

 
Remarks 
 

1. ( )tq  defines a damped vibratory motion for which the relative maximum and minimum values 

occur every 2
0 1/2T ξ−ωπ= ; they lie on the symmetric curves t0

0eQ ξω−± . 

2. The absolute values of the relative maxima and minima correspond to a series with rate t0e ξω− ; 
the logarithmic decrement is defined as: 

 

( ) 2
0Tt0

0

t0
0

1

2
T

eQ

eQ
n

ξ−

πξ=ξω=δ⇒







=δ +ξω−

ξω−
ℓ  

 
3. The vibratory motion tends to vanish on increasing the time: 
 

( )
t
imq t 0
→∞

=ℓ  

 
This tendence becomes faster on increasing the damping ratio ξ. 

 
4. In the typical case 1<<ξ , Eq. (2) becomes: 

 

( ) ( )tsinatcosaetq 0201
t0 ω+ω≅ ξω−

 

0
1 0 2 0

0

;
q

a q a qξ
ω

= ≅ +
ɺ

 

 
Furthermore: πξ≅δ=ωπ≅ 2;T/2T 00  

 
5. In the limit case ξ = 0, Eq. (2) becomes: 

 
( ) tsinatcosatq 0201 ω+ω=  

00201 /qa;qa ω== ɺ  
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Forced damped vibrations 
 

k mG

c

f(t)

q(t)0

k mG

c

f(t)

q(t)0
  

m q

k
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2nd Newton law qa;maF ɺɺ==  

fqckqF +−−= ɺ ;  f = f(t) = external force; q = q(t). 

( ) ( ) ( ) ( )mq t cq t kq t f t+ + =ɺɺ ɺ  ⇒ (dividing both members by m) 

( ) ( ) ( ) ( )c k f
q t q t q t t

m m m
+ + = ⇒ɺɺ ɺ  

 

( ) ( ) ( ) ( )

( ) ( )

2
0 0

0 0

1
q t 2 q t q t f t

m
q 0 q ; q 0 q

+ ξω + ω =

= =

ɺɺ ɺ

ɺ ɺ

           (4) 

 
 
Motion induced by a rigid-base translation - Seismic motion 
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2nd Newton law maF =  

qckqF ɺ−−=  
uqa ɺɺɺɺ +=  (absolute acceleration) 

 

( ) ( ) ( ) ( )m q t u t cq t kq t 0+ + + = ⇒  ɺɺ ɺɺɺ  

( ) ( ) ( ) ( )mq t cq t kq t m u t+ + = −ɺɺ ɺ ɺɺ  ⇒ 

q

k

m

c

u  
 

( ) ( ) ( ) ( )
( ) ( )

2
0 0

0 0

q t 2 q t q t u t

q 0 q ; q 0 q

+ ξω + ω = −

= =

ɺɺ ɺ ɺɺ

ɺ ɺ
 

 
=−= umf ɺɺ  equivalent apparent force 
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( ) ( ) ( ) ( )

( ) ( )

2
0 0

0 0

1
q t 2 q t q t f t

m
q 0 q ; q 0 q

+ ξω + ω =

= =

ɺɺ ɺ

ɺ ɺ

          (5) 

 
Eq. (5) defines the general problem of the damped forced vibrations of a S.D.O.F. system. Due to 
linearity, the solution may be expressed as: 
 

( ) ( ) ( )tqtqtq ′′+′=              (6) 
 
Thus: 
 

( ) ( ) ( ) ( ) ( ) ( ) ( )

( ) ( ) ( ) ( )

2 2
0 0 0 0

0 0

1
q t q t 2 q t 2 q t q t q t f t

m
q 0 q 0 q ; q 0 q 0 q

′ ′′ ′ ′′ ′ ′′+ + ξω + ξω + ω + ω =

′ ′′ ′ ′′+ = + =

ɺɺ ɺɺ ɺ ɺ

ɺ ɺ ɺ

      (7) 

 
Let us assume that ( )tq′  is the solution of the problem: 
 

( ) ( ) ( )
( ) ( )

2
0 0

0 0

q t 2 q t q t 0

q 0 q ; q 0 q

′ ′ ′+ ξω + ω =

′ ′= =

ɺɺ ɺ

ɺ ɺ
           (8) 

 
Replacing Eq. (5) into Eq. (4): 
 

( ) ( ) ( ) ( )

( ) ( )

2
0 0

1
q t 2 q t q t f t

m
q 0 0 ; q 0 0

′′ ′′ ′′+ ξω + ω =

′′ ′′= =

ɺɺ ɺ

ɺ

          (9) 

 
Eq. (8) edefines the problem of the free vibrations with an initial perturbation. Eq. (9) defines the 
problem of the forced vibrations without initial perturbation. 
 
It was demonstrated that, for ( )

t
, imq t 0

→∞
′∀ξ = ⇒ℓ  

 
Thus, for ∀ξ  tt =  exists such as, for tt >  ( ) ε<′ tq , with ε arbitrarily small. Thus, for tt >  

( ) ( )tqtq ɺɺ= . 
 
The following sections assume 1<ξ . 
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SINGLE-DEGREE-OF-FREEDOM-SYSTEMS 
 
Time-domain analyisis 
 
Impulsive force 
 
An impulsive force ( )tf h  is a force with a constant value hf  over a short interval τ∆ , being nul in 
the remaining time. 
 

tτ ∆τ

fh

hf

tτ ∆τ

fh

hf

 
 

( ) h
h

per tf
f t

elsewhere0

τ τ + ∆τ
= 


< <
 

 
Such a force has an impulse τ∆= hfI . 
An elementary impulsive force is a impulsive force characterised by the parameters 0=τ , 0→τ∆ , 

( )∞→= hf1I . 
 

t

fh

t

fh

 
 

( ) ( ) =δ= ttf h  Dirac’ function 
 

( )
( ) ( ) ( )





ε=−δε
≠=−δ

∫
∞

∞−
adtatt

atper0at
 

 

 
 
The equation of motion q(t) of a S.D.O.F. system subjected to an elementary impulsive force is 
denoted by the symbol h(t). 
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The action of an elementary impulsive force is equivalent to the effect of an initial velocity 0qɺ . The 

value of 0qɺ  is obtained by equating the impulse I with the momentum 0qmQ ɺ= . It follows that 

m/1q0 =ɺ . 
 
Thus, the equation of motion h(t): 
 

( ) ( ) ( ) ( )

( ) ( )

2
0 0

1
h t 2 h t h t t

m

h 0 h 0 0

+ ξω + ω = δ

= =

ɺɺ ɺ

ɺ

 

 
may be solved by studyng the problem: 
 

( ) ( ) ( )
( ) ( ) m/10h;00h

0thth2th 2
o0

==

=ω+ωξ+
ɺ

ɺɺɺ

 

 
It results: 
 

( ) t1sin
1m

1
eth 2

0
2

0

t0 ξ−ω
ξ−ω

= ξω−
          (1) 

 
h(t) is defined as impulse response function. 
 
Thanks to linearity, the response q(t) to a force with an impulse I applied at time τ results: 
 

( ) ( )τ−= thItq              (2) 
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Impulsive force method 
 
A generic force f(t) may be approximated by a superposition of a series of suitable impulsive forces 

( )tf hi  (i = 1, 2, …): ( ) ( )tftf hi
0

i∑≅ . 

 

t

f

f h
i(τ

i) 
=

=
 f

(τ
i)

∆τ

τ0 τ1 τi

= =

 
 
Therefore, the response q(t) can be expressed as the superposition of the responses ( )tqi  to each 

impulsive component force ( )hif t : 

 
( ) ( )tqtq i

0
i∑≅ , where ( ) ( ) =τ−= i1i thItq  

( ) ( ) ( ) ( )⇒τ−τ∆τ=τ−τ∆τ= iiiihi thfthf  

( ) ( ) ( ) τ∆τ−τ≅ ∑ ii
0

i thftq  

 
This expression is rigorous at the limit for 0t →∆ : 
 

( ) ( ) ( ) ττ−τ= ∫ dthftq
t

0             (3) 

 
Due to Eq. (3) q(t) is the convolution integral of f(t) and h(t): 
 

( ) ( ) ( )thtftq ∗=              (4) 
 
where * denotes the convolution product. Eq. (3) is also called Duhamel’s integral. 
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Numerical integration 
 

( ) ( ) ( ) ( )

( ) ( )

2
0 0

0 0

1
q t 2 q t q t f t

m
q 0 q ; q 0 q

+ ξω + ω =

= =

ɺɺ ɺ

ɺ ɺ

 

 
• Instead of solving the equation of motion at any time t, it is satisfied at discrete time intervals 

∆t. So, the dynamic balance is imposed in a finite number of points along the time axis. 
• The solution is searched by recursive algorithms. Knowing the solution at times 0, ∆t, 2∆t, … t, 

the algorithm provides the solution at time + ∆t. 
 

0 ∆t 2∆t t t+∆t t  
 
• An explicit integration method is a method formulated by imposing the dynamic balance at time 

t. An implicit integration method is a method formulated by imposing the dynamic balance at 
time t + ∆t. 

• The accuracy, the stability and the burdensome of the algorithm depend on the choice of the 
time interval ∆t and by the way in which q,q,q ɺɺɺ  are assumed to vary within ∆t. 

• A numerical integration method is defined as unconditionally stable if the solution to any initial 
condition does not increse without limits on increasing t, for any choice of ∆t. 

 

 
 
• A numerical integration method is said conditionally stable if the above condition holds for ∆t < 

∆tcritico, where ∆tcritico is a stability limit. 
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SINGLE-DEGREE-OF-FREEDOM-SYSTEMS 
 
Frequency domain analysis 
 
Elementary harmonic force 
 
A harmonic force f(t) is defined as elementary when it has a unit amplitude. This condition is 

satisfied by the real expression ( ) tsintf ω=  and by the complex expression ( ) tietf ω= : 
 

( ) ⇒ω+ω== ω tsinitcosetf ti  

( ) ( )i t 2 2e sin t i cos t sin t icos t sin t cos t 1ω = ω + ω ω − ω = ω + ω =  

 
Observation: the elementary harmonic function tsinω  may be regarded as the projection on the axis 
y of the ordinates of a vector Z with unit modulus, rotating around the origin of a Cartesian 
reference system (x, y) with uniform angular velocity ω and nil initial phase. 
 
Interpreting (x, y) as an Argand-Gauss plane, the vector Z is associated with a complex number z 
whose real and imaginary parts are respectively the projections on x and y of Z : z = x + iy, x = 

Re(z) = cos ωt, y = Im(z) = sin ωt; thus, z = cos ωt + isinωt. Using Euler’s formula tiez ω= . 
 

T = 2π/ω

1

1

t

y

si
n 

ω
t

cos ωt

ωt x

z(0)

z(t)

|z| = 1
y

 

ωt

sin ωt

sin ωt

cos ωt z* = e-iωt

z = eiωt

π/2

y

xπ/2

i tz i eω= ωɺ

2 i tz eω= ωɺɺ
 

 
Let us consider the equation of motion: 
 

( ) ( ) ( ) ( ) ( )

( ) ( )

2 i t
0 0

0 0

1 1 1
q t 2 q t q t f t e cos t isin t

m m m
q 0 q ; q 0 q

ω+ ξω + ω = = = ω + ω

= =

ɺɺ ɺ

ɺ ɺ

      (1) 

 
Since f(t) is a complex quantity, thus also q(t) is complex and may be written as: 
 
q(t) = x(t) + i y(t)             (2) 
 
where the real functions x(t) = Re[q(t)] and y(t) = Im[q(t)] are, respectively, the solutions of the two 
problems: 
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( ) ( ) ( )

( ) ( ) ( ) ( )

2
0 0

0 0 0 0

1
x t 2 x t x t cos t

m
x 0 x Re q ; x 0 x Re q

+ ξω + ω = ω

= = = =

ɺɺ ɺ

ɺɺ ɺ

         (3) 

 

( ) ( ) ( )

( ) ( ) ( ) ( )

2
0 0

0 0 0 0

1
y t 2 y t y t sin t

m
y 0 y Im q ; y 0 y Im q

+ ξω + ω = ω

= = = =

ɺɺ ɺ

ɺɺ ɺ

          (4) 

 
The response y(t) to the real elementary harmonic force f(t) = sin ωt is the imaginary part of the 

response q(t) to the complex elementary harmonic force ( ) tietf ω= : 
 

( ) ( ) ( ) ( ) ( )

( ) ( )

2 i t
0 0

0 0

1 1 1
q t 2 q t q t f t e cos t isin t

m m m
q 0 q ; q 0 q

ω+ ξω + ω = = = ω + ω

= =

ɺɺ ɺ

ɺ ɺ

      (5) 

 
The solution of Eq. (5) is the sum of the integral ( )tq′  of the homogeneous associated equation and 

of any particular integral ( )tq ′′  of the complete equation: 
 

( ) ( ) ( )tqtqtq ′′+′=              (6) 
 
From Eq. (2) it results: 
 

( ) ( ) ( )tyitxtq ′+′=′   ( ) ( ) ( )txtxtx ′′+′=  

( ) ( ) ( )tyitxtq ′′+′′=′′   ( ) ( ) ( )tytyty ′′+′=  
 
where ( )tx′  and ( )ty′  are the integrals of the homogeneous equations associated with Eqs. (3) and 
(4), respectively: 
 

( ) ( )t1sinat1cosaetx 2
02x

2
01x

t0 ξ−ω+ξ−ω=′ ξω−
 

( ) ( )t1sinat1cosaety 2
02y

2
01y

t0 ξ−ω+ξ−ω=′ ξω−
 

 
The integration constants depend on the initial conditions. 
 
It is easy to demonstrate that an expression of ( )tq ′′  is given by: 
 

( ) ( ) tieHtq ωω=′′              (7) 
 
Substituting Eq. (7) into Eq. (5): 
 

( ) ( ) ( )2 i t i t 2 i t i t
0 0

1
H e 2 i H e H e e

m
ω ω ω ω−ω ω + ξω ⋅ ω ω + ω ω = ⇒  
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( )

0
2
0

22
0 i21

1

m

1
H

ω
ωξ+

ω
ω−ω

=ω            (8) 

 
( )ωH  is the complex frequency response function and may be rewritten as: 

 
( ) ( ) ( )ω+ω=ω IiRH              (9) 

 

( ) ( ) ( )ωψω=ω ieHH            (10) 

 
where: 
 

( ) ( )[ ] ( ) 2
0

22
0

2

2
0

2

2
0 /4/1

/1

m

1
HReR

ωωξ+ωω−

ωω−
ω

=ω=ω       (11) 

 

( ) ( )[ ]
( ) 2

0
22

2
2
0

2

0
2
0 /4/1

/2

m

1
HImI

ωωξ+ωω−

ωωζ−
ω

=ω=ω       (12) 

 

( ) ( ) ( )
( )

2

2 2
2
0 2 2 2 2 2

0 0

1 1
H R I

m
1 / 4 /

ω = ω + ω =
ω

− ω ω + ξ ω ω
    (13) 

 

( ) ( )
( )

0

2 2
0

2 /I
arctg arctg

R 1 /

 ζω ωω
ψ ω = = −  ω − ω ω 

       (14) 

 

x

y

z = eiωt = cos ωt + i sin ωt

ωt

Re(z) =
cos ωt

Im
(z

) 
=

 s
in

 ω
t

|z|
 =

 1

x

z = H(ω) = R(ω) + iI (ω) = 
| H(ω)| eiψ(ω)

ψ(ω)

R(ω)

I(
ω) |H
(ω

)|

y

x

y

z = eiωt = cos ωt + i sin ωt

ωt

Re(z) =
cos ωt

Im
(z

) 
=

 s
in

 ω
t

|z|
 =

 1

x

y

z = eiωt = cos ωt + i sin ωt

ωt

Re(z) =
cos ωt

Im
(z

) 
=

 s
in

 ω
t

|z|
 =

 1

x

z = H(ω) = R(ω) + iI (ω) = 
| H(ω)| eiψ(ω)

ψ(ω)

R(ω)

I(
ω) |H
(ω

)|

y

x

z = H(ω) = R(ω) + iI (ω) = 
| H(ω)| eiψ(ω)

ψ(ω)

R(ω)

I(
ω) |H
(ω

)|

y

 
 
Neglecting the initial transient stage of the motion, i.e. ( ) ( ) ( )⇒′′=⇒=′ tqtq0tq  
 

( ) ( ) tieHtq ωω=            (15) 
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Eq. (15) provides the steady-state response of a S.D.O.F. subjected to the complex elementary 

harmonic force ( ) tietf ω= ; ( )ωH  is the ratio between the time-dependent response and force. Thus 
it has the meaning of the inverse of a dynamic stiffness. 
 
Substituting Eq. (10) into Eq. (15): 
 

( ) ( ) ( )[ ]ωψ+ωω= tieHtq           (16) 

 
Thus, ( )ωH  is the amplitude of the dynamic response, ( )ωψ  is the phase delay of the response q(t) 

with respect to the force ( ) tietf ω= . 
 

x

q (t) = | H(ω)| ei[ωt+ψ(ω)]

ψ(ω)

|H
(ω

)|

ωt

f(t) = eiωt

y

1

 
 

( ) ⇒= ωtietf   ( ) ( ) ( )[ ]ωψ+ωω= tieHtq  

   ( )

2
0

2
2

2

2
0

2

2
0

41

1

m

1
H

ω
ωξ+











ω
ω−

ω
=ω  

   ( )
























ω
ω−

ω
ωξ

−=ωψ

2
0

2
0

1

2

arctg  

for ⇒=ω 0   ( ) == 1tf  static force with unit amplitude 

   ( ) 00 =ψ ;    ( ) ( ) ⇒=
ω

==
k

1

m

1
0H0H

2
0

 

   ( ) =
ω

=
2
0m

1
tq  static response to a unit static force 

 
The magnification factor ( )ωN  is defined as the ratio between the amplitude ( )ωH  of the dynamic 

response and the amplitude ( )0H  of the static response: 
 



 5

( ) ( )
( )

2
0

2
2

2

2
0

2

41

1

0H

H
N

ω
ωξ+











ω
ω−

ω
=ω         (17) 

 
 
 

 In conclusion: ( ) ( ) ( )ωψω

ω
ω= iti

2
0

ee
m

1
Ntq  

 
 
 
 

   
 

S Q.S. A. D.
Deamplification N ~> 0

Amplification N ~> ½ξ
Quasi-static N ~ 1

Static N = 1

S Q.S. A. D.
Deamplification N ~> 0

Amplification N ~> ½ξ
Quasi-static N ~ 1

Static N = 1
   

 

dynamic magnification 
of response amplitude static response 

force 
dynamic phase delay 

0

ω
ω

0

ω
ω
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Real elementary harmonic force f(t) = sinωt 

( ) ( ) ( ) ( ) ( ) ( )2
0 0 0 0

1
q t 2 q t q t f t ; q 0 q , q 0 q

m
+ ξω + ω = = =ɺɺ ɺ ɺ ɺ  

 

( ) tietf ω=  = tsinitcos ω+ω     ( ) tsintf ω=  

( ) ( ) ( )tqtqtq ′′+′=       ( ) ( ) ( )tqtqtq ′′+′=  

( ) ( ) ( )tyitxtq ′+′=       ( ) ( )tytq ′=′  

( ) ( )t1sinat1cosaetx 2
02x

2
01x

t0 ξ−ω+ξ−ω=′ ξω−
 

( ) ( )t1sinat1cosaety 2
02y

2
01y

t0 ξ−ω+ξ−ω=′ ξω−
 

( ) ( ) tieHtq ωω=′′       ( ) ( )[ ] =ω=′′ ωtieHImtq  

                ( ) ( ){ }[ ] =ω= ωψ+ωtieHIm  

                ( ) ( )[ ]ωψ+ωω= tsinH  

 
In steady-state conditions: ( ) ( ) ( )⇒′′=⇒=′ tqtq0tq  

( ) ( ) tieHtq ωω=       ( ) ( ) ( )[ ]ωψ+ωω= tsinHtq  

 
( ) tsinFtf ω=   ⇒ 

( ) ( ) ( )[ ]ωψ+ωω= tsinHFtq  

( ) ( )
( ) ( ) ( )2

0

H
N m H k H

H 0

ω
ω = = ω ω = ω ⇒  

( ) ( ) ( )F
q t N sin t

k
= ω ω + ψ ω ⇒    

( ) ( ) ( )[ ]ωψ+ωω= tsinNqtq st  
 
The following figure shows how the steady-state regime is approached after a transient vibration. 
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Example: Arc lamp 
 

 

 
k = 21063 N/m 
m = 10671 kg 
 

0ω = 1.405 rad/s 

0n = 0.223 Hz 

 
Vibrodyne   ( ) tsinFtf ω=   F = 100 N 
 

( ) ( )

( )

( )stq t q N sin t

F
Q N

k

= ω ω + ψ ω  

= ω

�����
 

 
( ) mm75.4m00475.0Q1N0 ==⇒=ω⇒≈ω  

( ) ⇒ξ=ω⇒ω=ω 2/1N0  m237.0Q50N01.0 =⇒=⇒=ξ  

    m475.0Q100N005. =⇒=⇒=ξ  

    m187.1Q250N002. =⇒=⇒=ξ  

    m37.2Q500N001. =⇒=⇒=ξ  

 

( ) mm674.0m1074.6Q142.0Ns/rad10 4 =×=⇒≈ω⇒=ω −  

 
 
Example: Single-storey R.C. building 
 

 

k = 0.8333 × 108 N/m 
m = 88087.5 kg 
 

0ω = 30.76 rad/s 

0n = 4.9 Hz 

 
  ( ) tsinFtf ω=   F = 1000 N 
 

( ) m102.1Q1N0 5−×=⇒=ω⇒≈ω  

⇒ω=ω 0  m102.1Q10N05.0 4−×=⇒=⇒=ξ  

  m100.3Q25N02.0 4−×=⇒=⇒=ξ  
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Periodic force 
 
A function f(t) is defined as periodic with period T when f(t) = f(t + T) for t∀ ∈R , with T > 0. The 
minimum period, or simply the period, is the minimum value of T for which above condition is 
satisfied. 
 
Under very general conditions, a periodic function f(t) can be expanded according to the following 
Fourier series: 
 

( ) ( )0
k k k k k

1

a
f t a cos t b sin t

2

∞

= + ω + ω∑         (18) 

 
where: 
 

( )T / 2

k kT / 2

2
a f t cos t dt

T −
= ω∫  k 0 , 1 , 2 , ...=  

 

( )T / 2

k kT / 2

2
b f t sin t dt

T −
= ω∫  k 1 , 2 , ...=         (19) 

 

k

2
k k 0,1,2, ...

T

πω = = ∞  

 
The mean value of f(t) is 2/a0 : 

 
The Fourier series: 
 

( ) ( )0
k k k k k

1

a
f t a cos t b sin t

2

∞

= + ω + ω∑  

 
may be rewritten as: 
 

( ) ( )0
k k k k

1

a
f t A sin t

2

∞

= + ω + ϕ∑          (20) 

 
where: 
 

2 2
k k kA a b= +  

k
k

k

a
arctg

b

 
ϕ =   

 
           (21) 
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T/2 T/2 t

f

  

A0 A1

A2

Ak

ω0 = 0 ω1 ω2 ωk

A0 A1

A2

Ak

ω0 = 0 ω1 ω2 ωk  
 
  = 
 

t

f0

ω0 = 0; T0 = ∞

A0 = a0/2

 
 
  + 
 

t

f1

ω1 = 2π/T; T1 = T

A1

 
 
  + 
 

t

f2

ω2 = 4π/T; T2 = T/2

A2

 
 
  + 
   : 
 
Moreover, the Fourier series may be rewritten using the following exponential complex notation: 
 

( ) Ki t
k k k

1

2
f t c e k

T

∞
ω π= ω =∑          (22) 

 

( ) K
T / 2 i t

k T / 2

1
c f t e dt

T
− ω

−
= ∫           (23) 
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Rewriting Eq. (22) as: 
 

( ) ( )k ki t i t
0 k k k

1

f t c c e c e
∞

ω − ω
−= + +∑          (24) 

 
the correspondence with Eq. (20) is apparent. Each real harmonic term in Eq. (20) corresponds to a 
couple of complex harmonic terms in Eq. (24). In particular: 
 

2/ac 00 = ; 2 2/ 2 / 2k k k k kc c A a b−= = = + ; 
i tk

kc e ω  is the complex conjugate of i tk
kc e − ω

− . 

 

( )
�

( )
( )

� ( )
( )

k k

ok ko

i t i to
k k k k o k k k

1 1f ff t f tf f

a
f t A sin t c c e c e

2

∞ ∞
ω − ω

−

=
=

= + ω + ϕ = + +∑ ∑������� ���������
 

 

t

fk

ωkAk

T/2T/2

  

x

y

zk = cke iωkt

Re(zk) =
Re(zk

*)

Im
(z

k* )
 =

 I
m

(z
k)

|c k
|

|c
k *| = | c

k |

Zk
* = c-ke

-iωkt

 
 

a/2 = A0 A1
Ak

Ak

ω0 ω1 ωk ω

a/2 = A0 A1
Ak

Ak

ω0 ω1 ωk ω  

A0 A1/2
Ak/2

|ck|

ω0 ω1 ωk ω

Ak/2
A1/2

-ωk -ω1

A0 A1/2
Ak/2

|ck|

ω0 ω1 ωk ω

Ak/2
A1/2

-ωk -ω1  
 

             

A0 A1
Ak

Ak

ω0 ω1 ωk ω

speculare

A0 A1
Ak

Ak

ω0 ω1 ωk ω

speculare
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Dynamic response to a periodic force 
 

( ) ( ) ( ) ( )
0

2
0

1
q t 2 q t q t f t

m
+ ξω + ω =ɺɺ ɺ  

 
The steady-state response q(t) to a periodic force ( ) ( )∑= k k tftf  may be expressed as the 

superposition of the responses ( )tqk  to the component elementary harmonic responses ( )kf t , i.e. 

( ) ( )kk
q t q t=∑ : 

 

( ) ki t
kf t e ω= ⇒   ( ) ( ) ki t

k kq t H e ωω=  

( ) ki t
k kf t c e ω= ⇒   ( ) ( ) ki t

k k kq t c H e ωω=  

 

( ) ( ) ki t
k k k k kf t f t c e

∞ ∞
ω

−∞ −∞

= = ⇒∑ ∑          (25) 

 

( ) ( ) ( ) ki t
k k k k kq t q t c H e

∞ ∞
ω

−∞ −∞

= = ω∑ ∑         (26) 

 
The structural system operates a filtering effect related to its complex frequency response function. 

kk c2F =  is the amplitude of the k-th component harmonic force ( )tf k . The amplitude of the k-th 

component harmonic response ( )tqk  to ( )tf k  is given by: 
 

( ) ( ) ( ) ( ) =ω=ω=ω= kkkkkkk N0HFHFHc2Q  

( ) ( )kskkk
2
ok NQQNm/F ω=⇒ω⋅ω  

 

where 2
oksk m/FQ ω=  is the amplitude of the static response to a static force kF . 
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Generic force 
 

A generic force ( )tf  may be dealt with as a periodic force with period ∞→T . 
 
f

t

t*

T >> t*

 
 
Let us consider the complex exponential Fourier series: 
 

( ) ki t
k kf t c e

∞
ω

−∞

=∑  

( ) k
T / 2 i t

k T / 2

1
c f t e dt

T
ω

−
= ∫  

T/2kk π⋅=ω  
 
Assuming ⇒πω∆=⇒π=ω−ω=ω∆ + 2/T/1T/2k1k  

( ) ( )k k
T / 2i t i

k T / 2

1
f t e f e d

T

∞
ω − ω η

−
−∞

= η η =∑ ∫  

( )k k
T / 2i t i

k T / 2

1
e f e d

2

∞
ω − ω η

−
−∞

= ∆ω η η
π∑ ∫  

 
For ∞→T , 0→ω∆ , ω tends to become a continuos variable ⇒ 
 

( ) ( )[ ] ωηη
π

= ∫∫
∞

∞−
ωη∞

∞−
ω ddefe

2

1
tf iti  

 
and the exponential Fourier series tends to become the Fourier integral: 
 

( ) ( ) ωω
π

= ∫
∞

∞−
ω deF

2

1
tf ti           (27) 

 

( ) ( ) dtetfF ti
∫

∞

∞−
ω−=ω           (28) 

 
( )ωF  is a complex function called Fourier transform; ( )tf  is consequently called inverse Fourier 

transform. The uniqueness of a Fourier couple, ( )tf  and ( )ωF , is demonstrated under wide 

conditions. ( )ωF  exists provided that: 
 

( )f t dt
∞

−∞∫  is finite. 
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It can be shown that: 
 

( ) ( ) ( ) ( )k k 0 0
T

F imc ; f t f F f
→∞

ω = = ⇒ ω = δ ωℓ  

 

Ak/2 = |ck|
|ck| = |c-k|

ωk ω

Ak/2 = |ck|
|ck| = |c-k|

ωk ω

|F(ω)| = | F(-ω)| 
component semi-amplitudes

ω

|F(ω)| = | F(-ω)| 
component semi-amplitudes

ω
 

 

  

2|ck|
Ak

ωk ω

f periodic

2|ck|
Ak

ωk ω

f periodic

            

2|F(ω)| = Sf(ω) = 
Fourier spectum

ω

f not periodic
componet amplitudes

2|F(ω)| = Sf(ω) = 
Fourier spectum

ω

f not periodic
componet amplitudes

 
 

( ) ( ) ( ) ( )2
0 0

1
q t 2 q t q t f t

m
+ ξω + ω =ɺɺ ɺ  

 
The steady-state response q(t) to a generic force ( )tf  can be expressed as the integral of the 
elementary component responses to the elementary component harmonic forces: 
 

( ) ⇒= ωtietf   ( ) ( ) tieHtq ωω=  

( ) ( ) ⇒ω= ωtieFtf  ( ) ( ) ( ) tieHFtq ωωω=  
 

( ) ( ) ⇒ωω
π

= ∫
∞

∞−
ω deF

2

1
tf ti           (29) 

 

( ) ( ) ( ) ωωω
π

= ∫
∞

∞−
ω deHF

2

1
tq ti          (30) 

 
Moreover, using the definition of Fourier transform and inverse Fourier response of the response: 
 

( ) ( ) ωω
π

= ∫
∞

∞−
ω deQ

2

1
tq ti           (31) 

 

( ) ( ) dtetqQ ti
∫

∞

∞−
ω−=ω           (32) 

 



 15

 
Comparing Eqs. (30) and (32): 
 

( ) ( ) ( )ωω=ω FHQ            (33) 
 
Eq. (33) is the basic relationship between ( )tf  and ( )tq  in the frequency domain. 
 
Summarising, the frequency domain analysis consists of 4 steps: 
 

(1) Starting from ( )tf  its Fourier transform is calculated ( ) ( ) dtetfF ti
∫

∞

∞−
ω−=ω ; 

(2) The structural system is characterised by its complex frequency response function: 

( ) ( ) o
2
o

22
o /i2/1

1

m

1
H

ωξω+ωω−ω
=ω ; 

(3) The Fouriem of ( )tq  is determined: ( ) ( ) ( )ωω=ω FHQ ; 

(4) The inverse Fourier transform of ( )ωQ  is calculated: ( ) ( ) ωω
π

= ∫
∞

∞−
ω deQ

2

1
tq ti . 

 
It is easy to demonstrate that: 
 

( ) ( ) ( )ωω=ω FHQ           (34) 

 
( ) ( )ω=ω F2Sff  = Fourier spectrum of the force = 

= amplitude of the harmonic components of ( )tf  

( ) ( )ω=ω Q2Sfq  = Fourier spectrum of the response = 

= amplitude of the harmonic components of ( )tq  

 ( ) ( ) 2
om/NH ωω=ω  = Ratio between the amplitudes of the harmonic components of the 

   response and of the force 
 
Thus: ( ) ( ) ( )ω⋅ω=ω fffq SHS  

 

Sff

ω ωω0

|H(ω)|

ωω0

SfqSff

ω

Sff

ω ωω0

|H(ω)|

ωω0

|H(ω)|

ωω0

Sfq

ωω0

Sfq
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SINGLE-DEGREE-OF-FREEDOM-SYSTEMS 
 
Response spectrum analysis 
 

( ) ( ) ( ) ( )2
0 0

1
q t 2 q t q t f t

m
+ ξω + ω =ɺɺ ɺ  

( ) ( ) 00q0q == ɺ  
 

( ) =tf  short duration action 

( ) ( )
0

f t
q t Q t; , ,

m

 
= ω ξ 

 
 

 

f

t  

q

t  
 
The response spectrum S is a diagram that furnishes a maximum value of the dynamic response (the 
displacement, the velocity, the acceleration, …) as a function of the structural parameters, for a 
given loading history. 
 
Response spectrum of the displacement: 
 

( ) ( )
d 0max

f t
S q t , ;

m

 
= = ω ξ 

 
S  

 
fixed ( ) ⇒m/tf  Sd

ω0

ξ

Sd

ω0

ξ
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Let us define: 
 

( )
maxo tff =  

== k/fq os  displacement due to of  
 

o sf kq=  
fo qs

 

 

 
   
 
The equivalent static force eqf  is a force that statically applied on the structure causes the maximum 

displacement due to the effective dynamic action. 
 
 

eq dmax
f k q kS= =  

feq |q|max= Sd

 

 

 
The dynamic magnification factor β, or more simply the dynamic factor, is the non-dimensional 
ratio: 
 

eq d

o s

f S

f q
β = =   ⇒ oqe ff β=  smax

qq β=  

 
β < 1 ⇒ dynamics reduce the response 
β = 1 ⇒ quasi-static behaviour 
β > 1 ⇒ dynamics amplify the response 
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Seismic response spectrum 
 

( ) ( ) ( ) ( )2
0 0q t 2 q t q t u t+ ξω + ω = −ɺɺ ɺ ɺɺ  

( ) ( ) 00q0q == ɺ  

 
 
 
Response spectrum of the relative displacement 
 

( )
maxd tqS =  

( )
max

tud =  

 
 
 
Response spectrum of the relative velocity 
 

( )
maxv tqS ɺ=  

( )
max

tuv ɺ=  

 
 
 
Response spectrum of the absolute acceleration 
 

( ) ( )
maxa tutqS ɺɺɺɺ +=  

( )
max

tua ɺɺ=  
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El Centro earthquake (component N-S) 18 May 1940 

 
 

Dynamic response of S.D.O.F. systems to the El Centroearthquake 
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Response spectra (ζ = 2%) 

 
 

Response spectrum of the relative pseudo-velocity 

pv 0 dS S= ω  

 
Response spectrum of the absolute pseudo-acceleration 

2
pa 0 dS S= ω  

 
It is possible to show that, for 1<<ξ : 

vpv S~S −  (a) 

apa S~S −  (b) 

 
Thus, the knowledge of any spectrum among Sd, Sv and Sa allows to derive the other two. 
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a) For 1<<ξ  any response cycle, in particular that corresponding to reaching 
max

q , can be 

represented by a harmonic with circular frequency 0ω  

 

( ) 0max
q t q sin t≅ ω ⇒  

( ) 0 0 0max max
q t q sin t q cos t≅ ω ω − ω ⇒ɺ ɺɶ  

d 0 vS Sω −ɶ  

 
b) For 0=ξ  the equation of motion results: 

 
( ) ( ) ( )2

0q t q t u t+ ω = − ⇒ɺɺ ɺɺ  

( ) ( ) ( )2
0q t u t q t+ = ω ⇒ɺɺ ɺɺ  

( ) ( ) ( )2
0max max

q t u t q t+ = ω ⇒ɺɺ ɺɺ  
2

a 0 dS S= ω  

 
Therefore, for 1<<ξ , 2

a 0 dS S− ωɶ  

 
Response spectrum of the absolute pseudo-acceleration  

for the El Centro earthquake- ζ = 0, 2, 5, 10, 20 % 
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  ⇒   
 

( ) ( ) ⇒−==
maxmaxo tumtff ɺɺ  

maf o =  

o
s S 2

o

f ma a
q q

k k
= = ⇒ =

ω
 

 

 
 

( ) a
eq d 2max

0

S
f k q t kS k= = = ⇒

ω
 

aeq mSf =  

 

 
 

eq a

o

f m S

f m a
β = =  ⇒ 

eq of f= β  
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Eurocode 8 – Seismic actions 
 

( )e eF mS T,= ξ  

 

( ) ( )e o
B

T
S T, aS 1 1

T

 
ξ = + ηβ − 

 
  for BTT0 <<  

 
( )e oS T, aSξ = ηβ     for CB TTT <<  

 

( )
1k

C
e o

T
S T, aS

T
 ξ = ηβ   

   for DC TTT <<  

 

( )
1 2

k k

C D
e o

D

T T
S T, aS

T T

   ξ = ηβ      
  for TTD <  

 

( ) 7.002.0/07.0 >ξ+=η  ( )0.05 1ξ = ⇒ η =  

 

 
 

Soil S βo K1 K2 KB(s) KC(s) KD(s) 

A 1.0 2.5 1.0 2.0 0.10 0.40 3.0 
B 1.0 2.5 1.0 2.0 0.15 0.60 3.0 
C 0.9 2.5 1.0 2.0 0.20 0.80 3.0 

 
Soil A: rocky or very compact 
Soil B: mean consistency 
Soil C: soft 
 
Italian Code:  zone 1:  a = 0.35g 
   zone 2:  a = 0.25g 
   zone 3:  a = 0.15g 
   zone 4:  a = 0.05g 
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Example: Arc lamp 
 
Zone 2 ⇒ a = 0.25 g = 2.45 m/s2 
Soil B s3T,s6.0T,s15.0T,2k,1k,5.2,1S DCB21o ======β=⇒  
 

0 1.405rad /sω = ,  0n 0.223Hz= , T0 = 4.47 s, kg10671m =  

0.02 1.32ξ = ⇒ η =  
2

0 D eT T S 0.297a 0.728 m /s> ⇒ = =  

N7772728.010671SmF ee =×==  

m37.021063/7772k/Fq emax
===  

 
Base bending moment  Nm233160307772hFM e =×==  

Maximum stress =××=φ=σ −410027.9/275.0233160J/2/M  
22 cm/kgf724m/N243.030.71 ==  

 
 
Example: Single-storey r.c. building 
 
Zone 2 ⇒ a = 0.25 g = 2.45 m/s2 
Soil B s3T,s6.0T,s15.0T,2k,1k,5.2,1S DCB21o ======β=⇒  
 

0 20.94rad /sω = ,  0n 3.33Hz= ,  0T 0.30s= ,  kg10671m =  

0.05 1ξ = ⇒ η =  
2

B 0 C eT T T S 2.5a 6.125m /s< < ⇒ = =  

N285.164.1125.65.087.190SmF ee =×==  

m014.010833.0/285.164.1k/Fq 8
emax

=×==  

 
Base bending moment 2

p max
M 6EJ q / h= =  

Nm000.750.16/014.0025.0103.06 211 =××××=  
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N-DEGREES-OF-FREEDOM-SYSTEMS 
 
Equations of motion 
 
Shear-type system – damped forced vibrations 
 

 
 
Equation of motion of the i-th mass; 2nd Newton law: 
 

iii amF =  
 

( ) ( ) −−−−−= ++− 1ii1i1iiii qqkqqkF  restoring elastic forces 

( ) ( ) ++−−− ++− 1ii1i1iii qqcqqc ɺɺɺɺ  viscous damping forces 

if+      external force 
 

ii qa ɺɺ=   absolute acceleration 
 

1) 11qm ɺɺ   ( ) −−++ 22121 qcqcc ɺɺ  

( ) 22121 qkqkk −++ 1f=  
 
i) ( ) −−++− +++− 1i1ii1ii1iiii qcqccqcqm ɺɺɺɺɺ  

( ) 1i1ii1ii1ii qkqkkqk +++− −++− if=  
 
n) nn1nnnn1nnnn qkqkqcqcqm +−+− −− ɺɺɺɺ nf=  
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In matrix form: 
 

( ) ( ) ( ) ( )
( ) ( )o o

t t t t

0 ; 0

+ + =

= =

Mq Cq Kq f

q q q q

ɺɺ ɺ

ɺ ɺ
 

 



















=

























=

























=

n

2

1

n

2

1

n

2

1

m00

0m0

00m

;

f

f

f

;

q

q

q

⋯

⋮⋮⋮

⋯

⋯

⋮⋮
Mfq  



















−
−

+−
−+−

−+

=
−−

n

n

n

n1n1n

3322

221

k

k

k

kk

0

0

k

kkkk

kkk

K  



















−
−

+−
−+−

−+

=
−−

n

n

n

n1n1n

3322

221

c

c

c

cc

0

0

c

cccc

ccc

C  

 
In this case M, K, C are real, symmetric, positive definite matrices; M is also diagonal. 
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Example: Shear-Type building with 2 D.O.F. 
 

 
 

      
 
Mass of the column per unit length 
1st order: m/kg625250050.050.0mI =××=  

2nd order: m/kg400250040.040.0mII =××=  
 
Mass of the beams (outside the slab) per each floor 
Main beams:  kg2250250050.760.020.0mtp =×××=  

Secundary beams: kg1500250050.740.020.0mtps =×××=  

Total mass:  kg3900081500122500mt =×+×=  
 
Mass of the slab per each floor 

kg562502500151510.0ms =×××=  
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Structural scheme 
 

 
 









=








=
2

1

2

1

f

f
;

q

q
fq  

 










−
−+

=






=
22

221

2

1

kk

kkk
;

m0

0m
KM  

 
 
Mass at the 1st level 
− columns: (625 × 3 + 400 × 2.25) × 9 =   24975 kg 
− beams:     =   39000  “ 
− slab:     =   56250  “ 
− sottofondo:   0.03 × 15 × 15 × 1700 =   11475  “ 
− pavement : 15 × 15 × 40  =     9000  “ 
− walls : 80 × 15 × 15  =   18000  “ 
− accidental load: 500 × 15 × 15  = 112500  “ 

kg271200m1 =  
 
Mass at the 2nd level 
− columns:  400 × 2.25 × 9  =     8100 kg 
− beams:     =   39000  “ 
− slab:     =   56250  “ 
− sottofondo:    =   11475  “ 
− pavement:     =     9000  “ 
− accidental load: 100 × 15 × 15  =   22500  “ 

kg146325m2 =  
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Inter-storey stiffness 
 

 
 

3

33

N

1
kk

N

1
k

h

EJ12
N

q

f
k

q
h

EJ12
Nq

h

EJ12
ff

==

⇒=






== ∑∑
 

 
N = number of columns = 9 
E = .3 × 1011 N/m2 

433
I m102083.512/5.5.J −×=×=   ; 433

II m101333.212/4.4.J −×=×=  

m65.5hI =   ; m50.4hII =  

m/N109356.0
65.5

102083.5103129
k 8

3

311

1 ×=×××××=
−

 

m/N107585.0
50.4

101333.2103129
k 8

3

311

2 ×=×××××=
−

 

 

m/N
107585.0107585.0

107585.01016941
;kg

1463250

0271200
88

88










××−
×−×=







= KM  
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Example: Shear-Type single-storey building with 3 D.O.F. 
 

 
 

       
 
Mass of the column per unit length: 

m/kg400250040.040.0mp =××=  

 
Mass of the beams (outside the slab): 
Main beams (per unit length): m/kg300250060.020.0mtp =××=  

Secundary beams (per unit length): m/kg250250050.020.0mts =××=  

Total mass:    kg3075015250615300mt =×+××=  
 
Mass of the slab of each floor: kg562502500151510.0ms =×××=  
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Structural scheme 
 

 
O = center of mass 
 

















=
















ϑ
=

ϑo

yo

xo

o

o

o

o

o

m

f

f

;v

u

fq  

 

















=
I00

0m0

00m

M  

 
Mass m 
− columns:  400 × 3 × 9  =   10800 kg 
− beams:     =   30750  “ 
− slab:     =   56250  “ 
− sottofondo:    =   11475  “ 
− pavement:     =     9000  “ 
− accidental load:    =   22500  “ 

kg140775m =  
 
Rotatory mass moment of inertia I 

2
p mkg52790625.8437

225

140775
J

A

m
I =×==  

A = surface area = 15 × 15 = 225 m2 

pJ  = polar moment of inertia = 43
yx m5.843712/15152JJ =××=+  
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Kinematic of the rigid body 
 

 
 

i o o i

i o o i

i o

u u y

v v x

= − ϕ
 = + ϕ
ϑ = ϑ

 

 
Translational stiffness of columns 
 

 
 

⇒==⇒=
33 h

EJ12

q

f
kq

h

EJ12
f  

m/N104258.0
65.5

101333.210312
kkk 7

3

311

yx ×=××××===
−

 

 
It is assumed that the torsional stiffness of columns is negligible. 
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Equilibrium equations with respect to 0 
 

( ) =ϕ−=== ∑∑∑ iooxi

N

1
iixi

N

1
ixi

N

1
ixo yukukff  

 
N N

o i xi o i xi i
1 1

u k k y= − ϕ∑ ∑  

 

( )
N N N

yo i yi i yi i i yi o o i
1 1 1

f f k v k v x= = = + ϕ =∑ ∑ ∑  

 
N N

o i yi o i yi i
1 1

v k k x= + ϕ∑ ∑  

 

( ) ( ) =+−=+−+= ∑∑∑ ϑϑ iiyiiixi

N

1
iiyiixi

N

1
ii

N

1
io xvkyukxfyfmm  

( ) ( )
N N

i xi o o i i i yi o o i i
1 1

k u y y k v x x= − − ϕ + + ϕ =∑ ∑  

2
iyi

N

1
ioyi

N

1
io

2
ixi

N

1
ioixi

N

1
io xkkvykyku ∑∑∑∑ ϕ++ϕ+−=  

 
In matrix form: 
 

( ) �oo
i i

o

N N

i yi i i xi i
1 1

xo oN N

yo i yi i yi i o
1 1

o oN N N
2 2

i xi i i yi i i xi yi
1 1 1

k x 0 k y

f u

f 0 k k x v

m

k y k x k y k x
ϑ

 − 
    
    =    

     ϕ   
 − + 
 

∑ ∑

∑ ∑

∑ ∑ ∑ qf

K

���

���������������������

 

 
In this case: 
 

( ) �oo
i i

o

N

i i
1

xo oN

yo i i o
1

o oN N N
2 2

i i i i i
1 1 1

Nk 0 k y

f u

f 0 Nk k x v

m

k y k x k x y
ϑ

 − 
    
    =    

     ϕ   
 − + 
 

∑

∑

∑ ∑ ∑ qf

K

���

�����������������

 

 

( )7
o

9 0 0

0.4258 10 0 9 -7.5 N , m, rad

0 -7.5 658.23

 
 = × ×
 
  

K  
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N-DEGREES-OF-FREEDOM-SYSTEMS 
 
Damped forced vibrations 
 

( ) ( ) ( ) ( )t t t t+ + =Mq Cq Kq fɺɺ ɺ  

 
Undamped free vibrations 
 

( ) ( ) 0tt =+ qKqM ɺɺ            (1a) 

( ) ( ) oo 0;0 qqqq ɺɺ ==            (1b) 
 
Let us search the solution of Eq. (1) in the class of the functions: 
 

( ) ( )t f t=q ψ               (2) 

 
where ψ  is a vector of n constant components and f is a function of time which is common, unless 
a factor, to all the degrees of freedom. Substituting Eq. (2) into Eq. (1a) it results: 
 

( ) ( )f t f t+ =M K 0ψ ψɺɺ             (3) 

 
This expression can be rewritten as: 
 

( ) ( )
n n

j ij j j ij j
1 1

m f t k f t 0ψ + ψ =∑ ∑ɺɺ   (i = 1, 2, … n)        (4) 

 
Thus: 
 

( )
( )

jij

n

1
j

jij

n

1
j

m

k

tf

tf

ψ

ψ
=−
∑

∑ɺɺ
  (i = 1, 2, … n)          (5) 

 
Since the first member of Eq. (5) is a scalar quantity independent of index i, and the second member 
is independent of time t, then both members are eqaul to a constant λ. Therefore, Eq. (5) reduces to 
a couple of equations: 
 

( ) ( ) 0tftf =λ+ɺɺ              (6) 
 

( ) 0mk jijij

n

1
j =ψλ−∑   (i = 1, 2, … n)         (7) 

 
From Eq. (7) it results: 
 

( )− λ =K M 0ψ              (8) 
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which represents a system of n linear homogeneous equations in the n unknowns iψ  (i = 1, 2, … n). 
Obviously, it involves the trivial solution 0=ψ . 
In order to obtain non-trivial solutions, 0≠ψ , it is necessary that the determinant of the matrix of 
the coefficients is null: 
 

( )D det 0= − λ =K M             (9) 

 
This leads to an algebraic equation of order n in λ, called characteristic equation, from which n 
roots may be obtained, called characteristic values or eigenvalues ( )n21 ...,, λλλ=λ . 
 
Since K and M are real and symmetric matrices, then the eigenvalues n21 ...,, λλλ  are real. Let us 

assume n21 ... λλλ <<< . 
M is also positive definite. If also K is positive definite, then the eigenvalues are not only real but 
also positive: n21 ...0 λλλ< <<< . 
If K is semi-positive definite, then the eigenvalues are not negative (thus null eigenvalues may 
exist). 
 
For each eigenvalue, the system (8) involves a non-trivial solution called characteristic vector or 
eigenvector ( )n21 ...,, ψψψψ = . Each eigenvector is defined unless an arbitrary factor. 
The eigenvectors are linearly independent (for any K, M matrices if the eigenvalues are distinct; 
can be transformed as such when eigenvalues are multiple and K, M are real, symmetric matrices). 
Thus, they constitute a basis in the space of the Lagrangian coordinates. The eigenvectors of real 
and symmetric matrices are real. 
 
Let us consider the k-th eigenvalue kλ  and the corresponding eigenvector kψ . From Eq. (8): 
 

k k

Τ Τ

k k k k k k= λ ⇒ = λK M K Mψ ψ ψ ψ ψ ψ         (10) 

 
Let us define as k-th modal mass and k-th modal stiffness the quantities: 
 

k k

Τ Τ

k k k km ; k= =M Kψ ψ ψ ψ          (11) 

 
From Eq. (10) it results: 
 

k

k
k

m

k=λ             (12) 

 
Since M is positive definite, then 0mk > . If K is positive definite, then 0kk > . 
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Distinct eigenvalues 
In structural engineering, usually, all eigenvalues are distinct, i.e. ji λ≠λ  for i j∀ ≠ . From Eq. (8): 

 

i i i j j j;= λ = λK M K Mψ ψ ψ ψ          (13) 

 

Pre-multiplying Eq. (13a) by T
jψ  and Eq. (13b) by T

iψ : 

 

j j j j

T T T T
i i i j j j;= λ = λ ⇒K M K Mψ ψ ψ ψ ψ ψ ψ ψ  

( ) ( )j j

T T
T T

j j j= λ ⇒K Mψ ψ ψ ψ  

j j

T T
i j i= λK Mψ ψ ψ ψ  

 
Subtracting member to member: 
 

( ) 0i
T
jji =λ−λ ψψ M  

 
from which, since ji λ≠λ : 

 

j

T
i 0=Mψ ψ  ; 

j

T
i 0=Kψ ψ   ( )i j≠  (14) 

 
Thus, the eigenvectors related to distinct eigenvalues are orthogonal with respect to matrices M and 
K. Furthermore, using Eq. (11): 
 

j

T
i i ijm= δMψ ψ  ; 

j

T
i i ijk= δKψ ψ          (15) 

 
Let us define as modal matrix: 
 

[ ]n21 ...ψψψΨ =            (16) 

 
From Eq. (15) it results: 
 

[ ]


















===

n

2

1

k
T

m00

0m0

00m

mdiag

⋯

⋮⋮⋮

⋯

⋯

ΨΨ ML        (17) 

 

[ ]
1

2T
k

n

k 0 0

0 k 0
diag k

0 0 k

 
 
 = = =
 
 
 

N KΨ Ψ

⋯

⋯

⋮ ⋮ ⋮

⋯

       (18) 

 
where L is the matrix of the modal masses and N is the matrix of the modal stiffnesses. Moreover, 
from Eq. (12): 
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[ ] [ ]
1

21
k k k

n

0 0

0 0
diag k / m diag

0 0

−

λ 
 λ
 = = = λ =
 
 λ 

L NΛ

⋯

⋯

⋮ ⋮ ⋮

⋯

     (19) 

 
is the matrix of the eigenvalues. L, N, Λ are diagonal matrices. 
 
Since the eigenvectors are defined unless an arbitrary factor, it is possible to assume 1mk = ; thus, 

due to Eq. (12), kkk λ= . In this case, Eq. (15) becomes: 
 

j j

T T
i ij i i ij;= δ = λ δM Kψ ψ ψ ψ          (20) 

 
and the eigenvectors are said to be orthonormal with respect to M and K. Moreover, due to Eqs. 
(17), (18), (19): 
 
L = I   ;   N = Λ           (21) 
 
where I is the identity matrix. 
 



 5

K positive definite 

In structural engineering, usually, all the eigenvalues are positive. Thus, let us assume 2
kk ω=λ  and 

let us examine Eq. (6). It becomes: 
 

( ) ( ) 0tftf 2
k =ω+ɺɺ            (22) 

 
from which: 
 

( ) ( ) tsinBtcosAtftf kkkkk ω+ω==         (23) 
 
where kA , kB  are real constants. Thus, the eigenvalue kλ  has a fundamental mechanical meaning: 

it is the square of the circular frequency kω . 
Thus, Eq. (1) involves n linearly independent solutions analogous to Eq. (2): 
 

( ) ( ) ( ) ( )tsinBtcosAtftt kkkkkkkk ω+ω=== ψψqq       (24) 
 
The general solution of Eq. (1) is then a linear combination of the n solutions provided by Eq. (24): 
 

( ) ( )tsinBtcosAt kkkkk

n

1
k ω+ω= ∑ ψq         (25) 

 
where the 2n arbitrary constants kA , ( )kB k 1,2,..n=  shall be set based on the initial conditions: 

 

( ) ( )tcosBtsinAt kkkkkk

n

1
k ω+ω−ω= ∑ ψqɺ  

( ) ( ) ⇒==== ∑∑ 0kk

n

1
k0kk

n

1
k B0;A0 qqqq ɺɺ ψψ  

⇒=ω= ∑∑ Τ

0
Τ

kkk

n

1
k

Τ

0
Τ

kk

n

1
k B;A qq ɺψψ  

⇒=ω= ∑∑ i
Τ

0i
Τ

kkk

n

1
ki

Τ

0i
Τ

kk

n

1
k B;A ψψψψψψ MqMMqM ɺ  

⇒=ω= i
Τ

0

im

i
Τ

ikki
Τ

0

im

i
Τ

ii B;A ψψψψψψ MqMMqM ɺ
����������

 

 

0

Τ

i i
i

1
A

m
= q Mψ   ;  

0

Τ

i i
i i

1
B

m
=

ω
q Mψɺ    (i = 1,2 .. n)      (26) 

 
Finally, if the eigenvectors are orthonormal, i.e. 1mi = , if: 
 

0

Τ

i iA =q Mψ   ;  
0

Τ

i i
i

1
B =

ω
q Mψɺ    (i = 1,2 .. n)       (27) 

 
The physical meaning of the eigenvector can be explained assuming: 
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0qq == 0j0 ; ɺψ            (28) 

 
i.e. deformating the structure in accordance with its j-th eigenvector and leaving its free to oscillate. 
Substituting Eq. (28) into Eq. (26) it results: 
 

0B;A iiji
Τ

Ji =δ== ψψ M          (29) 

 
Thus, substituting Eq. (29) into Eq. (25): 
 

( ) ⇒ωδ= ∑ tcost kkjk

n

1
k ψq  

( ) tcost jj ω= ψq            (30) 

 
It follows that the k-th eigenvector is that special pattern of the initial displacement which causes 
the oscillation of all the DOFs of the structure with the same circular frequency ωk. For this reason 
the eigenvectors represent proper/natural/elementary modes/shapes of vibration. Each eigenvalue is 
the square of a proper/natural/elementary circular frequency of vibration. 
 

                        
1ψ 2ψ 3ψ 4ψ1ψ 2ψ 3ψ 4ψ

 
 
   1ψ   2ψ   3ψ   4ψ  

eigenvalues  1λ   2λ   3λ   4λ  

circular frequencies 1ω   2ω   3ω   4ω  

frequencies  1n   2n   3n   4n  

periods   1T   2T   3T   4T  
 

( )n..,2,1kn/1T;2/n; kkkkk
2
k ==πω=λ=ω  

 
Based upon Eq. (25) any free vibration may be regarded as a linear combination of proper/natural 
oscillations. More generally, since the set of the eigenvectors represents a basis in the space of the 
Lagrangian coordinates, q(t) may be expressed as a linear combinations of the modes kψ : 

 

( ) ( )tpt kk

n

1
k ψ∑=q            (31) 

 
This expression is called principal transformation rule. 
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Example: 2 D.O.F. shear-type building 
 

 
 

271200 0
(kg)

0 146325

 
=  
 

M  

81.6941 0.7585
10 (N / m)

0.7585 0.7585

− 
= × − 

K  

 

( ) ⇒=ω−= 0detD 2MK  
 

=















ω−×








−
−

=
1463250

0271200
10

7585.07585.0

7585.06941.1
detD 28  

=








⋅ω−××−
×−⋅ω−×=

271200107585.0107585.0

107585.0271200106941.1
det

288

828

 

( ) ( ) =×−ω−×ω−×=
282828 107585.0146325107585.0271200106941.1  

⇒=×+ω×−ω×= 0100965.7105359.410968.3 15213410  
 

( )
⇒

⋅×
⋅×⋅×−××

=ω
10

151021313
2

10968.32

100965.710968.34105359.4105359.4 ∓
 

 

⇒=ω=ω 056.956;063.187 2
2

2
1  

s/rad920.30;s/rad677.13 21 =ω=ω  

Hz921.4n;Hz177.2n 21 ==  

s203.0T;s459.0T 21 ==  

 
 
( ) 0MK =ω− k

2
k ψ  

 
k = 1 
 









=






















×ω−××−

×−×ω−×

0

0

146325107585.0107585.0

107585.0271200106941.1

12

11

2
1

88

82
1

8

ψ
ψ

 

639.00104848.0107585.01 11
8

11
8

12 =ψ⇒=×+ψ×−⇒=ψ  
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k = 2 
 









=






















×ω−××−

×−×ω−×

0

0

146325107585.0107585.0

107585.0271200106941.1

22

21

2
2

88

82
2

8

ψ
ψ

 

844.00106404.0107585.01 21
8

21
8

22 =ψ⇒=×+ψ×−⇒=ψ  

[ ] 






 −
=









ψψ
ψψ

==
.1.1

844.0639.0

2212

2111
21 ψψΨ  

 

 
 

=






 −

















−
=

.1.1

844.0639.0

1463250

0271200

.1844.0

.1639.0T ΨΨ M  

⇒






=
3395110

0257062
 

 

257062m 1
Τ

11 == ΨΨ M  

339511m 2
Τ

22 == ΨΨ M  

 
In order to make the eigenvectors orthonormal: 
 









×
×=









= −

−

3

3

1

1
10972.1

10260.1

.1

639.0

m

1Ψ  









×
×−=







−

= −

−

3

3

2

2
10716.1

10448.1

.1

844.0

m

1Ψ  

[ ] IM =⇒×






 −
== − ΨΨψψΨ T3

21 10
716.1972.1

448.1260.1
 








==
056.9560

0063.187T ΛΨΨ M  
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Example: 3 D.O.F. shear type building 
 

 
 

















=
527906200

01407750

00140775

M   ;     
















××−
×−×

×
=

108

88

8

102802.0103193.00

103193.0103832.00

00103832.0

K  

 

















⋅ω−××−
×−⋅ω−×

⋅ω−×
=

5279062102802.0103193.00

103193.0140775103832.00

00140775103832.0

detD
2108

828

28

 

( ) ( )[ ⋅ω−×ω−×= 2828 140775103832.0140775103832.0  

( ) ] ⇒=⋅×⋅−ω−× 0103193.0103193.05279062102802.0 88210  
 

207.2722 =ω  

⇒=×+ω×−ω× 0100635.1109675.5104316.7 17214411  

( )
⇒

⋅×
⋅×⋅×−×±×

=ω
11

171121414
2

104316.72

100635.1104316.74109675.5109675.5
 

005.536

984.2662 =ω  

005.536;207.272;984.266 2
3

2
2

2
1 =ω=ω=ω  

s/rad152.23;s/rad499.16;s/rad340.16 321 =ω=ω=ω  

Hz685.3n;Hz626.2n;Hz601.2n 321 ===  

s271.0T;s381.0T;s385.0T 321 ===  

 

( ) 0MK =ω− k
2
k ψ  

 
k = 1 
 

















=


































⋅ω−××−

×−⋅ω−×

⋅ω−×

0

0

0

5279062102802.0103193.00

103193.0140775103832.00

00140775103832.0

13

12

11

2
1

108

82
1

8

2
1

8

ψ
ψ
ψ

 

0229.00103926.1103193.01;0 1313
9

11
8

1211 =ψ⇒=ψ×+ψ×−⇒== ψψ  
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k = 2 
 

















=


































⋅ω−××−

×−⋅ω−×

⋅ω−×

0

0

0

5279062102802.0103193.00

103193.0140775103832.00

00140775103832.0

23

22

21

2
2

108

82
1

8

2
2

8

ψ
ψ
ψ

 
0;0;1 232221 === ψψψ  

 
k = 3 
 

















=


































⋅ω−××−

×−⋅ω−×

⋅ω−×

0

0

0

5279062102802.0103193.00

103193.0140775103832.00

00140775103832.0

33

32

31

2
3

108

82
3

8

2
3

8

ψ
ψ
ψ

 

1567.1010276.0103193.01;0 3333
88

3231 −=ψ⇒=ψ×−×−⇒== ψψ  

 

[ ]
















−
=

















ψψψ
ψψψ
ψψψ

==
1567.100229.0

101

010

333231

232221

131211

321 ψψψΨ  

 

   
1st mode   2nd mode   3rd mode 

 

















=
















=
720392200

01407750

00143543

m00

0m0

00m

3

2

1
T ΨΨ M  

 

In order to make the eigenvectors orthonormal kkk m/ψψ → : 

 

















×−×
××

×
=

−−

−−

−

45

43

3

10309.40100446

10726.3010639.2

010665.20

.
Ψ  
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N-DEGREES-OF-FREEDOM-SYSTEMS 
 
Undamped forced vibrations 
 
Since the eigenvectors constitute a base in the space of Lagrangian coordinates, the displacement q 
at the time t can be expressed as a linear combination of the modes kψ : 

 

( ) ( )tpt kk

n

1
kψ∑=q              (1) 

 

( ) ( )t t=q pΨ              (2) 

 

where { }n1 2Ψ = ψ ψ ... ψ is the modal matrix and ( ) ( ) ( ) ( ){ }T
n21 tp..tptpt =p  is the vector of the 

principal coordinates. Eqs. (1) and (2) are referred to as the principal transformation law. Based on 
Eqs. (1) and (2) the principal coordinates have the property that, when the system oscillates on the i-
th principal mode, only the principal coordinate ip  varies with time, being null all the others. 

Due to the property that the eigenvectors are linearly independent, Ψ is non singular and the 
principal transformation may be inverted. In particular, pre-multiplying Eq. (2) by ΨTM (and 
assuming 1mk = ): 
 

( ) ( )tt T qMp Ψ=              (3) 
 
Let us consider now the equation of motion: 
 

( ) ( ) ( )ttt fqKqM =+ɺɺ             (4) 
 
and let us apply the principal transformation law: 
 

( ) ( ) ( )ttt fpKpM =+ ΨΨ ɺɺ             (5) 
 
Then, let us pre-multiply by TΨ : 
 

( ) ( ) ( )⇒=+ ttt TTT fpKpM ΨΨΨΨΨ ɺɺ  

( ) ( ) ( )ttt TfpNpL Ψ=+ɺɺ  
 
Finally, let us pre-multiply by 1−L : 
 

( ) ( ) ( )⇒=+ −− ttt T11 fLpNLp Ψɺɺ  

( ) ( ) ( )ttt T1 fLpp ΨΛ −=+ɺɺ             (6) 
 
Eq. (6) represents a set un uncoupled equations: 
 

( ) ( ) ( ) ( )k ki

n
2 Τ

k k k i i
1k k

1 1
t p t t f t (k 1,2,...n)

m m
+ ω = = ψ =∑p fɺɺ Ψ       (7) 

 



 2

where ( )tΤ

k fΨ  is the k-th modal force. It is the k-th component of the generalised forces in the 

principal system. 
Thus, the undamped forced vibrations of a n-D.O.F. may be studied as the undamped forced 
vibrations of n S.D.O.F.s. The D.O.F. of the k-th oscillator is the k-th principal coordinate. The 
fundamental circular frequency of the k-th oscillator is the k-th principal circular frequency. The 
mass is the k-th modal mass. The external force is the k-th modal force. 
 
As far as concern the initial conditions: 
 

( ) ( ) oo 0;0 qqqq ɺɺ ==  
 
the initial conditions related to the principal coordinates can be found by applying the principal 
transformation law: 
 

( ) 00 qp =Ψ ;  ( ) ⇒= 00 qp ɺɺΨ  

( ) 0
TT 0 qMpM ΨΨΨ =ɺ ; ( ) ⇒= 0

TT 0 qMpM ɺɺ ΨΨΨ  

( ) 0
T10 qMLp Ψ−= ; ( ) ⇒= −

0
T10 qMLp ɺɺ Ψ  

( ) 0kk p0p = ; ( ) 0kk p0p ɺɺ =  (k = 1, … n) 

 
 

f(t) q(t)f(t) q(t)  
( ) 00 =q q  

( ) 00 =q qɺ ɺ  (1) 

( )1p t ⋯( )1
Τ tfΨ ( )1p t ⋯( )1
Τ tfΨ

 

1 1m ,ω  

( )1 10p 0 p=  

( )1 10p 0 p=ɺ ɺ  

( )tΤ

k fΨ ( )kp t ⋯( )tΤ

k fΨ ( )kp t ⋯

 

k km ,ω  

( )k k0p 0 p=  

( )k k0p 0 p=ɺ ɺ  (2) 

( ) ( )
n

k k k
1

q t p t=∑ Ψ  (3) 
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Example: 2-D.O.F. shear-type building 
 

( )1q t

( )2q t

( )I tδ ( )1q t

( )2q t

( )I tδ

 
 
 

( ) ( ) ( )ttt fqKqM =+ɺɺ  
 

( ) ( )
( )

( )






 δ

=








=
0

tI

tf

tf
t

2

1
f  

 
( ) ( )⇒= tt pq Ψ  

 

( ) ( ) ( ) ( )

( ) ( ) ( ) ( )









==δψ==ω+

==δψ==ω+

0pp;tIt
m

1
tptp

0pp;tIt
m

1
tptp

202021
T
2

2
2

2
22

101011
T
1

1
1

2
11

ɺ

ɺɺɺ

f

f

ψ

ψ
 

( ) ( ) ( ) ( ) ( ) ( )

( ) t1sin
1m

1
eth

00h0h;t
m

1
thth2th

2
0

2
0

to

2
00

ξ−ω
ξ−ω

=

⇒==δ=ω+ξω+

ξω−

ɺɺɺɺ

 

( )

( )












ω
ω

ψ
=

ω
ω

ψ
=

tsin
I

tp

tsin
I

tp

2
2

21
2

1
1

11
1

 

 
Using the principal transformation law: 
 

( )
( )

( )
( ) ⇒
















ψψ
ψψ

=








tp

tp

tq

tq

2

1

2212

2111

2

1
 

( )













ω

ω
ψ

+ω
ω
ψ

= tsintsinItq 2
2

2
21

1
1

2
11

1  

( )













ω

ω
ψψ

+ω
ω

ψψ
= tsintsinItq 2

2

2221
1

1

1211
2  
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TIME-DOMAIN ANALYSIS 
 
S.D.O.F. 
 

 
 
n-D.O.F. 
 

 
 
S.D.O.F. 

( ) ( ) ( ) ( ) ( )t

0
q t h t *f t h t f d= = − τ τ τ∫  

h = impulse response function 

n-D.O.F. 

( ) ( ) ( ) ( ) ( )t

0
t t * t t d= = − τ τ τ∫q h f h f  

h = impulse response matrix 
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FREQUENCY-DOMAIN ANALYSIS 
 
S.D.O.F. 
 

 
n-D.O.F. 
 

 
S.D.O.F. 

( ) ( ) ( )Q H Fω = ω ⋅ ω  

H = complex frequency response function 

 

n-D.O.F. 

( ) ( ) ( )ω = ω ⋅ ωQ H F  

H = complex frequency response matrix 
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Damped forced vibrations 
 
Let us consider the equation of motion: 
 

( ) ( ) ( ) ( )tttt fqKqCqM =++ ɺɺɺ            (1) 
 
and let us apply the principal transformation law: 
 

( ) ( )tt pq Ψ=               (2) 
 
It follows: 
 

( ) ( ) ( ) ( )tttt fpKpCpM =++ ΨΨΨ ɺɺɺ  
 
Then, let us pre-multiply by TΨ : 
 

( ) ( ) ( ) ( )⇒=++ tttt TTTT fpKpCpM ΨΨΨΨΨΨΨ ɺɺɺ  

( ) ( ) ( ) ( )tttt TT fpNpCpL ΨΨΨ =++ ɺɺɺ  
 
Finally, let us pre-multiply by 1−L . It follows: 
 

( ) ( ) ( ) ( )⇒=++ −−−− tttt T11T11 fLpNLpCLpLL ΨΨΨ ɺɺɺ  

( ) ( ) ( ) ( )tttt T1 fLppp ΨΛΓ −=++ ɺɺɺ            (3) 
 
where: 
 

ΨΨΓ CL T1−=              (4) 
 

Since ΨΨ CT  is in general not diagonal, then also Γ is in general not diagonal. Thus, Eq. (3) is in 
general a set of coupled differential equations: 
 

( ) ( ) ( ) ( )

( ) ( ) ( )n..,1kp0p;p0p

t
m

1
tptptp

0kk0kk

T
k

k
k

2
kk

n

1
k

===

=ω+γ+∑

ɺɺ

ɺɺɺ ℓℓℓ fψ
         (5) 

 
Obviously, Eq. (5) is a set of decoupled equations for C = 0. 
In other words, if the structural system is damped, the principal transformation generally does not 
decouple the equations of motion. 
 
It is possible to show that, considering an initial perturbation, the motion tends to disappear, due to 

damping, through the contribution of all the vibration modes (not only if jψ ). 
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Decoupling conditions 
 
Let us assume that C is such that Γ is diagonal, i.e. 0k =γ ℓ  for k ≠ ℓ . Thus Eq. (3) is decoupled and 

may be rewritten as: 
 

( ) ( ) ( ) ( )

( ) ( )n..,2,1kpp;p0p

t
m

1
tptptp

0k0k0kk

T
k

k
k

2
kkkkk

===

=ω+γ+

ɺɺ

ɺɺɺ fψ
         (6) 

 
Setting: 
 

kkkk 2 ωξ=γ               (7) 

 
it follows: 
 

( ) ( ) ( ) ( )

( ) ( ) ( )n..,2,1kp0p;p0p

t
m

1
tptp2tp

0k0k0kk

T
k

k
k

2
kkkkk

===

=ω+ωξ+

ɺɺ

ɺɺɺ fψ
         (8) 

 
Thus, if Γ is diagonal, the damped forced vibrations of a n-D.O.F. system may be studied (likewise 
the undamped vibrations) as the forced vibrations on n S.D.O.F., each characterised by a modal 
damping ratio ( )kkkk 2/ ωγ=ξ . 

 
It is possible to show that, in this case, if the system is initially deformed on the j-th oscillation 
mode and left free to vibrate, it retains this shape of vibration on passing the time and all its D.O.F.s 

exhibit a motion with circular frequency jj λ=ω  and damping ( )jjjj 2/ ωγ=ξ . 

 
The systems endowed with such a property are called classically damped. The structures which do 
not satisfy this property are not classically damped. 
 
Analogously, the damping is said to be classic if C is such that Γ is diagonal. The damping is not 
classic if C is such that Γ is not diagonal. 
 
The necessary and sufficient condition which makes Γ not diagonal is (Canghey e O’Kelly, 1965): 
 

( ) 1k1
k

n

1
k a

−−∑= KMMC             (9) 

 
being ak (k = 1, … n) suitable constants. 
In particular, assuming ak = 0 for k > 2, the following sufficient (not necessary) condition results: 
 

KMC 21 aa +=            (10) 

 
A structural system that satisfies Eq. (10) has a Rayleigh damping or a proportional damping. In 
such a case: 
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( ) =+== −− ΨΨΨΨΓ KMLCL 21
T1T1 aa  

=+= −− ΨΨΨΨ KLCL T1
2

T1
1 aa  

⇒+=+= −− Λ21
1

2
1

1 aaaa INLLL  

 

2

a

2

a
aa2 k2

k

1
k

2
k21kkkk

ω
+

ω
=ξ⇒ω+=ωξ=γ  

 

 
 
In reality, the structures do not possess a classical or proportional damping. Nevertheless, being the 
definition of C very uncertain or difficult to evaluate, it is usual to avoid to evaluation of C, writing 
the equations of motion in their decoupled form, giving to kξ  values suggested by experience. 
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Classically damped systems 
 

( ) ( ) ( ) ( )
( ) ( )0 0

t t t t

0 ; 0

+ + =
 = =

Mq Cq Kq f

q q q q

ɺɺ ɺ

ɺ ɺ
           (1) 

 
( ) ( )⇒= tt pq Ψ              (2) 

 

( ) ( ) ( ) ( )

( ) ( ) ( )







===

=ω+ωξ+

n..,1kp0p;p0p

t
m

1
tptp2tp

0k0k0kk

T
k

k
k

2
kkkkk

ɺɺ

ɺɺɺ fψ
         (3) 

 
Time-domain analysis 
 
Assuming for sake of simplicity ( )n..,1k0pp 0k0k === ɺ  and using the Duhamel integral (*): 

 

( ) ( ) ( ) ( )
k

t T
k p k0

p t h t d k 1,..n= − τ τ τ =∫ fψ          (4) 

 

where ( )tT
k fψ  is the k-th modal force and: 

 

( ) ( )n..,1kt1sin
1m

1
eth 2

kk
2
kkk

tkk
kp =ξ−ω

ξ−ω
= ωξ−        (5) 

 
is the k-th modal response impulse function. 
 
(*) In the case of a S.D.O.F.: 

( ) ( ) ( ) ( )

( ) ( ) ( )

2
0 k 0

t

0

1
q t 2 q t q t f t

m

q t h t f d

+ ξω + ω =

= − τ τ τ∫

ɺɺ ɺ

 

( ) t1sin
1m

1
eth 2

00
2

0

t0 ξ−ω
ξ−ω

= ξω−  
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The modal response impulse matrix is a n × n diagonal matrix whose k-th term is the k-th modal 
response impulse function: 
 

( )

( )
( )

( )

















=

th00

0th0

00th

t

np

2p

1p

⋯

⋮⋮⋮

⋯

⋯

ph           (6) 

 
Using Eq. (6) the vector of the principal coordinates has the form: 
 

( ) ( ) ( )t T
k0

t t d= − τ τ τ∫ pp h fψ            (7) 

 
Using the principal transformation law: 
 

( ) ( ) ( )t T

0
t t d= − τ τ τ∫ pq h fψ            (8) 

 
Now, let us remember that, whatever the damping may be: 
 

( ) ( ) ( )t

0
t t d= − τ τ τ∫q h f             (9) 

 
Comparing Eqs. (8) and (9) it results: 
 

( ) ( ) Ttt ψψ phh =            (10) 

 
which provides a simple rule to evaluate the response impulse matrix. Obviously, this expression 
applies if and only if damping is classic. 
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( ) ( ) ( ) ( )
( ) ( )0 0

t t t t

0 ; 0

+ + =
 = =

Mq Cq Kq f

q q q q

ɺɺ ɺ

ɺ ɺ
           (1) 

 
( ) ( )⇒= tt pq Ψ              (2) 

 

( ) ( ) ( ) ( )

( ) ( ) ( )







===

=ω+ωξ+

n..,1kp0p;p0p

t
m

1
tptp2tp

0k0k0kk

T
k

k
k

2
kkkkk

ɺɺ

ɺɺɺ fψ
         (3) 

 
Frequency-domain analysis 
 
Let us apply the Fourier transform of both members of Eq. (3). It results (*): 
 

( ) ( ) ( ) ( )
k

T
k p kP t H k 1, .. n= ω ⋅ ω =Fψ         (11) 

 

where ( )ωFT
kψ  is the Fourier transform of the k-th modal force and: 

 

( ) ( )
k

k

k k

p 22
k

k2

1 1
H k 1, .. n

m
1 2i

ω = =
ω ωω − + ξ
ω ω

       (12) 

 
is the k-th modal complex frequency response function. 
 
(*) In the case of a S.D.O.F.: 

( ) ( ) ( ) ( )
( ) ( ) ( )ωω=ω

=ω+ωξ+

FHQ

tf
m

1
tqtq2tq 2

0k0 ɺɺɺ  

( )
0

0 0

22

2

1 1
H

m
1 2i

ω =
ω ωω − + ξ
ω ω
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The modal complex frequency response matrix is a n × n matrix whose k-th term is the k-th modal 
complex frequency response function: 
 

( )

( )
( )

( )

1

2

n

p

p

p

h 0 0

0 H 0

0 0 H

ω 
 ω ω =
 
 ω  

pH

⋯

⋯

⋮ ⋮ ⋮

⋯

       (13) 

 
 
Using Eq. (13) the Fourier transform of the vector of the principal coordinates has the form: 
 

( ) ( ) ( )ω⋅ω=ω FHP p
TΨ           (14) 

 
Using the principal transformation law: 
 

( ) ( )
( ) ( ) ( )ωω=ω

⇒ω=ω

FHQ

PQ

p
TΨΨ

Ψ
          (15) 

 
Now, let us remember that, whatever the damping may be: 
 

( ) ( ) ( )ωω=ω FHQ            (16) 
 
Comparing Eqs. (15) and (16) it follows: 
 

( ) ( ) TΨΨ ω=ω pHH           (17) 

 
which provides a simple rule to evaluate the complex frequency response matrix. Obviously this 
expression applies if and only if damping is classic. 
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Modal truncation 
 
Let us consider the principal transformation law: 
 

( ) ( ) ( )tptt kk

n

1
kψψ ∑== pq           (18) 

 
where the k-th principal coordinate ( )tpk  is given by the solution of the differential equation: 
 

( ) ( ) ( ) ( )2 T
k k k k k k k

k

1
p t 2 p t p t t (k 1,..n)

m
+ ξ ω + ω = =fɺɺ ɺ ψ       (19) 

 
The modal truncation is a technique that replaces the rigorous Eq. (18) by the approximate equation: 
 

( ) ( )tpt kk

n

1
kψ∑≅q            (20) 

 
being nn < . 
 
Eq. (20) involves two fundamental advantages: 
 
a) it allows to solve a number nn <  of differential equations (19); 
b) it allows to calculate only the first nn <  eigenvalues and eigencetors (very useful applying 

iterative algorithms). 
 
Experience shows that in most cases the choice nn <<  provides excellent approximations. 
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