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General framework:
L a data basis.
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Framework of Machine Learning

General framework:
L a data basis. We search about f : X — ) a good predictor or a good explainer.
@ Supervised Learning: £ = {(x1,¥1),---,(xn,yn)} CX x Y CRY x R

X: input variable, independent variable, explanatory (real o multidimensional), continuous,
categorical, binary, ordinal.

Y': output variable, dependent variable, real o categorical.

> Classification: y € {—1,1} (binary) or y € {1,..., K} (multiclass).
> Regression: y € R.

@ Unsupervised Learning £ = {x1,...,xa} C X CRY

> Clustering
> Density estimation

In all cases, the sample L is a collection of n independent realizations of a multivariate
random variable (X, Y) or X
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Classification and Regression Trees

Figure: Construccién geométrica. Joaquin Torres Garcia (1929)
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Classification and Regression Trees

@ |t is a Machine Learning method.

@ The idea of binary trees consists of recursively dividing the data set until reaching k
terminal nodes (sheets)

@ Explanatory variables can be quantitative or qualitative.

@ At each stage of the algorithm, the best rule that divides the node into two is sought, in the
most homogeneous way possible. This rule is of the type:

Xi < c wvs X;> cifX;is quantitative

Xie A vs X; € AifX;is categorical

@ It is sought in each division to reduce the impurity of the parent node when its two children
nodes appear.

@ A stopping criterion is needed: for example minimum quantity of observations in the leaves
or threshold on the criterion of impurity.
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Classification and Regression Trees
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Classification and Regression Trees

The construction of a tree requires defining:
@ A partition criterion: how to perform binary subdivisions.
@ A stop criterion: to consider when a node is considered terminal and the process is stopped.

@ An assignment criterion: for the assignment of the label to each sheet.

But it is the same principle in classification and in regression (this fact is different for another
method like SVM for example)
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Classification and Regression Trees

A partition of space X is found and we assign a value (regression problem) or a category
(classification problem) at each elements of the partition. This can be written linearly as

q
E(Y|IX =x) =Y gly(x)
i=1
where
= 71 (regression)

¢j = majority class in N; (classification)

Class: piecewise constant functions
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Classification and Regression Trees
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Partition criteria

All observations are in a root node. By means of a criterion of partition (criterion that involves
the characteristics of the observations) this root is divided into two sub-samples, that is, two
child nodes so that the children are more homogeneous in relation to Y that the parent node
(decrease in impurity). And the process is repeated again.

A node is pure or homogeneous if it contains a single class. Otherwise is impure or heterogeneous.

nodo raiz (nodo inicial)
t M

X M cumple la propiedad 17 Cp» SI NO

t M, t3 My
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Partition criteria (classification)
K
An impurity function ¢ : {p = (p1,...,pPx) ERK : p; > 0,3 p; =1} — R must:
i=1
@ be symmetric (that is, if the pj is swapped, the function does not change).
@ have minimums in the canonical basis of R¥.
@ its only maximum is (%, %, o, %)
Example of impurity functions:

Q o(p)=1—|lpllec =1— max {p1,.-.,px} (classification error)

Q ¢(p)=— él px log(pk) (entropy)

K K
Q d(p)=1-3 pp= 3 p(l—px)= 3 prp (Gini Index)
=1 =1 KZK!

Note that:

@ The entropy of a node with a single class is zero, because the probability is one and
log(1) = 0 (log is in base 2). Entropy reaches maximum (log(K)) value when all classes
have the same probability.

@ Gini index of a node with a single class is zero. Gini index reaches maximum (1 — 1/K)
value when all classes have the same probability.

@ Classification error of a node with a single class is zero. Classification error reaches
maximum (1 — 1/K) value when all classes have the same probability.

M.Bourel (IMERL, UdelaR) CART - TAA 2019 April 3, 2019 11 /41



Gini index
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& Chengdu Study 2012

Figure: Gini coefficient map 2009

For a discrete probability distribution with probability mass function p;, i = 1,...n, where p; is
the fraction of the population with income or wealth y; > 0, the Gini coefficient is

1 K< .
c=a ZZ pipjlyi — yj| where = 3" yipi.
2 Jj=1 i=1
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Partition criteria (classification)

For example, assume we have a database with 100 observations: 40 are red, 30 are blue and 30
are green. Based on these data we can compute probability of each class. Since probability is
equal to frequency relative:

0,3

40 30 30
P(red) = — = 0,4 P(blue)= > =0,3 P -0 _
(red) = 70 =4 P(blue) =755 =0.3 Plereen) = 7755

@ the entropy is —0,4 X log(0,4) — 0,3 X log(0,3) — 0,3 x log(0,3) = 1,571
@ the gini index is 1 — (0,42 + 0,32 4 0,3%) = 0,660

@ the classification error is 1 — 0,4 = 0,6
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Partition criteria (classification) Node impurity

If N(t) is the quantity of observations of £ that belong in node t and Ni(t) is the number of

observations in t that have label k (k € {1,..., K}), then the probability that an observation of
t belongs to class k is
N (t)
t) =
Pr(t) N (D)

If ¢ an impurity function, the node’s impurity of t is defined as:
i(t) = ¢(p1(t), p2(t), - -, Pi(t))

For example if =1 — ||p||oco then

; Ni(t) No(t) N (t)
t)=1-— t t),... t)}=1-— .

6) = 1= max {p1(e) pa(t). .. pr(6)) = 1 = max { T S TS
(t) N(t) — Nj=(t)  misclassified int
1 = =

N(t) N(t)
where j* the majority class in t.
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Partition criteria (classification)
The Gini index and the entropy are more sensitive to changes in the probabilities of the nodes
than the classification error (the latter may have many ties).
K
The Gini index > px(1 — px) is a measure of the total variation on the K classes. If all
k=1

probabilities are close to 0 or 1, the Gini index is low (+ purity). Idem for entropy.
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Figure: Hastie et al. (2001)
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Partition criteria (classification)

The impurity variation of node t respect to its two children t; and tg when performing the s e
partitions:
Ai(t,s) = i(t) — pri(te) — pri(tr) > 0

N(tL) N(tgr) .
N (D) i(tL) — N (o) i(tr)

For example, if the impurity function is the classification error, then

Ai(t,s) =i(t) —

misclassified in t — misclassified in t; — misclassified in tg
N(t)

We choose then within all possible partitions St of t, on values and characteristic variables, the
one that verifies that

Ai(t,s) =

s*(t) = ArgemaxAl(t ,S)
SESt
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Partition criteria (classification)

by the tree with a pure terminal node (exercise).

The classification error is the same for the two trees but the Gini index and entropy are defined

coce

Figure: Breiman et. al, [1]
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Partition criteria (classification)

The global impurity of the treeT is

I(T) = pv)i(t)
teT R(“t)

where T is the set of leaves of T, p(t) is the probability of belonging to the node t and i(t) is
the impurity of t.

In [1], Breiman et. they prove that maximizing the impurity difference in each node is equivalent
to minimizing the global impurity of the tree.
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Partition criteria (regression)

In regression, deviance in the node is used to measure heterogeneity of a node

R(t) = Z(Y Y(1))?
X et
where Y(t) = #t ZetY
Observe that R(t) = XEQ(Y Y(t)? = %# X-Eet(Yi —Y(t))? = p(t)var(t)
We choose then within all possible partitions St of t, on values and characteristic variables, the
one that verifies that minimizae the internal variance after the split

s*(t) = ArgergaxA R(t,s)
S

where
AR(t,s) = R(t) — R(t.) — R(tr) > 0
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Stop criterion

If i is the classification error i(T) = R(T) is the estimation of the classification error and look for
the tree that has smaller global impurity equivalent to the one that has R(T) smaller and this
will be Tmax.

The stop criterion is defined by the user beforehand. It must be chosen so that the tree is not
too large on the one hand and does not conform too much to the sample from which the tree
develops. There are two main criteria:

© Choose a threshold from which we decide that a node is pure, that is, a 8 such that if
i(t) > B we continue with the partition of t an if i(t) < B we stop partition in t.

If 3 is very small, this increases the complexity of the tree since the number of leaves can be
close to N (the size of the sample) and we lose in generalization (one sheet for each
observation).

@ Decide that a node does not divide more if it contains less than m observations.
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Classification and Regression Trees
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Classification and Regression Trees
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Assignment criteria

In a terminal node:

@ For classification:
The class that is most represented in each terminal node is chosen (simple majority vote. If
the maximum is reached for two or more classes, this class is assigned randomly.

@ For regression:
The average of the values of the dependent variable in the leaf
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Surrogate Splits

A surrogate split partitions the data in a way that is as close as possible to the primary split (the
variable whose makes the best partition). Generally, these surrogates have two major purposes:

@ enable flexibility in terms of missing data,
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Surrogate Splits

A surrogate split partitions the data in a way that is as close as possible to the primary split (the
variable whose makes the best partition). Generally, these surrogates have two major purposes:

@ enable flexibility in terms of missing data,

In the case of missing data, any observation that is missing in the split variable can be
classified using the first surrogate variable, if available, and if not available, the second
surrogate, and so forth.

@ reveal aspects of variable importance in the data.
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Surrogate Splits

A surrogate split partitions the data in a way that is as close as possible to the primary split (the
variable whose makes the best partition). Generally, these surrogates have two major purposes:
@ enable flexibility in terms of missing data,
In the case of missing data, any observation that is missing in the split variable can be

classified using the first surrogate variable, if available, and if not available, the second
surrogate, and so forth.

@ reveal aspects of variable importance in the data.

Surrogate variables also play a role in variable importance. In addition to the structural
interpretation of the tree itself, the relative importance of each variable is often assessed
using a variable importance measure. The calculation of variable importance in the rpart
package is performed over surrogate splits: it is the sum of the goodness of split measures
for each split for which the variable was in the role splitting in the tree, and the fit for all
splits in which it was a surrogate. These importance measures are scaled to sum to 100 and
then rounded. Variables that are considered negligible are omitted. From this point of view,
a variable that does not necessarily enter the tree, may be considered important based on its
variable importance measure - driven by surrogate splits.

https://cran.r-project.org/web/packages/rpart/vignettes/longintro.pdf
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Surrogate Splits

Variable importance
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9 Pruning algorithm
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Pruning algorithm

Let t a node of T and we call branch coming form t to the subtree T; of T that have t. The
pruning of branch T; consists in suppressing all the descendant nodes of t (except t). The tree
obtained is noted by T — T:. If T’ is obtained from T by successive pruning of branches, we say
that T’ is a subtree of T and we note

T <T

=R
arbol T rama T} arbol podado T — T
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Pruning algorithm

So let's take into account, in addition to the classification error of T, its complexity measured by
| T| (the number of sheets). It is a trade off of combining good classification and simplicity of the
classifier.

Let & > 0. The cost-complexity measure of parameter o associated with tree T is:

Co(T)=R(T)+a|T| (function of @)

ordenada pendiente
C,(T)= R(T) +a |T

R(T)

where R(T) is the classification error and T the complexity of T (number of leaves).

Big values of « will penalize trees with many leaves, while small values of a will give little
importance to the size. In the case that a = 0 we are left with the maximal tree that minimizes
the error. As we increase the value of « the size will be penalized, and then we get trees that are
getting smaller and smaller but with a big error.
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Pruning algorithm

In regression the cost-complexity measure is
17 )
M) =D (vi—9) +alT]
t=1 x;€t

(the first sum is over the leaves of T).

We return to the sequence of trees built together with their respective cost-complexity levels:
Ti>T>--->{ti} =Tk
0= <ax < - <ag

T1 is more complex but has the less error and {t1} = Tk is more simple but have a big error.

iHow we choose the best of these subtrees with respect to our cost-complexity criterion?
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Pruning algorithm

With a Test sample (large sample)

If the sample is sufficiently large, we choose the pruned tree dividing in two parts the sample: £;
to train and L to test (£ = £1 U L2).
More precisely, with £1 we construct the sequence of tree and for all of them we compute

R(Ty) = #obs. misclas:;:izd from Ly by Ty Vk=1. K
2

We select Ty, of the original sequence such that
Ty, = ArgminR(Ty)
Tk
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Pruning algorithm

Doing Cross validation (with few data).

@ Original sample M = M; UMjU---U My is divided randomly in V parts.
Define M(=Y) = M\ M, partodov=1,...,V
)

@ For all M(=") we construct the associated maximal tree T,g;xv .

@ From tree T,g,;xv), forall k=0,1,2,...,K —1 let By = \/ax,y1 and construct the

sequence of trees T,S_v) where T,E_V) < Tr(n;f) and T,E_V) is the best tree with
cost-complexity parameter S.

MY M(—v)
e MM e e [MiTMa T T T M

& Y

T(=1) T(=2)

max

max

]:l—l)
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Pruning algorithm

@ Compute the classification error de T/E_V) over M,

#misclassified of M, by T/£7V)
#M,

and the classification error of the crossvalidation for all k =1,...,K:

1 4
R(T) = 4, Z_:l R(T()

@ We select from the original sequence tree Ty, such that

Ty, = ArgminR¥(Ty)
Tk

R(TCY) =
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Pruning algorithm
Scheme of the crossvalidation procedure:

./Ml 1) ‘M —v)
aEl M o[ Me] - - [T
< o
Ty’ T

R*(T1)

R (13)

R’ (157") R““(1%)
& (T5Y) » R (1) )mm-p R(1)

We select, of the original sequence

Ty, = ArgminR"(Ty)
Tk

(is the tree that on average presents the smallest error. Actually we select the best value of Bko that determines the “best” tree of the original sequence)
m] [ = = =

i
<
N
yel
.
¢
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Pruning algorithm

By the 1-SE rule

The above procedure can be unstable in the sense that they can depend on how the initial
participation is carried out both in the case of a test sample and cross-validation.
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Pruning algorithm

By the 1-SE rule

The above procedure can be unstable in the sense that they can depend on how the initial
participation is carried out both in the case of a test sample and cross-validation.

Breiman et al., (1984) suggest, instead of keeping the tree that minimizes the error according to
the presented estimators, to retain the simplest tree whose error is less than the error of the tree
with minimum error + its standard error (SE). The goal is to choose the most simple tree among
all those who have a similar error.
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1-SE rule

& card(Ax) R™(Ax)+SE R™Ux) a
: 7 3 0.704+0.060 0.145 0.000
8 16 0.639+0.058 0.244 0.008
9 14 0.635£0.058 0.276 0.008
12 0.632+0.058 0.310 0.008
11 0.603 +0.057 0.332 0.011
8 0.634£0.058 0.430 0.016
7 0.668+0.039 0.464 0.017
5 0.687£0.059 0.540 0.019
15 3 0.700+£0.058 0.619 0.020
16 z 0.720+0.048 0.696 0.033
17 - § 1.000£0.000 1.000 0.152

Arbol 11: menor error por validacién cruzada

Arbol 12: arbol mas chico cuyo R,. <R, (arbol 11) + SE (arbol 11) = 0.660

Errors are normalized such that root node

has error 1.

Webb & Yohannes. 1999
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1-SE rule

K card(Ax) R™(Ax)ESE R™Ux) a
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Arbol 11: menor error por validacién cruzada

Arbol 12: arbol mas chico cuyo R, <R, (4rbol 11) + SE (arbol 11) = 0.660

Errors are normalized such that root node

has error 1.
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In the table of the figure, a sequence of sub-
trees is shown with their respective complex-
ity values, errors R y R and complexity
parameter on real data. In this case, Ty
would be the tree chosen by the criterion
of least cost-complexity, if we use the cross-
validation estimator. Of all the trees that
satisfy that their RY¢ errors are less than
0,603 + 0,057 = 0,66, we kept with the
most simple, T2, with 8 leaves.

Webb & Yohannes. 1999
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1-SE rule

K card(Ax) R™(4x):SE R™(Ax)

a

1 2 0.704£0.060 0.145
8 16 0.630+0.058 0.244
9 14 0.635+£0.058 0.276
12 0.632+0.058 0.310
11 0.603+£0.057 0.332
8 0.634£0.058 0.430
7 0.668 £0.059  0.464
14 5 0.687£0.059  0.540
15 3 0.700£0.058 0.619
16 2 0.720+0.048  0.696
17 1 1.000 £0.000  1.000

Arbol 11: menor error por validacién cruzada

0.000
0.008
0.008
0.008
0.011
0.016
0.017
0.019
0.020
0.038
0.152

In the table of the figure, a sequence of sub-
trees is shown with their respective complex-
ity values, errors R y R"™ and complexity
parameter on real data. In this case, Ti3
would be the tree chosen by the criterion
of least cost-complexity, if we use the cross-
validation estimator. Of all the trees that
satisfy that their RY¢ errors are less than
0,603 + 0,057 = 0,66, we kept with the
most simple, T2, with 8 leaves.

Arbol 12: arbol mas chico cuyo R, <R, (4rbol 11) + SE (arbol 11) = 0.660

has error 1.

Webb & Yohannes. 1999
Errors are normalized such that root node

Observe that the classification error decreases as the complexity grows, the choice of the subtree
by this criterion (R™*) will lead us to choose the maximal tree Ty, which is inconvenient as we
said before, for being a model complex and over-adjusted to the training sample.
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Adjustment measure of a tree

A global measure of adjustment is to look at the global deviance D. Deviance measures the
difference in the fit between the model candidate and the saturated model (in the case of trees,
the one with as many leaves as observations).

D=-2 Z Z Ny log pek (for classification)
teT k
or
D= Z(l — Z p2.) (classification -this one is used by rpart-)
teT k

where ny and Py are, respectively, the amount and proportion of observations of class k on the
leaf t.
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A global measure of adjustment is to look at the global deviance D. Deviance measures the
difference in the fit between the model candidate and the saturated model (in the case of trees,
the one with as many leaves as observations).

D=-2 Z Z Ny log pek (for classification)
teT k
or
D= Z(l — Z p2.) (classification -this one is used by rpart-)
teT k
where ny and Py are, respectively, the amount and proportion of observations of class k on the

leaf t.
D= Z Z(y,— —¥,)? (for regression)
te T Xi€t
If the value of D is small, this indicates a good fit of the model to the training data.

The average residual return (residual mean deviance) and pseudo-R? are defined as

D _ and R2 _ Droot node — D
N— ‘TI Droot node
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Final considerations

In [1] the consistency of CART is proved: if the number of observations is increased, the
classification error of the model converges to the classification error.

CART is easy to interpret.
CART serves both for classification and for regression.
CART performs well with missing data (surrogate variables).

CART is an algorithm of the greedy type: it uses the best partition at every moment and
therefore can leave aside variables that can be important in explaining variability of the data
because they are highly correlated with variables that were used.

CART is unstable: aggregation methods to stabilize it (Bagging, Boosting, Random Forest).
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CART instability

Petal.Length < 2.45

Petal. Width < 0.8

setosa setosa

Petal.Length < Re38l.Length < 4.95 .Width < 1.38epal.Length < 5.95

Sepal.Length < 5.1
virginiodrginiodrginica versicolor

virginiodrginica

versicolersicolor virginigarsicolor
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CART vs LM

o
' ' ' ' ' '
2 - o 1 2 -2 - ° 1 2
X X
FIGURE 8.7. Top Row: A two-di I classificati I

in which
the true decision boundary is linear, and is mdtcated by the shaded regions.
A el 7

pp h that a linear b v (left) will outperform a de-
cision tree that performs splits parallel to the axes (right). Bottom Row: Here the
true decision boundary is non-linear. Here a linear model is unable to capture

the true decision b v (left), wh ad ful (right).

tree is

[m] = =
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