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What is this lecture about?

I Statistial graph models are used for a variety of reasons:

1) Mechanisms explaining properties observed on real-world networks
Ex: small-world effects, power-law degree distributions

2) Testing for ‘significance’ of a characteristic η(G ) in a network graph
Ex: is the observed average degree unusual or anomalous?

3) Assessment of factors potentially predictive of relational ties
Ex: are there reciprocity or transitivity effects in play?

I Focus today on construction and use of models for network data
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Modeling network graphs

I Def: A model for a network graph is a collection

{Pθ(G ),G ∈ G : θ ∈ Θ}

I G is an ensemble of possible graphs
I Pθ(·) is a probability distribution on G (often write P (·))
I Parameters θ ranging over values in parameter space Θ

I Richness of models derives from how we specify Pθ(·)
⇒ Methods range from the simple to the complex
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Model specification

1) Let P(·) be uniform on G, add structural constraints to G
Ex: Erdös-Renyi random graphs, generalized random graph models

2) Induce P(·) via application of simple generative mechanisms
Ex: small world, preferential attachment, copying models

3) Model structural features and their effect on G ’s topology
Ex: exponential random graph models

4) Model propensity towards establishing links via latent variables
Ex: stochastic block models, graphons, random dot product graphs

I Computational cost of associated inference algorithms relevant
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Roadmap

Random graph models

Small-world models

Network-growth models

Exponential random graph models

Latent network models

Random dot product graphs
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Classical random graph models

I Assign equal probability on all undirected graphs of given order and size
I Specify collection GNv ,Ne of graphs G(V, E) with |V| = Nv , |E| = Ne

I Assign P (G) =
(
N
Ne

)−1
to each G ∈ GNv ,Ne , where N = |V(2)| =

(
Nv
2

)
I Most common variant is the Erdös-Renyi random graph model Gn,p

⇒ Undirected graph on Nv = n vertices
⇒ Edge (u, v) present w.p. p, independent of other edges

I Simulation: simply draw N =
(
Nv

2

)
≈ N2

v /2 i.i.d. Ber(p) RVs
I Inefficient when p ∼ N−1

v ⇒ sparse graph, most draws are 0
I Skip non-edges drawing Geo(p) i.i.d. RVs, runs in O(Nv + Ne) time

Machine Learning on Graphs Network Modeling 6



Properties of Gn,p

I Gn,p is well-studied and tractable. Noteworthy properties:

P1) Degree distribution P (d) is binomial with parameters (n − 1, p)
I Large graphs have concentrated P (d) with exponentially-decaying tails

P2) Phase transition on the emergence of a giant component
I If np > 1, Gn,p has a giant component of size O(n) w.h.p.
I If np < 1, Gn,p has components of size only O(log n) w.h.p.

np>1 np<1 

P3) Small clustering coefficient O(n−1) and short diameter O(log n) w.h.p.
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Generalized random graph models

I Recipe for generalization of Erdös-Renyi models
⇒ Specify G of fixed order Nv , possessing a desired characteristic
⇒ Assign equal probability to each graph G ∈ G

I Configuration model: fixed degree sequence {d(1), . . . , d(Nv )}
I Size fixed under this model, since Ne = d̄Nv/2 ⇒ G ⊂ GNv ,Ne

I Equivalent to specifying model via conditional distribution on GNv ,Ne

I Configuration models useful as reference, i.e., ‘null’ models
Ex: compare observed G with G ′ ∈ G having power law P (d)
Ex: expected group-wise edge counts in modularity measure
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Results on the configuration model

P1) Phase transition on the emergence of a giant component
I Condition depends on first two moments of given P (d)
I Giant component has size O(Nv ) as in GNv ,p

M. Molloy and B. Reed, “A critical point for random graphs with a given
degree sequence,” Random Struct. and Alg., vol. 6, pp. 161-180, 1995

P2) Clustering coefficient vanishes slower than in GNv ,p

M. Newman et al, “Random graphs with arbitrary degree distrbutions
and their applications”, Physical Rev. E, vol. 64, p. 26,118, 2001

P3) Special case of given power-law degree distribution P (d) ∼ Cd−α

I For α ∈ (2, 3), short diameter O(logNv ) as in GNv ,p

F. Chung and L. Lu, “The average distances in random graphs with
given expected degrees,” PNAS, vol. 99, pp. 15,879-15,882, 2002
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Simulating generalized random graphs

I Matching algorithm
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Task 1: Model-based estimation in network graphs

I Consider a sample G∗ of a population graph G (V, E)

⇒ Suppose a given characteristic η(G ) is of interest
⇒ Q: Useful estimate η̂ = η̂(G∗) of η(G )?

I Statistical inference in sampling theory via design-based methods
⇒ Only source of randomness is due to the sampling design

I Augment this perspective to include a model-based component
I Assume G drawn uniformly from the collection G, prior to sampling

I Inference on η(G ) should incorporate both randomness due to
⇒ Selection of G from G and sampling G∗ from G
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Directly modeling η(G )

I So far considered modeling G for model-based estimation of η(G )

⇒ Alternatively, one may specify a model for η(G ) directly

Example

I Estimate the power-law exponent η(G ) = α from degree counts

I A power law implies the linear model log P (d) = C − α log d + ε

⇒ Could use a model-based estimator such as least squares

I Better form the MLE for the model f (d ;α) = α−1
dmin

(
d

dmin

)−α

Hill estimator ⇒ α̂ = 1 +

[
1
Nv

Nv∑
i=1

log
(

di
dmin

)]−1
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Task 2: Assessing significance in network graphs

I Consider a graph G obs derived from observations

I Q: Is a structural characteristic η(G obs) significant, i.e., unusual?
⇒ Assessing significance requires a frame of reference, or null model
⇒ Random graph models often used in setting up such comparisons

I Define collection G, and compare η(G obs) with values {η(G ) : G ∈ G}
⇒ Formally, construct the reference distribution

Pη,G(t) =
|{G ∈ G : η(G ) ≤ t}|

|G|

I If η(G obs) found to be sufficiently unlikely under Pη,G(t)

⇒ Evidence against the null H0: G obs is a uniform draw from G
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Example: Zachary’s karate club

I Zachary’s karate club has clustering coefficient cl(G obs) = 0.2257
⇒ Random graph models to assess whether the value is unusual

I Construct two ‘comparable’ abstract frames of reference
1) Collection G1 of random graphs with same Nv = 34 and Ne = 78
2) Add the constraint that G2 has the same degree distribution as G obs

I |G1| ≈ 8.4× 1096 and |G2| much smaller, but still large
⇒ Enumerating G1 intractable to obtain Pη,G1(t) exactly

I Instead use simulations to approximate both distributions
⇒ Draw 10,000 uniform samples G from each G1 and G2

⇒ Calculate η(G ) = cl(G ) for each sample, plot histograms
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Example: Zachary’s karate club (cont.)

I Plot histograms to approximate the distributions
1
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Fig. 6.1 Histograms of clustering coefficients clT (G) for random graphs of order Nv = 34, gen-
erated uniformly from those with the same number of edges Ne (top, in red) and the same degree
distribution (bottom, in blue) as in the karate club network.

Copyright 2009 Springer Science+Business Media, LLC. These figures may be used for noncom-
mercial purposes as long as the source is cited: Kolaczyk, Eric D. Statistical Analysis of Network
Data: Methods and Models (2009) Springer Science+Business Media LLC.
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Same order and size Same degree distribution 

I Unlikely to see a value cl(G obs) = 0.2257 under both graph models
Ex: only 3 out of 10,000 samples from G1 had cl(G ) > 0.2257

I Strong evidence to reject G obs obtained as sample from G1 or G2
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Task 3: Detecting network motifs

I Related use of random graph models is for detecting network motifs
⇒ Find the simple ‘building blocks’ of a large complex network

I Def: Network motifs are small subgraphs occurring far more frequently in
a given network than in comparable random graphs

I Ex: there are L3 = 13 different connected 3-vertex subdigraphs

I Let Ni be the count in G of the i-th type k-vertex subgraph, i = 1, . . . , Lk
⇒ Each value Ni can be compared to a suitable reference PNi ,G

⇒ Subgraphs for which Ni is extreme are declared as network motifs
Machine Learning on Graphs Network Modeling 16



Example: AIDS blog network

I AIDS blog network G obs with Nv = 146 bloggers and Ne = 183 links
⇒ Examined evidence for motifs of size k = 3 and 4 vertices

4

Fig. 1.4 AIDS Blog Network

2

Fig. 6.2 Three-vertex motif discovered for the AIDS blog network.

3

Fig. 6.3 Four-vertex motifs discovered for the AIDS blog network.

3-vertex motif 

4-vertex motifs 

I Simulated 10,000 digraphs using a switching algorithm
⇒ Fixed in- and out-degree sequences, mutual edges as in G obs

⇒ Constructed approximate reference distributions PNi ,G(t)

I Ex: two bloggers with a mutual edge and a common ‘authority’
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Roadmap

Random graph models

Small-world models

Network-growth models

Exponential random graph models

Latent network models

Random dot product graphs
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Models for real-world networks

I Noteworthy innovation in ‘modern’ graph modeling

 
Traditional random 

 graph models 
 

 
Models mimicking observed 

``real-world’’ properties 
 

Transition 
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A “small” world?

I Six degrees of separation popularized by a play [Guare’90]
⇒ Short paths between us and everyone else on the planet
⇒ Term relatively new, the concept has a long history

I Traced back to F. Karinthy in the 1920s
⇒ ‘Shrinking’ modern world due to increased human connectedness
⇒ Challenge: find someone whose distance from you is > 5
⇒ Inspired by G. Marconi’s Nobel prize speech in 1909

I First mathematical treatment [Kochen-Pool’50]
⇒ Formally modeled the mechanics of social networks
⇒ But left ‘degrees of separation’ question unanswered

I Chain of events led to a groundbreaking experiment [Milgram’67]
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Milgram’s experiment

I Q1: What is the typical geodesic distance between two people?
⇒ Experiment on the global friendship (social) network
⇒ Cannot measure in full, so need to probe explicitly

I S. Milgram’s ingenious small-world experiment in 1967
I 296 letters sent to people in Wichita, KS and Omaha, NE
I Letters indicated a (unique) contact person in Boston, MA
I Asked them to forward the letter to the contact, following rules

I Def: friend is someone known on a first-name basis
Rule 1: If contact is a friend then send her the letter; else
Rule 2: Relay to friend most-likely to be a contact’s friend

I Q2: How many letters arrived? How long did they take?
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Milgram’s experimental results

I 64 of 296 letter reached the destination, average path length ¯̀ = 6.2
⇒ Inspiring Guare’s ‘6 degrees of separation’

I Conclusion: short paths connect arbitrary pairs of people

S. Milgram, “The small-world problem,” Psychology Today, vol. 2,
pp. 60-67, 1967
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Moment to reflect

I Milgram demonstrated that short paths are in abundance

I Q: Is the small-world theory reasonable? Sure, e.g., assumes:
I We have 100 friends, each of them has 100 other friends, . . .
I After 5 degrees we get 1010 friends > twice the Earth’s population

Friends 

Friends of friends 

Friends 

Friends of friends 

I Not a realistic model of social networks exhibiting:
⇒ Homophily [Lazarzfeld’54]
⇒ Triadic closure [Rapoport’53]

I Q: How can networks be highly-structured locally and globally small?
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Structure and randomness as extremes

High clustering and diameter Low clustering and diameter 

Gr Gn,p 

I One-dimensional regular lattice Gr on Nv vertices
I Each node is connected to its 2r closest neighbors (r to each side)

Structure yields high clustering and high diameter

cl(Gr ) =
3r − 3
4r − 2

and diam(Gr ) =
Nv

2r

I Other extreme is a GNv ,p random graph with p = O(N−1
v )

Randomness yields low clustering and low diameter

cl(GNv ,p) = O(N−1
v ) and diam(GNv ,p) = O(logNv )
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The Watts-Strogatz model

I Small-world model: blend of structure with little randomness

S1: Start with regular lattice that has desired clustering
S2: Introduce randomness to generate shortcuts in the graph
⇒ Each edge is randomly rewired with (small) probability p

I Rewiring interpolates between the regular and random extremes
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Numerical results

I Simulate Watts-Strogatz model with Nv = 1, 000 and r = 6
I Rewiring probability p varied from 0 (lattice Gr ) to 1 (random GNv ,p)
I Normalized cl(G) and diam(G) to maximum values (p = 0)
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Fig. 6.5 Plot of the clustering coefficient cl(G) (solid) and average geodesic distance l̄ (dashed),
as a function of the rewiring probability p for a Watts-Strogatz small-world model. Results are
averages based on 1,000 simulation trials.

cl(G) 

diam(G) 

Small world 

I Broad range of p ∈ [10−3, 10−1] yields small diam(G ) and high cl(G )
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Closing remarks

I Structural properties of Watts-Strogatz model [Barrat-Weigt’00]
P1: Large Nv analysis of clustering coefficient

cl(G ) ≈ 3r − 3
4r − 2

(1− p3) = cl(Gr )(1− p3)

P2: Degree distribution concentrated around 2r

I Small-world graph models of interest across disciplines

I Particularly relevant to ‘communication’ in a broad sense
⇒ Spread of news, gossip, rumors
⇒ Spread of natural diseases and epidemics
⇒ Search of content in peer-to-peer networks
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Roadmap

Random graph models

Small-world models

Network-growth models

Exponential random graph models

Latent network models

Random dot product graphs
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Time-evolving networks

I Many networks grow or otherwise evolve in time
Ex: Web, scientific citations, Twitter, genome . . .

I General approach to model construction mimicking network growth
I Specify simple mechanisms for network dynamics
I Study emergent structural characteristics as time t →∞

I Q: Do these properties match observed ones in real-world networks?

I Two fundamental and popular classes of growth processes
⇒ Preferential attachment models
⇒ Copying models

I Tenable mechanisms for popularity and gene duplication, respectively
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Popularity as a network phenomenon

I Popularity is a phenomenon characterized by extreme imbalances
I How can we quantify these imbalances? Why do they arise?

I Basic models of network behavior can be very insightful
⇒ Result of coupled decisions, correlated behavior in a population
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Preferential attachment model

I Simple model for the creation of e.g., links among Web pages

I Vertices are created one at a time, denoted 1, . . . ,Nv

I When node j is created, it makes a single arc to i , 1 ≤ i < j

I Creation of (j , i) governed by a probabilistic rule:
I With probability p, j links to i chosen uniformly at random
I With probability 1− p, j links to i with probability ∝ d in

i

I The resulting graph is directed, each vertex has dout
v = 1

I Preferential attachment model leads to “rich-gets-richer” dynamics
⇒ Arcs formed preferentially to (currently) most popular nodes
⇒ Prob. that i increases its popularity ∝ i ’s current popularity
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Preferential attachment yields power laws

Theorem
The preferential attachment model gives rise to a power-law in-degree
distribution with exponent α = 1 + 1

1−p , i.e.,

P
(
d in = d

)
∝ d−(1+ 1

1−p )

I Key: “ j links to i with probability ∝ d in
i ” equivalent to copying, i.e.,

“ j chooses k uniformly at random, and links to i if (k, i) ∈ E ”

I Reflect: Copy other’s decision vs. independent decisions in Gn,p

I As p → 0 ⇒ Copying more frequent ⇒ Smaller α→ 2
I Intuitive: more likely to see extremely popular pages (heavier tail)
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Continuous approximation

I In-degree d in
i (t) of node i at time t ≥ i is a RV. Two facts

F1) Initial condition: d in
i (i) = 0 since node i just created at time t = i

F2) Dynamics of d in
i (t): Probability that new node t + 1 > i links to i is

P ((t + 1, i) ∈ E) = p × 1
t

+ (1− p)× d in
i (t)

t

I Will study a deterministic, continuous approximation to the model
I Continuous time t ∈ [0,Nv ]
I Continuous degrees x in

i (t) : [i ,Nv ] 7→ R+ are deterministic

I Require in-degrees to satisfy the following growth equation

dx ini (t)

dt
=

p

t
+

(1− p)x ini (t)

t
, x ini (i) = 0
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Solving the differential equation

I Solve the first-order differential equation for x ini (t) (let q = 1− p)

dx ini
dt

=
p + qx ini

t

I Divide both sides by p + qx ini (t) and integrate over t∫
1

p + qx ini

dx ini
dt

dt =

∫
1
t
dt

I Solving the integrals, we obtain (c is a constant)

ln (p + qx ini ) = q ln (t) + c
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Solving the differential equation (cont.)

I Exponentiating and letting K = ec we find

ln (p + qx ini (t)) = q ln (t) + c ⇒ x ini (t) =
1
q

(Ktq − p)

I To determine the unknown constant K , use the initial condition

0 = x ini (i) =
1
q

(Kiq − p) ⇒ K =
p

iq

I Hence, the deterministic approximation of d in
i (t) evolves as

x ini (t) =
1
q

( p

iq
× tq − p

)
=

p

q

[( t
i

)q
− 1
]
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Obtaining the degree distribution

I Q: At time t, what fraction F̄ (d) of all nodes have in-degree ≥ d?
Approximation: What fraction of all functions x ini (t) ≥ d by time t?

x ini (t) =
p

q

[( t
i

)q
− 1
]
≥ d

I Can be rewritten in terms of i as

i ≤ t

[(
q

p

)
d + 1

]−1/q

I By time t there are exactly t nodes in the graph, so the fraction is

F̄ (d) =

[(
q

p

)
d + 1

]−1/q

= 1− F (d)
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Identifying the power law

I The degree distribution is given by the PDF p(d)

I Recall that the PDF, CDF and CCDF are related, namely

p(x) =
dF (x)

dx
= −dF̄ (x)

dx

I Differentiating F̄ (d) =
[(

q
p

)
d + 1

]−1/q
yields

p(d) =
1
p

[(
q

p

)
d + 1

]−(1+ 1
q )

I Showed p(d) ∝ d−(1+1/q), a power law with exponent α = 1 + 1
1−p

⇒ Disclaimer: Relied on heuristic arguments
⇒ Rigorous, probabilistic analysis possible
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The Barabási-Albert model

I Barabási-Albert (BA) model is for undirected graphs

I Initial graph GBA(0) of Nv (0) vertices and Ne(0) edges (t = 0)

I For t = 1, 2, . . . current graph GBA(t − 1) grows to GBA(t) by:
I Adding a new vertex u of degree du(t) = m ≥ 1
I The new edges are incident to m different vertices in GBA(t− 1)
I New vertex u is connected to v ∈ V(t − 1) w.p.

P ((u, v) ∈ E(t)) =
dv (t − 1)∑
v ′ dv ′(t − 1)

I Vertices connected to u preferentially towards higher degrees
⇒ GBA(t) has Nv (t) = Nv (0) + t and Ne(t) = Ne(0) + tm

A. Barabási and R. Albert, “Emergence of scaling in random
networks,” Science, vol. 286, pp. 509-512, 1999
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Linearized chord diagram

I BA model ambiguous in how to select m vertices ∝ to their degree
⇒ Joint distribution not specified by marginal on each vertex

I Linearzied chord diagram (LCD) model removes ambiguities

I For m = 1, GLCD(0) consists of a vertex with a self-loop
I For t = 1, 2, . . . graph GLCD(t − 1) grows to GLCD(t) by:

I Adding a new vertex vt with an edge to vs ∈ V(t)
I Vertex vs , 1 ≤ s ≤ t is chosen w.p.

P (s = j) =

{
dvj (t−1)

2t−1 , if 1 ≤ j ≤ t − 1,
1

2t−1 , if j = t

I For m > 1 simply run the above process m times for each t
I Collapse all created vertices into a single one, retaining edges

A. Bollobás et al, “The degree sequence of a scale-free random graph
process,” Random Struct. and Alg., vol. 18, pp. 279-290, 2001
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Properties of the LCD model

P1) The LCD model allows for loops and multi-edges, occurring rarely

P2) GLCD(t) has power-law degree distribution with α = 3, as t →∞

P3) The BA model yields connected graphs if GBA(0) connected
⇒ Not true for the LCD model, but GLCD(t) connected w.h.p.

P4) Small-world behavior

diam(GLCD(t)) =

{
O(logNv (t)), m = 1
O( logNv (t)

log logNv (t)
), m > 1

P5) Unsatisfactory clustering, since small for m > 1

E [cl(GLCD(t))] ≈ m − 1
8

(logNv (t))2

Nv (t)

⇒ Marginally better than O(N−1
v ) in classical random graphs
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Copying models

I Copying is another mechanism of fundamental interest
Ex: gene duplication to re-use information in organism’s evolution

I Different from preferential attachment, but still results in power laws

I Initialize with a graph GC (0) (t = 0)

I For t = 1, 2, . . . current graph GC (t − 1) grows to GC (t) by:
I Adding a new vertex u
I Choosing v ∈ V(t − 1) with uniform probability 1

Nv (t−1)
I Joining vertex u with v ’s neighbors independently w.p. p

I Case p = 1 leads to full duplication of edges from an existing node

F. Chung et al, “Duplication models for biological networks,” Journal
of Computational Biology, vol. 10, pp. 677-687, 2003
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Asymptotic degree distribution

I Degree distribution tends to a power law w.h.p. [Chung et al’03]
⇒ Exponent α is the plotted solution to the equation

p(α− 1) = 1− pα−16

0.2 0.4 0.6 0.8 1.0

1
2

3
4

5
6

p

α

Fig. 6.6 Power-law exponent α , as a function of p, for the copying model of Chung, Lu, Dewey,
and Galas [89], as given by the expression in equation (6.19).I Full duplication does not lead to power-law behavior; but does if

⇒ Partial duplication performed a fraction q ∈ (0, 1) of times
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Fitting network growth models

I Most common practical usage of network growth models is predictive
Goal: compare characteristics of G obs and G (t) from the models

I Little attempt to date to fit network growth models to data
⇒ Expected due to simplicity of such models
⇒ Still useful to estimate e.g., the duplication probability p

I To fit a model ideally would like to observe a sequence {G obs(τ)}tτ=1

⇒ Unfortunately, such dynamic network data is still fairly elusive

I Q: Can we fit a network growth model to a single snap-shot G obs?
I A: Yes, if we leverage the Markovianity of the growth process
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Duplication-attachment models

I Similar to all network growth models described so far, suppose:
As1: A single vertex is added to G(t − 1) to create G(t); and
As2: The manner in which it is added depends only on G(t − 1)

I In other words, we assume {G (t)}∞t=0 is a Markov chain

I Let graph δ(G (t), v) be obtained by deleting v and its edges from G (t)

I Def: vertex v is removable if G (t) can be obtained from δ(G (t), v) via
copying. If G (t) has no removable vertices, we call it irreducible

I The class of duplication-attachment (DA) models satisfies:
(i) The initial graph G(0) is irreducible; and
(ii) Pθ(G(t)

∣∣G(t − 1)) > 0⇔ G(t) obtained by copying a vertex in G(t − 1)

C. Wiuf et al, “A likelihood approach to analysis of network data,” PNAS,
vol. 103, pp. 7566-7570, 2006
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Example: reducible graph

A 

B 

C 

D 

A 

B 

C 

D 

A 

B 

C 

D 

�(G(t), vA) �(G(t), vB)G(t)

I Vertex vA is removable (likewise vc by symmetry)
⇒ Obtain G (t) from δ(G (t, va)) by copying vc

I This implies that G (t) is reducible
⇒ Notice though that vB or vD are not removable
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MLE for DA model parameters

I Suppose that G obs = G (t) represents the observed network graph

I The likelihood for the parameter θ is recursively given by

L (θ;G (t)) =
1
t

∑
v∈RG(t)

Pθ
(
G (t)

∣∣ δ(G (t), v)
)
L (θ; δ(G (t), v))

⇒ RG(t) is the set of all removable nodes in G (t)

I The MLE for θ is thus defined as

θ̂ = argmax
θ
L (θ;G (t))

⇒ Computing L (θ;G (t)) non-trivial, even for modest-size graphs

I Monte Carlo methods to approximate L (θ;G (t)) [Wiuf et al’06]
⇒ Open issues: vector θ, other growth models, scalability
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Roadmap

Random graph models

Small-world models

Network-growth models

Exponential random graph models

Latent network models

Random dot product graphs
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Statistical network graph models

I Good statistical network graph models should be [Robbins-Morris’07]:
⇒ Estimable from and reasonably representative of the data
⇒ Theoretically plausible about the underlying network effects
⇒ Discriminative among competing effects to best explain the data

I Network-based versions of canonical statistical models
⇒ Regression models - Exponential random graph models (ERGMs)
⇒ Latent variable models - Latent network models
⇒ Mixture models - Stochastic block models

I Focus here on ERGMs, also known as p∗ models

G. Robbins et al., “An introduction to exponential random graph (p∗)
models for social networks,” Social Networks, vol. 29, pp. 173-191, 2007
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Exponential family

I Def: discrete random vector Z ∈ Z belongs to an exponential family if

Pθ(Z = z) = exp
{
θ>g(z)− ψ(θ)

}
I θ ∈ Rp is a vector of parameters and g : Z 7→ Rp is a function
I ψ(θ) is a normalization term, ensuring

∑
z∈Z Pθ(z) = 1

I Ex: Bernoulli, binomial, Poisson, geometric distributions

I For continuous exponential families, the pdf has an analogous form
Ex: Gaussian, Pareto, chi-square distributions

I Exponential families share useful algebraic and geometric properties
⇒ Mathematically convenient for inference and simulation
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Exponential random graph model

I Let G (V, E) be a random undirected graph, with Aij := I {(i , j) ∈ E}
I Matrix A = [Aij ] is the random adjacency matrix, a a realization

I An ERGM specifies in exponential family form the distribution of A, i.e.,

Pθ(A = a) =

(
1

κ(θ)

)
exp

{∑
H

θHgH(a)

}
, where

(i) each H is a configuration, meaning a set of possible edges in G ;
(ii) gH(a) is the network statistic corresponding to configuration H

gH(a) =
∏

Aij∈H

Aij = I {H occurs in a}

(iii) θH 6= 0 only if all edges in H are conditionally dependent; and
(iv) κ(θ) is a normalization constant ensuring

∑
a Pθ(a) = 1
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Discussion

I Graph order Nv is fixed and given, only edges are random
⇒ Assumed unweighted, undirected edges. Extensions possible

I ERGMs describe random graphs ‘built-on’ localized patterns
I These configurations are the structural characteristics of interest
I Ex: Are there reciprocity effects? Add mutual arcs as configurations
I Ex: Are there transitivity effects? Consider triangles

I (In)dependence is conditional on all other variables (edges) in G

⇒ Control configurations relevant (i.e., θH 6= 0) to the model

I Well-specified dependence assumptions imply particular model classes
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A general framework for model construction

I In positing an ERGM for a network, one implicitly follows five steps
⇒ Explicit choices connecting hypothesized theory to data analysis

Step 1: Each edge (relational tie) is regarded as a random variable

Step 2: A dependence hypothesis is proposed

Step 3: Dependence hypothesis implies a particular form to the model

Step 4: Simplification of parameters through e.g., homogeneity

Step 5: Estimate and interpret model parameters
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Example: Bernoulli random graphs

I Assume edges present independently of all other edges (e.g., in Gn,p)
⇒ Simplest possible (and unrealistic) dependence assumption

I For each (i , j), we assume ij independent of Auv , for all (u, v) 6= (i , j)

⇒ θH = 0 for all H involving two or more edges

I Edge configurations i.e., gH(a) = Aij relevant, and the ERGM becomes

Pθ(A = a) =

(
1

κ(θ)

)
exp

∑
i,j

θijAij


I Specifies that edge (i , j) present independently, with probability

pij =
exp(θij)

1 + exp(θij)
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Constraints on parameters: homogeneity

I Too many parameters makes estimation infeasible from single a
⇒ Under independence have N2

v parameters {θij}. Reduction?

I Homogeneity across all G , i.e., θij = θ for all (i , j) yields

Pθ(A = a) =

(
1

κ(θ)

)
exp {θL(a)}

I Relevant statistic is the number of edges observed L(a) =
∑

i,j Aij

I ERGM identical to Gn,p, where p =
exp θ

1 + exp θ

Ex: suppose we know a priori that vertices fall in two sets
I Can impose homogeneity on edges within and between sets, i.e.,

Pθ(A = a) =

(
1

κ(θ)

)
exp {θ1L1(a) + θ12L12(a) + θ2L2(a)}
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Example: Markov random graphs

I Markov dependence notion for network graphs [Frank-Strauss’86]
I Assumes two ties are dependent if they share a common node
I Edge status Aij dependent on any other edge involving i or j

Theorem
Under homogeneity, G is a Markov random graph if and only if

Pθ(A = a) =

(
1

κ(θ)

)
exp

{
Nv−1∑
k=1

θkSk(a) + θτT (a)

}
, where

Sk(a) is the number of k-stars, and T (a) the number of triangles

1-star=edge 2-star 3-star Triangle 
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Alternative statistics

I Including many higher-order terms challenges estimation
⇒ High-order star effects often omitted, e.g., θk = 0, k ≥ 4
⇒ But these models tend to fit real data poorly. Dilemma?

I Idea: Impose parametric form θk ∝ (−1)kλ2−k [Snijders et al’06]

I Combine Sk(a), k ≥ 2 into a single alternating k-star statistic, i.e.,

AKSλ(a) =

Nv−1∑
k=2

(−1)k
Sk(a)

λk−2 , λ > 1

I Can show AKSλ(a) ∝ the geometrically-weighted degree count

GWDγ(a) =
Nv−1∑
d=0

e−γdNd(a), γ > 0

⇒ Nd(a) is the number of vertices with degree d
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Incorporating vertex attributes

I Straightforward to incorporate vertex attributes to ERGMs
Ex: gender, seniority in organization, protein function

I Consider a realization x of a random vector X ∈ RNv defined on V

I Specify an exponential family form for the conditional distribution

Pθ(A = a
∣∣X = x)

⇒ Will include additional statistics g(·) of a and x

I Ex: configurations for Markov, binary vertex attributes
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Estimating ERGM parameters

I MLE for the parameter vector θ in an ERGM is

θ̂ = argmax
θ

{
θ>g(a)− ψ(θ)

}
, where ψ(θ) := log κ(θ)

I Optimality condition yields

g(a) = ∇ψ(θ)|θ=θ̂

I Using also that Eθ[g(A)] = ∇ψ(θ), the MLE solves

Eθ̂[g(A)] = g(a)

I Unfortunately ψ(θ) cannot be computed except for small graphs

⇒ Involves a summation over 2(Nv
2 ) values of a for each θ

⇒ Numerical methods needed to obtain approximate values of θ̂
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Proof of E [g(A)] = ∇ψ(θ)

I The pmf of A is Pθ(A = a) = exp
{
θ>g(a)− ψ(θ)

}
, hence

Eθ[g(A)] =
∑

a

g(a)Pθ(A = a)

=
∑

a

g(a) exp
{
θ>g(a)− ψ(θ)

}

I Recall ψ(θ) = log
∑

a exp
{
θ>g(a)

}
and use the chain rule

∇ψ(θ) =

∑
a g(a) exp

{
θ>g(a)

}
∑

a exp
{
θ>g(a)

} =

∑
a g(a) exp

{
θ>g(a)

}
expψ(θ)

=
∑

a

g(a) exp
{
θ>g(a)− ψ(θ)

}
I The red and blue sums are identical ⇒ Eθ[g(A)] = ∇ψ(θ) follows
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Markov chain Monte Carlo MLE

I Idea: for fixed θ0, maximize instead the log-likelihood ratio

r(θ,θ0) = `(θ)− `(θ0) = (θ − θ0)>g(a)− [ψ(θ)− ψ(θ0)]

I Key identity: will show that

exp {ψ(θ)− ψ(θ0)} = Eθ0
[
exp

{
(θ − θ0)>g(A)

}]
I Markov chain Monte Carlo MLE algorithm to search over θ

Step 1: draw samples A1, . . . ,An from the ERGM under θ0

Step 2: approximate the above Eθ0 [·] via sample averaging
Step 3: the logarithm of the result approximates ψ(θ)− ψ(θ0)

Step 4: evaluate an ≈ log-likelihood ratio r(θ,θ0)

I For large n, the maximum value found approximates the MLE θ̂
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Derivation of key identity

I Recall expψ(θ) =
∑

a exp
{
θ>g(a)

}
to write

exp {ψ(θ)− ψ(θ0)} =

∑
a exp

{
θ>g(a)

}
expψ(θ0)

I Multiplying and dividing by exp
{
θ>0 g(a)

}
> 0 yields

exp {ψ(θ)− ψ(θ0)} =
∑

a

exp
{

(θ−θ0)>g(a)
}
×

exp
{
θ>0 g(a)

}
expψ(θ0)

=
∑

a

exp
{

(θ − θ0)>g(a)
}
Pθ0(A = a)

= Eθ0
[
exp

{
(θ − θ0)>g(A)

}]
I Used exp

{
θ>0 g(a)− ψ(θ0)

}
is the exponential family pmf Pθ0(A = a)
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Model goodness-of-fit

I Best fit chosen from a given class of models . . .
may not be a good fit to the data if model class not rich enough

I Assessing goodness-of-fit for ERGMs

Step 1: simulate numerous random graphs from the fitted model
Step 2: compare high-level characteristics with those of G obs

Ex: distributions of degree, centrality, diameter

I If significant differences found in G obs , conclude
⇒ Systematic gap between specified model class and data
⇒ Lack of goodness-of-fit

I Take home: model specification for ERGMs highly nontrivial
⇒ Goodness-of-fit diagnostics can play key facilitating role
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Example: Lawyer collaboration network

I Network G obs of working relationships among lawyers [Lazega’01]
I Nodes are Nv = 36 partners, edges indicate partners worked together
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Fig. 6.7 Visualization of Lazega’s network of collaborative working relationships among lawyers.
Vertices represent partners and are labeled according to their seniority. Vertex shapes (i.e., triangle,
square, or pentagon) indicate three different office locations, while vertex colors correspond to the
type of practice (i.e., litigation (red) or corporate (cyan)). Edges indicate collaboration between
partners. There are three female partners (i.e., those with seniority labels 27, 29, and 34); the rest
are male. Data courtesy of Emmanuel Lazega.

I Data includes various node-level attributes:
I Seniority (node labels indicate rank ordering)
I Office location (triangle, square or pentagon)
I Type of practice, i.e., litigation (red) and corporate (cyan)
I Gender (three partners are female labeled 27, 29 and 34)

I Goal: study cooperation among social actors in an organization
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Modeling lawyer collaborations

I Assess network effects S1(a) = Ne and alternating k-triangles statistic

AKTλ(a) = 3T1(a) +
Nv−2∑
k=2

(−1)k+1Tk(a)

λk−1

⇒ Tk(a) counts sets of k individual triangles sharing a common base

I Test the following set of exogenous effects:

h(1)(xi , xj) = seniorityi + seniorityj , h(2)(xi , xj) = practicei + practicej

h(3)(xi , xj) = I
{
practicei = practicej

}
, h(4)(xi , xj) = I

{
genderi = genderj

}
h(5)(xi , xj) = I {officei = officej}, h(xi , xj) := [h(1)(xi , xj), . . . , h(5)(xi , xj)]T

I Resulting ERGM

Pθ,β(A = a|X = x) =
1

κ(θ,β)
exp

{
θ1S1(a) + θ2AKTλ(a) + βTg(a, x)

}
g(a, x) =

∑
i,j

Aijh(xi , xj)
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Model fitting result

I Fitting results using the MCMC MLE approach

⇒ Standard errors heuristically obtained via asymptotic theory

I Identified factors that may increase odds of cooperation
Ex: same practice, gender and office location double odds

I Strong evidence for transitivity effects since θ̂2 � se(θ̂2)

⇒ Something beyond basic homophily explaining such effects
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Assessing goodness-of-fit

I Assess goodness-of-fit to G obs

I Sample from fitted ERGM

I Compared distributions of
I Degree
I Edge-wise shared partners
I Geodesic distance

I Plots show good fit overall
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Fig. 6.8 Goodness-of-fit plots comparing original Lazega lawyer network and 100 realizations
from the model in (6.43), with the parameters in Table 6.1. Comparisons are made based on the
distribution of degree, edge-wise shared partners, and geodesic distance over the 100 realizations,
represented by box-plots and curves showing 10-th and 90-th quantiles – both in green. Values for
the Lazega network itself are shown with solid blue lines. In the distribution of geodesic distances
between pairs, the rightmost box-plot is separate and corresponds to the proportion of nonreachable
pairs.
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Roadmap

Random graph models

Small-world models

Network-growth models

Exponential random graph models

Latent network models

Random dot product graphs
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Latent network models

I Latent variables widely used to model observed data
Ex: Hidden Markov models, factor analysis

I Basic idea permeated to statistical network analysis. Two types:

I Latent class models: unobserved class membership drives propensity
towards establishing relational ties

I Latent feature models: relational ties more likely to form among
vertices that are ‘closer’ in some latent space

I As of now latent network models come in many flavors. Focus here:
⇒ Stochastic block models (SBMs)
⇒ More general non-parametric analog based on graphons
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Example: French political blogs

I French political blog network from October 2006 [Kolaczyk’17]
⇒ Consists of Nv = 192 blogs linked by Ne = 1431 edges
⇒ Colors indicate blog affiliation to a French political party

I Visual evidence of mixing of smaller subgraphs
⇒ Different rates of connections among blogs (driven by party)
⇒ Erdös-Renyi with fixed p cannot capture this structure
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Stochastic block models

I Stochastic block models explicitly parameterize the notion of
⇒ Groups, modules or communities C1, . . . , CQ
⇒ Connection rates πqr of vertices between/within groups

A generative model for an undirected random graph G (V, E)

I Fix Q. Each vertex i ∈ V independently belongs to Cq w.p. αq

α = [α1, . . . , αQ ]>, 1>α = 1

I For vertices i , j ∈ V, with i ∈ Cq and j ∈ Cr ⇒ (i , j) ∈ E w.p. πqr

P. W. Holland et al., “Stochastic block-models: First steps,” Social
Networks, vol. 5, pp. 109-137, 1983
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Model specification and flexibility

I In other words, with Ziq = I {i ∈ Cq} and Zi = [Zi1, . . . ,ZiQ ]>

Zi
i.i.d.∼ Multinomial(1,α),

Aij

∣∣Zi = zi ,Zj = zj ∼ Bernoulli(πzi ,zj )

for 1 ≤ i , j ≤ Nv , where Aij = Aji and Aii ≡ 0

I Parameters: Q mixing weights αq and Q2 connection probs. πqr

I Mixture of classical random graph models

P (Aij = 1) =
∑

1≤q,r≤Q

αqαrπqr

⇒ More flexible to capture the structure of observed networks
⇒ May face issues of identifiability [Allman et al’11]

I Emergence of giant component, size distribution of groups [Söderberg’03]
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Model specification and flexibility (cont.)

<latexit sha1_base64="hoONO8GB/r2YEyE8NwwRjJOLk7w=">AAAB+HicbVDLSgNBEOyNrxhfUY9eBoPgKewGRY8BLx4TMA9IljA76U2GzOwuM7NCXPIFXvXuTbz6N179EifJHjSxoKGo6qaaChLBtXHdL6ewsbm1vVPcLe3tHxwelY9P2jpOFcMWi0WsugHVKHiELcONwG6ikMpAYCeY3M39ziMqzePowUwT9CUdRTzkjBorNZNBueJW3QXIOvFyUoEcjUH5uz+MWSoxMkxQrXuemxg/o8pwJnBW6qcaE8omdIQ9SyMqUfvZ4tEZubDKkISxshMZslB/X2RUaj2Vgd2U1Iz1qjcX//UCuZJswls/41GSGozYMjhMBTExmbdAhlwhM2JqCWWK298JG1NFmbFdlWwp3moF66Rdq3rXVbd5VanX8nqKcAbncAke3EAd7qEBLWCA8Awv8Oo8OW/Ou/OxXC04+c0p/IHz+QMOUpOO</latexit>p

<latexit sha1_base64="ABmarJ5jxLRcKpeiR6k49NVyLUs=">AAAB+nicbVC7SgNBFL0bXzG+opY2g0GwCrtB0UYI2FgmaB6QLGF2MpsMmZldZmaFsOYTbLW3E1t/xtYvcTbZQhMPXDiccy/ncoKYM21c98sprK1vbG4Vt0s7u3v7B+XDo7aOEkVoi0Q8Ut0Aa8qZpC3DDKfdWFEsAk47weQ28zuPVGkWyQczjakv8EiykBFsrHTfvPEG5YpbdedAq8TLSQVyNAbl7/4wIomg0hCOte55bmz8FCvDCKezUj/RNMZkgke0Z6nEgmo/nb86Q2dWGaIwUnakQXP190WKhdZTEdhNgc1YL3uZ+K8XiKVkE177KZNxYqgki+Aw4chEKOsBDZmixPCpJZgoZn9HZIwVJsa2VbKleMsVrJJ2repdVt3mRaVey+spwgmcwjl4cAV1uIMGtIDACJ7hBV6dJ+fNeXc+FqsFJ785hj9wPn8A1ceT8Q==</latexit>

Q = 1
<latexit sha1_base64="m9pRDC1qXWeyfbku8VESh6VAO7M=">AAAB+nicbVC7SgNBFL0bXzG+opY2g0GwCrsxoo0QsLFM0DwgWcLsZDYZMjO7zMwKYc0n2GpvJ7b+jK1f4iTZQhMPXDiccy/ncoKYM21c98vJra1vbG7ltws7u3v7B8XDo5aOEkVok0Q8Up0Aa8qZpE3DDKedWFEsAk7bwfh25rcfqdIskg9mElNf4KFkISPYWOm+cXPRL5bcsjsHWiVeRkqQod4vfvcGEUkElYZwrHXXc2Pjp1gZRjidFnqJpjEmYzykXUslFlT76fzVKTqzygCFkbIjDZqrvy9SLLSeiMBuCmxGetmbif96gVhKNuG1nzIZJ4ZKsggOE45MhGY9oAFTlBg+sQQTxezviIywwsTYtgq2FG+5glXSqpS9y7LbqJZqlayePJzAKZyDB1dQgzuoQxMIDOEZXuDVeXLenHfnY7Gac7KbY/gD5/MH2O+T8w==</latexit>

Q = 3
<latexit sha1_base64="oGBUCdbwGa1lmmuqjPyG4ZsFtXw=">AAAB+nicbVC7SgNBFL0bXzG+opY2g0GwCrtB0UYI2FgmaB6QLGF2MpsMmZldZmaFsOYTbLW3E1t/xtYvcTbZQhMPXDiccy/ncoKYM21c98sprK1vbG4Vt0s7u3v7B+XDo7aOEkVoi0Q8Ut0Aa8qZpC3DDKfdWFEsAk47weQ28zuPVGkWyQczjakv8EiykBFsrHTfvKkNyhW36s6BVomXkwrkaAzK3/1hRBJBpSEca93z3Nj4KVaGEU5npX6iaYzJBI9oz1KJBdV+On91hs6sMkRhpOxIg+bq74sUC62nIrCbApuxXvYy8V8vEEvJJrz2UybjxFBJFsFhwpGJUNYDGjJFieFTSzBRzP6OyBgrTIxtq2RL8ZYrWCXtWtW7rLrNi0q9ltdThBM4hXPw4ArqcAcNaAGBETzDC7w6T86b8+58LFYLTn5zDH/gfP4A11uT8g==</latexit>

Q = 2

<latexit sha1_base64="bK4+nhn7oU3YYyhVo5EZyU+FSEc=">AAAB/3icbVC7SgNBFL0bXzG+opY2g0GwCruiaBmwsYxgHpAs4e5kNhkyM7vMzAohpPAXbLW3E1s/xdYvcZJsoYkHLhzOuZdzOVEquLG+/+UV1tY3NreK26Wd3b39g/LhUdMkmaasQROR6HaEhgmuWMNyK1g71QxlJFgrGt3O/NYj04Yn6sGOUxZKHCgec4rWSe0uinSIvaBXrvhVfw6ySoKcVCBHvVf+7vYTmkmmLBVoTCfwUxtOUFtOBZuWuplhKdIRDljHUYWSmXAy/3dKzpzSJ3Gi3ShL5urviwlKY8YycpsS7dAsezPxXy+SS8k2vgknXKWZZYouguNMEJuQWRmkzzWjVowdQaq5+53QIWqk1lVWcqUEyxWskuZFNbiq+veXlZqf11OEEziFcwjgGmpwB3VoAAUBz/ACr96T9+a9ex+L1YKX3xzDH3ifPxEAllQ=</latexit>↵1

<latexit sha1_base64="Fhb/61+LDATX6XdJXhuvKk22xJE=">AAAB/3icbVC7SgNBFL3rM8ZX1NJmMAhWYTcoWgZsLCOYByRLuDuZTYbMzC4zs0IIKfwFW+3txNZPsfVLnCRbaOKBC4dz7uVcTpQKbqzvf3lr6xubW9uFneLu3v7BYenouGmSTFPWoIlIdDtCwwRXrGG5FaydaoYyEqwVjW5nfuuRacMT9WDHKQslDhSPOUXrpHYXRTrEXrVXKvsVfw6ySoKclCFHvVf67vYTmkmmLBVoTCfwUxtOUFtOBZsWu5lhKdIRDljHUYWSmXAy/3dKzp3SJ3Gi3ShL5urviwlKY8YycpsS7dAsezPxXy+SS8k2vgknXKWZZYouguNMEJuQWRmkzzWjVowdQaq5+53QIWqk1lVWdKUEyxWskma1ElxV/PvLcs3P6ynAKZzBBQRwDTW4gzo0gIKAZ3iBV+/Je/PevY/F6pqX35zAH3ifPxKUllU=</latexit>↵2<latexit sha1_base64="+Ww6UsYPhrUkq4ddMMTj3ZNW3CE=">AAAB/3icbVC7SgNBFL0bXzG+opY2g0GwCrs+0DJgYxnBxECyhLuT2WTIzOwyMyuEkMJfsNXeTmz9FFu/xEmyhSYeuHA4517O5USp4Mb6/pdXWFldW98obpa2tnd298r7B02TZJqyBk1EolsRGia4Yg3LrWCtVDOUkWAP0fBm6j88Mm14ou7tKGWhxL7iMadondTqoEgH2D3vlit+1Z+BLJMgJxXIUe+Wvzu9hGaSKUsFGtMO/NSGY9SWU8EmpU5mWIp0iH3WdlShZCYcz/6dkBOn9EicaDfKkpn6+2KM0piRjNymRDswi95U/NeL5EKyja/DMVdpZpmi8+A4E8QmZFoG6XHNqBUjR5Bq7n4ndIAaqXWVlVwpwWIFy6R5Vg0uq/7dRaXm5/UU4QiO4RQCuIIa3EIdGkBBwDO8wKv35L15797HfLXg5TeH8Afe5w8UKJZW</latexit>↵3

<latexit sha1_base64="bK4+nhn7oU3YYyhVo5EZyU+FSEc=">AAAB/3icbVC7SgNBFL0bXzG+opY2g0GwCruiaBmwsYxgHpAs4e5kNhkyM7vMzAohpPAXbLW3E1s/xdYvcZJsoYkHLhzOuZdzOVEquLG+/+UV1tY3NreK26Wd3b39g/LhUdMkmaasQROR6HaEhgmuWMNyK1g71QxlJFgrGt3O/NYj04Yn6sGOUxZKHCgec4rWSe0uinSIvaBXrvhVfw6ySoKcVCBHvVf+7vYTmkmmLBVoTCfwUxtOUFtOBZuWuplhKdIRDljHUYWSmXAy/3dKzpzSJ3Gi3ShL5urviwlKY8YycpsS7dAsezPxXy+SS8k2vgknXKWZZYouguNMEJuQWRmkzzWjVowdQaq5+53QIWqk1lVWcqUEyxWskuZFNbiq+veXlZqf11OEEziFcwjgGmpwB3VoAAUBz/ACr96T9+a9ex+L1YKX3xzDH3ifPxEAllQ=</latexit>↵1

<latexit sha1_base64="m0/ZeZMGkpSUPdXw82Ok+ddfvkU=">AAAB/3icbVC7SgNBFL0bXzG+opY2g0GwCruiaBmwsYxgHpAsYXZykwyZmV1mZoWwpPAXbLW3E1s/xdYvcZJsoYkHLhzOuZdzOVEiuLG+/+UV1tY3NreK26Wd3b39g/LhUdPEqWbYYLGIdTuiBgVX2LDcCmwnGqmMBLai8e3Mbz2iNjxWD3aSYCjpUPEBZ9Q6qd1NeC8LgmmvXPGr/hxklQQ5qUCOeq/83e3HLJWoLBPUmE7gJzbMqLacCZyWuqnBhLIxHWLHUUUlmjCb/zslZ07pk0Gs3ShL5urvi4xKYyYycpuS2pFZ9mbiv14kl5Lt4CbMuEpSi4otggepIDYmszJIn2tkVkwcoUxz9zthI6ops66ykislWK5glTQvqsFV1b+/rNT8vJ4inMApnEMA11CDO6hDAxgIeIYXePWevDfv3ftYrBa8/OYY/sD7/AEKYpZQ</latexit>⇡11 <latexit sha1_base64="m0/ZeZMGkpSUPdXw82Ok+ddfvkU=">AAAB/3icbVC7SgNBFL0bXzG+opY2g0GwCruiaBmwsYxgHpAsYXZykwyZmV1mZoWwpPAXbLW3E1s/xdYvcZJsoYkHLhzOuZdzOVEiuLG+/+UV1tY3NreK26Wd3b39g/LhUdPEqWbYYLGIdTuiBgVX2LDcCmwnGqmMBLai8e3Mbz2iNjxWD3aSYCjpUPEBZ9Q6qd1NeC8LgmmvXPGr/hxklQQ5qUCOeq/83e3HLJWoLBPUmE7gJzbMqLacCZyWuqnBhLIxHWLHUUUlmjCb/zslZ07pk0Gs3ShL5urvi4xKYyYycpuS2pFZ9mbiv14kl5Lt4CbMuEpSi4otggepIDYmszJIn2tkVkwcoUxz9zthI6ops66ykislWK5glTQvqsFV1b+/rNT8vJ4inMApnEMA11CDO6hDAxgIeIYXePWevDfv3ftYrBa8/OYY/sD7/AEKYpZQ</latexit>⇡11

<latexit sha1_base64="XTkw8/KFWWrsLmqgGkDbFZ3o55g=">AAAB/3icbVC7SgNBFL3rM8ZX1NJmMAhWYTcoWgZsLCOYByRLmJ3cJENmZpeZWSEsKfwFW+3txNZPsfVLnCRbaOKBC4dz7uVcTpQIbqzvf3lr6xubW9uFneLu3v7BYenouGniVDNssFjEuh1Rg4IrbFhuBbYTjVRGAlvR+Hbmtx5RGx6rBztJMJR0qPiAM2qd1O4mvJdVq9NeqexX/DnIKglyUoYc9V7pu9uPWSpRWSaoMZ3AT2yYUW05EzgtdlODCWVjOsSOo4pKNGE2/3dKzp3SJ4NYu1GWzNXfFxmVxkxk5DYltSOz7M3Ef71ILiXbwU2YcZWkFhVbBA9SQWxMZmWQPtfIrJg4Qpnm7nfCRlRTZl1lRVdKsFzBKmlWK8FVxb+/LNf8vJ4CnMIZXEAA11CDO6hDAxgIeIYXePWevDfv3ftYrK55+c0J/IH3+QMNjZZS</latexit>⇡22

<latexit sha1_base64="XTkw8/KFWWrsLmqgGkDbFZ3o55g=">AAAB/3icbVC7SgNBFL3rM8ZX1NJmMAhWYTcoWgZsLCOYByRLmJ3cJENmZpeZWSEsKfwFW+3txNZPsfVLnCRbaOKBC4dz7uVcTpQIbqzvf3lr6xubW9uFneLu3v7BYenouGniVDNssFjEuh1Rg4IrbFhuBbYTjVRGAlvR+Hbmtx5RGx6rBztJMJR0qPiAM2qd1O4mvJdVq9NeqexX/DnIKglyUoYc9V7pu9uPWSpRWSaoMZ3AT2yYUW05EzgtdlODCWVjOsSOo4pKNGE2/3dKzp3SJ4NYu1GWzNXfFxmVxkxk5DYltSOz7M3Ef71ILiXbwU2YcZWkFhVbBA9SQWxMZmWQPtfIrJg4Qpnm7nfCRlRTZl1lRVdKsFzBKmlWK8FVxb+/LNf8vJ4CnMIZXEAA11CDO6hDAxgIeIYXePWevDfv3ftYrK55+c0J/IH3+QMNjZZS</latexit>⇡22

<latexit sha1_base64="vO+uddMuyvKKQWH3pA4dLHkeetg=">AAAB/3icbVC7SgNBFL0bXzG+opY2g0GwCrNG0TJgYxnBPCBZwuxkNhkyM7vMzAphSeEv2GpvJ7Z+iq1f4iTZQhMPXDiccy/ncsJEcGMx/vIKa+sbm1vF7dLO7t7+QfnwqGXiVFPWpLGIdSckhgmuWNNyK1gn0YzIULB2OL6d+e1Hpg2P1YOdJCyQZKh4xCmxTur0Et7ParVpv1zBVTwHWiV+TiqQo9Evf/cGMU0lU5YKYkzXx4kNMqItp4JNS73UsITQMRmyrqOKSGaCbP7vFJ05ZYCiWLtRFs3V3xcZkcZMZOg2JbEjs+zNxH+9UC4l2+gmyLhKUssUXQRHqUA2RrMy0IBrRq2YOEKo5u53REdEE2pdZSVXir9cwSppXVT9qyq+v6zUcV5PEU7gFM7Bh2uowx00oAkUBDzDC7x6T96b9+59LFYLXn5zDH/gff4AELiWVA==</latexit>⇡33

<latexit sha1_base64="Bvi+Irg6dRnHBfOKmcbTf+Jw2VY=">AAAB/3icbVC7SgNBFL3rM8ZX1NJmMAhWYTcoWgZsLCOYByRLmJ3cJENmZpeZWSEsKfwFW+3txNZPsfVLnCRbaOKBC4dz7uVcTpQIbqzvf3lr6xubW9uFneLu3v7BYenouGniVDNssFjEuh1Rg4IrbFhuBbYTjVRGAlvR+Hbmtx5RGx6rBztJMJR0qPiAM2qd1O4mvJcF1WmvVPYr/hxklQQ5KUOOeq/03e3HLJWoLBPUmE7gJzbMqLacCZwWu6nBhLIxHWLHUUUlmjCb/zsl507pk0Gs3ShL5urvi4xKYyYycpuS2pFZ9mbiv14kl5Lt4CbMuEpSi4otggepIDYmszJIn2tkVkwcoUxz9zthI6ops66yoislWK5glTSrleCq4t9flmt+Xk8BTuEMLiCAa6jBHdShAQwEPMMLvHpP3pv37n0sVte8/OYE/sD7/AEL95ZR</latexit>⇡12 <latexit sha1_base64="Bvi+Irg6dRnHBfOKmcbTf+Jw2VY=">AAAB/3icbVC7SgNBFL3rM8ZX1NJmMAhWYTcoWgZsLCOYByRLmJ3cJENmZpeZWSEsKfwFW+3txNZPsfVLnCRbaOKBC4dz7uVcTpQIbqzvf3lr6xubW9uFneLu3v7BYenouGniVDNssFjEuh1Rg4IrbFhuBbYTjVRGAlvR+Hbmtx5RGx6rBztJMJR0qPiAM2qd1O4mvJcF1WmvVPYr/hxklQQ5KUOOeq/03e3HLJWoLBPUmE7gJzbMqLacCZwWu6nBhLIxHWLHUUUlmjCb/zsl507pk0Gs3ShL5urvi4xKYyYycpuS2pFZ9mbiv14kl5Lt4CbMuEpSi4otggepIDYmszJIn2tkVkwcoUxz9zthI6ops66yoislWK5glTSrleCq4t9flmt+Xk8BTuEMLiCAa6jBHdShAQwEPMMLvHpP3pv37n0sVte8/OYE/sD7/AEL95ZR</latexit>⇡12

<latexit sha1_base64="CWf9eEONCNqfsFnrizrdIIvWofM=">AAAB/3icbVC7SgNBFL3rM8ZX1NJmMAhWYTcoWgZsLCOYByRLmJ3cJENmZpeZWSEsKfwFW+3txNZPsfVLnCRbaOKBC4dz7uVcTpQIbqzvf3lr6xubW9uFneLu3v7BYenouGniVDNssFjEuh1Rg4IrbFhuBbYTjVRGAlvR+Hbmtx5RGx6rBztJMJR0qPiAM2qd1O4mvJdVg2mvVPYr/hxklQQ5KUOOeq/03e3HLJWoLBPUmE7gJzbMqLacCZwWu6nBhLIxHWLHUUUlmjCb/zsl507pk0Gs3ShL5urvi4xKYyYycpuS2pFZ9mbiv14kl5Lt4CbMuEpSi4otggepIDYmszJIn2tkVkwcoUxz9zthI6ops66yoislWK5glTSrleCq4t9flmt+Xk8BTuEMLiCAa6jBHdShAQwEPMMLvHpP3pv37n0sVte8/OYE/sD7/AEL+JZR</latexit>⇡21

<latexit sha1_base64="CWf9eEONCNqfsFnrizrdIIvWofM=">AAAB/3icbVC7SgNBFL3rM8ZX1NJmMAhWYTcoWgZsLCOYByRLmJ3cJENmZpeZWSEsKfwFW+3txNZPsfVLnCRbaOKBC4dz7uVcTpQIbqzvf3lr6xubW9uFneLu3v7BYenouGniVDNssFjEuh1Rg4IrbFhuBbYTjVRGAlvR+Hbmtx5RGx6rBztJMJR0qPiAM2qd1O4mvJdVg2mvVPYr/hxklQQ5KUOOeq/03e3HLJWoLBPUmE7gJzbMqLacCZwWu6nBhLIxHWLHUUUlmjCb/zsl507pk0Gs3ShL5urvi4xKYyYycpuS2pFZ9mbiv14kl5Lt4CbMuEpSi4otggepIDYmszJIn2tkVkwcoUxz9zthI6ops66yoislWK5glTSrleCq4t9flmt+Xk8BTuEMLiCAa6jBHdShAQwEPMMLvHpP3pv37n0sVte8/OYE/sD7/AEL+JZR</latexit>⇡21

<latexit sha1_base64="sMGgcEHI0jRYnESLIqWzXBr6s70=">AAAB/3icbVC7SgNBFL0bXzG+opY2g0GwCrs+0DJgYxnBxECyhNnJJBkyM7vM3BXCksJfsNXeTmz9FFu/xEmyhSYeuHA4517O5USJFBZ9/8srrKyurW8UN0tb2zu7e+X9g6aNU8N4g8UyNq2IWi6F5g0UKHkrMZyqSPKHaHQz9R8eubEi1vc4Tnio6ECLvmAUndTqJKKbBeeTbrniV/0ZyDIJclKBHPVu+bvTi1mquEYmqbXtwE8wzKhBwSSflDqp5QllIzrgbUc1VdyG2ezfCTlxSo/0Y+NGI5mpvy8yqqwdq8htKopDu+hNxX+9SC0kY/86zIROUuSazYP7qSQYk2kZpCcMZyjHjlBmhPudsCE1lKGrrORKCRYrWCbNs2pwWfXvLio1P6+nCEdwDKcQwBXU4Bbq0AAGEp7hBV69J+/Ne/c+5qsFL785hD/wPn8ADYyWUg==</latexit>⇡13

<latexit sha1_base64="LkRJNIihGaXeG8KJLP3Xk7p0HWs=">AAAB/3icbVC7SgNBFL0bXzG+opY2g0GwCrs+0DJgYxnBxECyhNnJJBkyM7vM3BXCksJfsNXeTmz9FFu/xEmyhSYeuHA4517O5USJFBZ9/8srrKyurW8UN0tb2zu7e+X9g6aNU8N4g8UyNq2IWi6F5g0UKHkrMZyqSPKHaHQz9R8eubEi1vc4Tnio6ECLvmAUndTqJKKbnQeTbrniV/0ZyDIJclKBHPVu+bvTi1mquEYmqbXtwE8wzKhBwSSflDqp5QllIzrgbUc1VdyG2ezfCTlxSo/0Y+NGI5mpvy8yqqwdq8htKopDu+hNxX+9SC0kY/86zIROUuSazYP7qSQYk2kZpCcMZyjHjlBmhPudsCE1lKGrrORKCRYrWCbNs2pwWfXvLio1P6+nCEdwDKcQwBXU4Bbq0AAGEp7hBV69J+/Ne/c+5qsFL785hD/wPn8ADY6WUg==</latexit>⇡31
<latexit sha1_base64="EtBCYl4WyKk5kq0dog4HpasLANc=">AAAB/3icbVC7SgNBFL0bXzG+opY2g0GwCrNR0TJgYxnBPCBZwuxkNhkyM7vMzAphSeEv2GpvJ7Z+iq1f4iTZQhMPXDiccy/ncsJEcGMx/vIKa+sbm1vF7dLO7t7+QfnwqGXiVFPWpLGIdSckhgmuWNNyK1gn0YzIULB2OL6d+e1Hpg2P1YOdJCyQZKh4xCmxTur0Et7PLmrTfrmCq3gOtEr8nFQgR6Nf/u4NYppKpiwVxJiujxMbZERbTgWblnqpYQmhYzJkXUcVkcwE2fzfKTpzygBFsXajLJqrvy8yIo2ZyNBtSmJHZtmbif96oVxKttFNkHGVpJYpugiOUoFsjGZloAHXjFoxcYRQzd3viI6IJtS6ykquFH+5glXSqlX9qyq+v6zUcV5PEU7gFM7Bh2uowx00oAkUBDzDC7x6T96b9+59LFYLXn5zDH/gff4ADyOWUw==</latexit>⇡32

<latexit sha1_base64="bw0fmPSR4Dg+MHFyBs2T9FHztB8=">AAAB/3icbVC7SgNBFL0bXzG+opY2g0GwCrNR0TJgYxnBPCBZwuxkNhkyM7vMzAphSeEv2GpvJ7Z+iq1f4iTZQhMPXDiccy/ncsJEcGMx/vIKa+sbm1vF7dLO7t7+QfnwqGXiVFPWpLGIdSckhgmuWNNyK1gn0YzIULB2OL6d+e1Hpg2P1YOdJCyQZKh4xCmxTur0Et7PahfTfrmCq3gOtEr8nFQgR6Nf/u4NYppKpiwVxJiujxMbZERbTgWblnqpYQmhYzJkXUcVkcwE2fzfKTpzygBFsXajLJqrvy8yIo2ZyNBtSmJHZtmbif96oVxKttFNkHGVpJYpugiOUoFsjGZloAHXjFoxcYRQzd3viI6IJtS6ykquFH+5glXSqlX9qyq+v6zUcV5PEU7gFM7Bh2uowx00oAkUBDzDC7x6T96b9+59LFYLXn5zDH/gff4ADyKWUw==</latexit>⇡23
<latexit sha1_base64="Fhb/61+LDATX6XdJXhuvKk22xJE=">AAAB/3icbVC7SgNBFL3rM8ZX1NJmMAhWYTcoWgZsLCOYByRLuDuZTYbMzC4zs0IIKfwFW+3txNZPsfVLnCRbaOKBC4dz7uVcTpQKbqzvf3lr6xubW9uFneLu3v7BYenouGmSTFPWoIlIdDtCwwRXrGG5FaydaoYyEqwVjW5nfuuRacMT9WDHKQslDhSPOUXrpHYXRTrEXrVXKvsVfw6ySoKclCFHvVf67vYTmkmmLBVoTCfwUxtOUFtOBZsWu5lhKdIRDljHUYWSmXAy/3dKzp3SJ3Gi3ShL5urviwlKY8YycpsS7dAsezPxXy+SS8k2vgknXKWZZYouguNMEJuQWRmkzzWjVowdQaq5+53QIWqk1lVWdKUEyxWskma1ElxV/PvLcs3P6ynAKZzBBQRwDTW4gzo0gIKAZ3iBV+/Je/PevY/F6pqX35zAH3ifPxKUllU=</latexit>↵2

I Mixtures of Erdös-Renyi models can be surprisingly flexible
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Graphons and f−random graphs

I A non-parametric variant of the SBM can be defined as follows:

U1, . . . ,UNv

i.i.d.∼ Uniform[0, 1],

Aij

∣∣Ui = ui ,Uj = uj ∼ Bernoulli(f (ui , uj))

for 1 ≤ i , j ≤ Nv , where Aij = Aji and Aii ≡ 0

I Graphon: symmetric, measurable function f : [0, 1]2 7→ [0, 1]

⇒ Resulting graph G known as f−random graph

I Latent Ui randomly assigns vertex positions uniformly in [0, 1]

⇒ Graphon f (ui , uj) specifies connection rate between i , j

I SBM: Latent Zi assigns memberships of vertices to one of Q groups
⇒ Probability πqr defines linking rate between i ∈ Cq, j ∈ Cr

L. Lovász, “Large Networks and Graph Limits,” AMS Colloquium
Publications, vol. 60, 2012
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Example: SBM graphon

I The f−random graph model subsumes the parametric SBM. Recipe
(i) Partition [0, 1] into Q subintervals of lengths α1, . . . , αQ

(ii) Take the Cartesian product to partition [0, 1]2 into Q2 blocks
(iii) Define f to be piecewise constant on blocks, qrth block has height πqr

<latexit sha1_base64="m9pRDC1qXWeyfbku8VESh6VAO7M=">AAAB+nicbVC7SgNBFL0bXzG+opY2g0GwCrsxoo0QsLFM0DwgWcLsZDYZMjO7zMwKYc0n2GpvJ7b+jK1f4iTZQhMPXDiccy/ncoKYM21c98vJra1vbG7ltws7u3v7B8XDo5aOEkVok0Q8Up0Aa8qZpE3DDKedWFEsAk7bwfh25rcfqdIskg9mElNf4KFkISPYWOm+cXPRL5bcsjsHWiVeRkqQod4vfvcGEUkElYZwrHXXc2Pjp1gZRjidFnqJpjEmYzykXUslFlT76fzVKTqzygCFkbIjDZqrvy9SLLSeiMBuCmxGetmbif96gVhKNuG1nzIZJ4ZKsggOE45MhGY9oAFTlBg+sQQTxezviIywwsTYtgq2FG+5glXSqpS9y7LbqJZqlayePJzAKZyDB1dQgzuoQxMIDOEZXuDVeXLenHfnY7Gac7KbY/gD5/MH2O+T8w==</latexit>

Q = 3

<latexit sha1_base64="bK4+nhn7oU3YYyhVo5EZyU+FSEc=">AAAB/3icbVC7SgNBFL0bXzG+opY2g0GwCruiaBmwsYxgHpAs4e5kNhkyM7vMzAohpPAXbLW3E1s/xdYvcZJsoYkHLhzOuZdzOVEquLG+/+UV1tY3NreK26Wd3b39g/LhUdMkmaasQROR6HaEhgmuWMNyK1g71QxlJFgrGt3O/NYj04Yn6sGOUxZKHCgec4rWSe0uinSIvaBXrvhVfw6ySoKcVCBHvVf+7vYTmkmmLBVoTCfwUxtOUFtOBZuWuplhKdIRDljHUYWSmXAy/3dKzpzSJ3Gi3ShL5urviwlKY8YycpsS7dAsezPxXy+SS8k2vgknXKWZZYouguNMEJuQWRmkzzWjVowdQaq5+53QIWqk1lVWcqUEyxWskuZFNbiq+veXlZqf11OEEziFcwjgGmpwB3VoAAUBz/ACr96T9+a9ex+L1YKX3xzDH3ifPxEAllQ=</latexit>↵1

<latexit sha1_base64="+Ww6UsYPhrUkq4ddMMTj3ZNW3CE=">AAAB/3icbVC7SgNBFL0bXzG+opY2g0GwCrs+0DJgYxnBxECyhLuT2WTIzOwyMyuEkMJfsNXeTmz9FFu/xEmyhSYeuHA4517O5USp4Mb6/pdXWFldW98obpa2tnd298r7B02TZJqyBk1EolsRGia4Yg3LrWCtVDOUkWAP0fBm6j88Mm14ou7tKGWhxL7iMadondTqoEgH2D3vlit+1Z+BLJMgJxXIUe+Wvzu9hGaSKUsFGtMO/NSGY9SWU8EmpU5mWIp0iH3WdlShZCYcz/6dkBOn9EicaDfKkpn6+2KM0piRjNymRDswi95U/NeL5EKyja/DMVdpZpmi8+A4E8QmZFoG6XHNqBUjR5Bq7n4ndIAaqXWVlVwpwWIFy6R5Vg0uq/7dRaXm5/UU4QiO4RQCuIIa3EIdGkBBwDO8wKv35L15797HfLXg5TeH8Afe5w8UKJZW</latexit>↵3

<latexit sha1_base64="m0/ZeZMGkpSUPdXw82Ok+ddfvkU=">AAAB/3icbVC7SgNBFL0bXzG+opY2g0GwCruiaBmwsYxgHpAsYXZykwyZmV1mZoWwpPAXbLW3E1s/xdYvcZJsoYkHLhzOuZdzOVEiuLG+/+UV1tY3NreK26Wd3b39g/LhUdPEqWbYYLGIdTuiBgVX2LDcCmwnGqmMBLai8e3Mbz2iNjxWD3aSYCjpUPEBZ9Q6qd1NeC8LgmmvXPGr/hxklQQ5qUCOeq/83e3HLJWoLBPUmE7gJzbMqLacCZyWuqnBhLIxHWLHUUUlmjCb/zslZ07pk0Gs3ShL5urvi4xKYyYycpuS2pFZ9mbiv14kl5Lt4CbMuEpSi4otggepIDYmszJIn2tkVkwcoUxz9zthI6ops66ykislWK5glTQvqsFV1b+/rNT8vJ4inMApnEMA11CDO6hDAxgIeIYXePWevDfv3ftYrBa8/OYY/sD7/AEKYpZQ</latexit>⇡11

<latexit sha1_base64="XTkw8/KFWWrsLmqgGkDbFZ3o55g=">AAAB/3icbVC7SgNBFL3rM8ZX1NJmMAhWYTcoWgZsLCOYByRLmJ3cJENmZpeZWSEsKfwFW+3txNZPsfVLnCRbaOKBC4dz7uVcTpQIbqzvf3lr6xubW9uFneLu3v7BYenouGniVDNssFjEuh1Rg4IrbFhuBbYTjVRGAlvR+Hbmtx5RGx6rBztJMJR0qPiAM2qd1O4mvJdVq9NeqexX/DnIKglyUoYc9V7pu9uPWSpRWSaoMZ3AT2yYUW05EzgtdlODCWVjOsSOo4pKNGE2/3dKzp3SJ4NYu1GWzNXfFxmVxkxk5DYltSOz7M3Ef71ILiXbwU2YcZWkFhVbBA9SQWxMZmWQPtfIrJg4Qpnm7nfCRlRTZl1lRVdKsFzBKmlWK8FVxb+/LNf8vJ4CnMIZXEAA11CDO6hDAxgIeIYXePWevDfv3ftYrK55+c0J/IH3+QMNjZZS</latexit>⇡22

<latexit sha1_base64="vO+uddMuyvKKQWH3pA4dLHkeetg=">AAAB/3icbVC7SgNBFL0bXzG+opY2g0GwCrNG0TJgYxnBPCBZwuxkNhkyM7vMzAphSeEv2GpvJ7Z+iq1f4iTZQhMPXDiccy/ncsJEcGMx/vIKa+sbm1vF7dLO7t7+QfnwqGXiVFPWpLGIdSckhgmuWNNyK1gn0YzIULB2OL6d+e1Hpg2P1YOdJCyQZKh4xCmxTur0Et7ParVpv1zBVTwHWiV+TiqQo9Evf/cGMU0lU5YKYkzXx4kNMqItp4JNS73UsITQMRmyrqOKSGaCbP7vFJ05ZYCiWLtRFs3V3xcZkcZMZOg2JbEjs+zNxH+9UC4l2+gmyLhKUssUXQRHqUA2RrMy0IBrRq2YOEKo5u53REdEE2pdZSVXir9cwSppXVT9qyq+v6zUcV5PEU7gFM7Bh2uowx00oAkUBDzDC7x6T96b9+59LFYLXn5zDH/gff4AELiWVA==</latexit>⇡33

<latexit sha1_base64="Bvi+Irg6dRnHBfOKmcbTf+Jw2VY=">AAAB/3icbVC7SgNBFL3rM8ZX1NJmMAhWYTcoWgZsLCOYByRLmJ3cJENmZpeZWSEsKfwFW+3txNZPsfVLnCRbaOKBC4dz7uVcTpQIbqzvf3lr6xubW9uFneLu3v7BYenouGniVDNssFjEuh1Rg4IrbFhuBbYTjVRGAlvR+Hbmtx5RGx6rBztJMJR0qPiAM2qd1O4mvJcF1WmvVPYr/hxklQQ5KUOOeq/03e3HLJWoLBPUmE7gJzbMqLacCZwWu6nBhLIxHWLHUUUlmjCb/zsl507pk0Gs3ShL5urvi4xKYyYycpuS2pFZ9mbiv14kl5Lt4CbMuEpSi4otggepIDYmszJIn2tkVkwcoUxz9zthI6ops66yoislWK5glTSrleCq4t9flmt+Xk8BTuEMLiCAa6jBHdShAQwEPMMLvHpP3pv37n0sVte8/OYE/sD7/AEL95ZR</latexit>⇡12

<latexit sha1_base64="CWf9eEONCNqfsFnrizrdIIvWofM=">AAAB/3icbVC7SgNBFL3rM8ZX1NJmMAhWYTcoWgZsLCOYByRLmJ3cJENmZpeZWSEsKfwFW+3txNZPsfVLnCRbaOKBC4dz7uVcTpQIbqzvf3lr6xubW9uFneLu3v7BYenouGniVDNssFjEuh1Rg4IrbFhuBbYTjVRGAlvR+Hbmtx5RGx6rBztJMJR0qPiAM2qd1O4mvJdVg2mvVPYr/hxklQQ5KUOOeq/03e3HLJWoLBPUmE7gJzbMqLacCZwWu6nBhLIxHWLHUUUlmjCb/zsl507pk0Gs3ShL5urvi4xKYyYycpuS2pFZ9mbiv14kl5Lt4CbMuEpSi4otggepIDYmszJIn2tkVkwcoUxz9zthI6ops66yoislWK5glTSrleCq4t9flmt+Xk8BTuEMLiCAa6jBHdShAQwEPMMLvHpP3pv37n0sVte8/OYE/sD7/AEL+JZR</latexit>⇡21

<latexit sha1_base64="sMGgcEHI0jRYnESLIqWzXBr6s70=">AAAB/3icbVC7SgNBFL0bXzG+opY2g0GwCrs+0DJgYxnBxECyhNnJJBkyM7vM3BXCksJfsNXeTmz9FFu/xEmyhSYeuHA4517O5USJFBZ9/8srrKyurW8UN0tb2zu7e+X9g6aNU8N4g8UyNq2IWi6F5g0UKHkrMZyqSPKHaHQz9R8eubEi1vc4Tnio6ECLvmAUndTqJKKbBeeTbrniV/0ZyDIJclKBHPVu+bvTi1mquEYmqbXtwE8wzKhBwSSflDqp5QllIzrgbUc1VdyG2ezfCTlxSo/0Y+NGI5mpvy8yqqwdq8htKopDu+hNxX+9SC0kY/86zIROUuSazYP7qSQYk2kZpCcMZyjHjlBmhPudsCE1lKGrrORKCRYrWCbNs2pwWfXvLio1P6+nCEdwDKcQwBXU4Bbq0AAGEp7hBV69J+/Ne/c+5qsFL785hD/wPn8ADYyWUg==</latexit>⇡13

<latexit sha1_base64="LkRJNIihGaXeG8KJLP3Xk7p0HWs=">AAAB/3icbVC7SgNBFL0bXzG+opY2g0GwCrs+0DJgYxnBxECyhNnJJBkyM7vM3BXCksJfsNXeTmz9FFu/xEmyhSYeuHA4517O5USJFBZ9/8srrKyurW8UN0tb2zu7e+X9g6aNU8N4g8UyNq2IWi6F5g0UKHkrMZyqSPKHaHQz9R8eubEi1vc4Tnio6ECLvmAUndTqJKKbnQeTbrniV/0ZyDIJclKBHPVu+bvTi1mquEYmqbXtwE8wzKhBwSSflDqp5QllIzrgbUc1VdyG2ezfCTlxSo/0Y+NGI5mpvy8yqqwdq8htKopDu+hNxX+9SC0kY/86zIROUuSazYP7qSQYk2kZpCcMZyjHjlBmhPudsCE1lKGrrORKCRYrWCbNs2pwWfXvLio1P6+nCEdwDKcQwBXU4Bbq0AAGEp7hBV69J+/Ne/c+5qsFL785hD/wPn8ADY6WUg==</latexit>⇡31
<latexit sha1_base64="EtBCYl4WyKk5kq0dog4HpasLANc=">AAAB/3icbVC7SgNBFL0bXzG+opY2g0GwCrNR0TJgYxnBPCBZwuxkNhkyM7vMzAphSeEv2GpvJ7Z+iq1f4iTZQhMPXDiccy/ncsJEcGMx/vIKa+sbm1vF7dLO7t7+QfnwqGXiVFPWpLGIdSckhgmuWNNyK1gn0YzIULB2OL6d+e1Hpg2P1YOdJCyQZKh4xCmxTur0Et7PLmrTfrmCq3gOtEr8nFQgR6Nf/u4NYppKpiwVxJiujxMbZERbTgWblnqpYQmhYzJkXUcVkcwE2fzfKTpzygBFsXajLJqrvy8yIo2ZyNBtSmJHZtmbif96oVxKttFNkHGVpJYpugiOUoFsjGZloAHXjFoxcYRQzd3viI6IJtS6ykquFH+5glXSqlX9qyq+v6zUcV5PEU7gFM7Bh2uowx00oAkUBDzDC7x6T96b9+59LFYLXn5zDH/gff4ADyOWUw==</latexit>⇡32

<latexit sha1_base64="bw0fmPSR4Dg+MHFyBs2T9FHztB8=">AAAB/3icbVC7SgNBFL0bXzG+opY2g0GwCrNR0TJgYxnBPCBZwuxkNhkyM7vMzAphSeEv2GpvJ7Z+iq1f4iTZQhMPXDiccy/ncsJEcGMx/vIKa+sbm1vF7dLO7t7+QfnwqGXiVFPWpLGIdSckhgmuWNNyK1gn0YzIULB2OL6d+e1Hpg2P1YOdJCyQZKh4xCmxTur0Et7PahfTfrmCq3gOtEr8nFQgR6Nf/u4NYppKpiwVxJiujxMbZERbTgWblnqpYQmhYzJkXUcVkcwE2fzfKTpzygBFsXajLJqrvy8yIo2ZyNBtSmJHZtmbif96oVxKttFNkHGVpJYpugiOUoFsjGZloAHXjFoxcYRQzd3viI6IJtS6ykquFH+5glXSqlX9qyq+v6zUcV5PEU7gFM7Bh2uowx00oAkUBDzDC7x6T96b9+59LFYLXn5zDH/gff4ADyKWUw==</latexit>⇡23

<latexit sha1_base64="Fhb/61+LDATX6XdJXhuvKk22xJE=">AAAB/3icbVC7SgNBFL3rM8ZX1NJmMAhWYTcoWgZsLCOYByRLuDuZTYbMzC4zs0IIKfwFW+3txNZPsfVLnCRbaOKBC4dz7uVcTpQKbqzvf3lr6xubW9uFneLu3v7BYenouGmSTFPWoIlIdDtCwwRXrGG5FaydaoYyEqwVjW5nfuuRacMT9WDHKQslDhSPOUXrpHYXRTrEXrVXKvsVfw6ySoKclCFHvVf67vYTmkmmLBVoTCfwUxtOUFtOBZsWu5lhKdIRDljHUYWSmXAy/3dKzp3SJ3Gi3ShL5urviwlKY8YycpsS7dAsezPxXy+SS8k2vgknXKWZZYouguNMEJuQWRmkzzWjVowdQaq5+53QIWqk1lVWdKUEyxWskma1ElxV/PvLcs3P6ynAKZzBBQRwDTW4gzo0gIKAZ3iBV+/Je/PevY/F6pqX35zAH3ifPxKUllU=</latexit>↵2

<latexit sha1_base64="bK4+nhn7oU3YYyhVo5EZyU+FSEc=">AAAB/3icbVC7SgNBFL0bXzG+opY2g0GwCruiaBmwsYxgHpAs4e5kNhkyM7vMzAohpPAXbLW3E1s/xdYvcZJsoYkHLhzOuZdzOVEquLG+/+UV1tY3NreK26Wd3b39g/LhUdMkmaasQROR6HaEhgmuWMNyK1g71QxlJFgrGt3O/NYj04Yn6sGOUxZKHCgec4rWSe0uinSIvaBXrvhVfw6ySoKcVCBHvVf+7vYTmkmmLBVoTCfwUxtOUFtOBZuWuplhKdIRDljHUYWSmXAy/3dKzpzSJ3Gi3ShL5urviwlKY8YycpsS7dAsezPxXy+SS8k2vgknXKWZZYouguNMEJuQWRmkzzWjVowdQaq5+53QIWqk1lVWcqUEyxWskuZFNbiq+veXlZqf11OEEziFcwjgGmpwB3VoAAUBz/ACr96T9+a9ex+L1YKX3xzDH3ifPxEAllQ=</latexit>↵1
<latexit sha1_base64="Fhb/61+LDATX6XdJXhuvKk22xJE=">AAAB/3icbVC7SgNBFL3rM8ZX1NJmMAhWYTcoWgZsLCOYByRLuDuZTYbMzC4zs0IIKfwFW+3txNZPsfVLnCRbaOKBC4dz7uVcTpQKbqzvf3lr6xubW9uFneLu3v7BYenouGmSTFPWoIlIdDtCwwRXrGG5FaydaoYyEqwVjW5nfuuRacMT9WDHKQslDhSPOUXrpHYXRTrEXrVXKvsVfw6ySoKclCFHvVf67vYTmkmmLBVoTCfwUxtOUFtOBZsWu5lhKdIRDljHUYWSmXAy/3dKzp3SJ3Gi3ShL5urviwlKY8YycpsS7dAsezPxXy+SS8k2vgknXKWZZYouguNMEJuQWRmkzzWjVowdQaq5+53QIWqk1lVWdKUEyxWskma1ElxV/PvLcs3P6ynAKZzBBQRwDTW4gzo0gIKAZ3iBV+/Je/PevY/F6pqX35zAH3ifPxKUllU=</latexit>↵2

<latexit sha1_base64="+Ww6UsYPhrUkq4ddMMTj3ZNW3CE=">AAAB/3icbVC7SgNBFL0bXzG+opY2g0GwCrs+0DJgYxnBxECyhLuT2WTIzOwyMyuEkMJfsNXeTmz9FFu/xEmyhSYeuHA4517O5USp4Mb6/pdXWFldW98obpa2tnd298r7B02TZJqyBk1EolsRGia4Yg3LrWCtVDOUkWAP0fBm6j88Mm14ou7tKGWhxL7iMadondTqoEgH2D3vlit+1Z+BLJMgJxXIUe+Wvzu9hGaSKUsFGtMO/NSGY9SWU8EmpU5mWIp0iH3WdlShZCYcz/6dkBOn9EicaDfKkpn6+2KM0piRjNymRDswi95U/NeL5EKyja/DMVdpZpmi8+A4E8QmZFoG6XHNqBUjR5Bq7n4ndIAaqXWVlVwpwWIFy6R5Vg0uq/7dRaXm5/UU4QiO4RQCuIIa3EIdGkBBwDO8wKv35L15797HfLXg5TeH8Afe5w8UKJZW</latexit>↵3
<latexit sha1_base64="TXsAWvRfOwwIQQAacLsnjxIebNQ=">AAAB+HicbVDLSgNBEOyNrxhfUY9eBoPgKcyKoseAF48JmAckS5id9CZDZnaXmVkhhnyBV717E6/+jVe/xEmyB40WNBRV3VRTYSqFsZR+eoW19Y3NreJ2aWd3b/+gfHjUMkmmOTZ5IhPdCZlBKWJsWmEldlKNTIUS2+H4du63H1AbkcT3dpJioNgwFpHgzDqpQfvlCq3SBchf4uekAjnq/fJXb5DwTGFsuWTGdH2a2mDKtBVc4qzUywymjI/ZELuOxkyhCaaLR2fkzCkDEiXaTWzJQv15MWXKmIkK3aZidmRWvbn4rxeqlWQb3QRTEaeZxZgvg6NMEpuQeQtkIDRyKyeOMK6F+53wEdOMW9dVyZXir1bwl7Quqv5VlTYuKzWa11OEEziFc/DhGmpwB3VoAgeEJ3iGF+/Re/XevPflasHLb47hF7yPb6ipk0w=</latexit>

0

<latexit sha1_base64="9itHUYhEVi54JwXyLJ+QKshTIGQ=">AAAB+HicbVDLSgNBEOyNrxhfUY9eBoPgKeyKoseAF48JmAckS5id9CZDZmaXmVkhhnyBV717E6/+jVe/xEmyB40WNBRV3VRTUSq4sb7/6RXW1jc2t4rbpZ3dvf2D8uFRyySZZthkiUh0J6IGBVfYtNwK7KQaqYwEtqPx7dxvP6A2PFH3dpJiKOlQ8Zgzap3UCPrlil/1FyB/SZCTCuSo98tfvUHCMonKMkGN6QZ+asMp1ZYzgbNSLzOYUjamQ+w6qqhEE04Xj87ImVMGJE60G2XJQv15MaXSmImM3KakdmRWvbn4rxfJlWQb34RTrtLMomLL4DgTxCZk3gIZcI3MiokjlGnufidsRDVl1nVVcqUEqxX8Ja2LanBV9RuXlZqf11OEEziFcwjgGmpwB3VoAgOEJ3iGF+/Re/XevPflasHLb47hF7yPb6o9k00=</latexit>

1

<latexit sha1_base64="9itHUYhEVi54JwXyLJ+QKshTIGQ=">AAAB+HicbVDLSgNBEOyNrxhfUY9eBoPgKeyKoseAF48JmAckS5id9CZDZmaXmVkhhnyBV717E6/+jVe/xEmyB40WNBRV3VRTUSq4sb7/6RXW1jc2t4rbpZ3dvf2D8uFRyySZZthkiUh0J6IGBVfYtNwK7KQaqYwEtqPx7dxvP6A2PFH3dpJiKOlQ8Zgzap3UCPrlil/1FyB/SZCTCuSo98tfvUHCMonKMkGN6QZ+asMp1ZYzgbNSLzOYUjamQ+w6qqhEE04Xj87ImVMGJE60G2XJQv15MaXSmImM3KakdmRWvbn4rxfJlWQb34RTrtLMomLL4DgTxCZk3gIZcI3MiokjlGnufidsRDVl1nVVcqUEqxX8Ja2LanBV9RuXlZqf11OEEziFcwjgGmpwB3VoAgOEJ3iGF+/Re/XevPflasHLb47hF7yPb6o9k00=</latexit>

1

<latexit sha1_base64="g36r9cRIkGRdPt1/r64iOwCL4kg=">AAAB/XicbVDLSgMxFL1TX7W+qi7dBItQQcqMKLosuHFZwT6gHUomzbSxSWZIMuIwFH/Bre7diVu/xa1fYtrOQqsHLhzOuZdzOUHMmTau++kUlpZXVteK66WNza3tnfLuXktHiSK0SSIeqU6ANeVM0qZhhtNOrCgWAaftYHw19dv3VGkWyVuTxtQXeChZyAg2VmqF1YeT9Lhfrrg1dwb0l3g5qUCORr/81RtEJBFUGsKx1l3PjY2fYWUY4XRS6iWaxpiM8ZB2LZVYUO1ns28n6MgqAxRGyo40aKb+vMiw0DoVgd0U2Iz0ojcV//UCsZBswks/YzJODJVkHhwmHJkITatAA6YoMTy1BBPF7O+IjLDCxNjCSrYUb7GCv6R1WvPOa+7NWaXu5vUU4QAOoQoeXEAdrqEBTSBwB0/wDC/Oo/PqvDnv89WCk9/swy84H9/9VZUi</latexit>

f(x, y)

<latexit sha1_base64="09SwJieMD8YWpOW9QUzvcGOsCO4=">AAAB+HicbVDLSgNBEOyNrxhfUY9eBoPgKeyKoseAF48JmAckS5id9CZDZnaXmVkxLvkCr3r3Jl79G69+iZNkD5pY0FBUdVNNBYng2rjul1NYW9/Y3Cpul3Z29/YPyodHLR2nimGTxSJWnYBqFDzCpuFGYCdRSGUgsB2Mb2d++wGV5nF0byYJ+pIOIx5yRo2VGo/9csWtunOQVeLlpAI56v3yd28Qs1RiZJigWnc9NzF+RpXhTOC01Es1JpSN6RC7lkZUovaz+aNTcmaVAQljZScyZK7+vsio1HoiA7spqRnpZW8m/usFcinZhDd+xqMkNRixRXCYCmJiMmuBDLhCZsTEEsoUt78TNqKKMmO7KtlSvOUKVknroupdVd3GZaXm5vUU4QRO4Rw8uIYa3EEdmsAA4Rle4NV5ct6cd+djsVpw8ptj+APn8wcaWJOU</latexit>x

<latexit sha1_base64="zZf13vOa9W4PlHVEwSVs4a4o9cg=">AAAB+HicbVDLSsNAFL2pr1pfVZduBovgqiSi6LLgxmUL9gFtKJPpTTt0JgkzEyGGfoFb3bsTt/6NW7/EaZuFVg9cOJxzL+dygkRwbVz30ymtrW9sbpW3Kzu7e/sH1cOjjo5TxbDNYhGrXkA1Ch5h23AjsJcopDIQ2A2mt3O/+4BK8zi6N1mCvqTjiIecUWOlVjas1ty6uwD5S7yC1KBAc1j9GoxilkqMDBNU677nJsbPqTKcCZxVBqnGhLIpHWPf0ohK1H6+eHRGzqwyImGs7ESGLNSfFzmVWmcysJuSmole9ebiv14gV5JNeOPnPEpSgxFbBoepICYm8xbIiCtkRmSWUKa4/Z2wCVWUGdtVxZbirVbwl3Qu6t5V3W1d1hpuUU8ZTuAUzsGDa2jAHTShDQwQnuAZXpxH59V5c96XqyWnuDmGX3A+vgEb7JOV</latexit>y

I Can approximate measurable functions by piecewise-constant functions
⇒ Approximate f−random graphs (in distribution) with an SBM
⇒ Number of blocks Q required may be huge!
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Example: Network generation

I Consider an f−random graph with f (x , y) = min(x , y) [Lovász’12]
⇒ Left plot shows a gray-scale rendering of graphon f

I Q: How do generated graphs with Nv = 40 look like?

I Center plot depicts a realization of the adjacency matrix A
⇒ Given A only, impossible to decipher how the graph was generated

I Sort vertices according to order statistics U(1), . . . ,U(40) (right plot)
⇒ Amenable to graphon estimation via non-parametric regression
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Vertex exchangeability

I Def: a random array A = [Aij ]i,j∈V is vertex exchangeable if

Aσ := [Aσ(i)σ(j)]i,j∈V
D
= A for every permutation σ : V 7→ V

<latexit sha1_base64="EpsSMcEPp/ZLYCv2l9HQm/9vb7g=">AAAB+HicbVDLSgNBEOyNrxhfUY9eBqPgKeyKoseAF48JmAckS5id9CZDZmeXmVkhLvkCr3r3Jl79G69+iZNkD5pY0FBUdVNNBYng2rjul1NYW9/Y3Cpul3Z29/YPyodHLR2nimGTxSJWnYBqFFxi03AjsJMopFEgsB2M72Z++xGV5rF8MJME/YgOJQ85o8ZKDa9frrhVdw6ySrycVCBHvV/+7g1ilkYoDRNU667nJsbPqDKcCZyWeqnGhLIxHWLXUkkj1H42f3RKzq0yIGGs7EhD5urvi4xGWk+iwG5G1Iz0sjcT//WCaCnZhLd+xmWSGpRsERymgpiYzFogA66QGTGxhDLF7e+EjaiizNiuSrYUb7mCVdK6rHrXVbdxVamd5fUU4QRO4QI8uIEa3EMdmsAA4Rle4NV5ct6cd+djsVpw8ptj+APn8wemoZNB</latexit>

1

<latexit sha1_base64="EpsSMcEPp/ZLYCv2l9HQm/9vb7g=">AAAB+HicbVDLSgNBEOyNrxhfUY9eBqPgKeyKoseAF48JmAckS5id9CZDZmeXmVkhLvkCr3r3Jl79G69+iZNkD5pY0FBUdVNNBYng2rjul1NYW9/Y3Cpul3Z29/YPyodHLR2nimGTxSJWnYBqFFxi03AjsJMopFEgsB2M72Z++xGV5rF8MJME/YgOJQ85o8ZKDa9frrhVdw6ySrycVCBHvV/+7g1ilkYoDRNU667nJsbPqDKcCZyWeqnGhLIxHWLXUkkj1H42f3RKzq0yIGGs7EhD5urvi4xGWk+iwG5G1Iz0sjcT//WCaCnZhLd+xmWSGpRsERymgpiYzFogA66QGTGxhDLF7e+EjaiizNiuSrYUb7mCVdK6rHrXVbdxVamd5fUU4QRO4QI8uIEa3EMdmsAA4Rle4NV5ct6cd+djsVpw8ptj+APn8wemoZNB</latexit>

1

<latexit sha1_base64="Z//IwEvDlIiKFJqKpyeSOUDJZ60=">AAAB+HicbVDLSgNBEOz1GeMr6tHLYBQ8hd2g6DHgxWMC5gHJEmYnvcmQmd1lZlaIS77Aq969iVf/xqtf4iTZgyYWNBRV3VRTQSK4Nq775aytb2xubRd2irt7+weHpaPjlo5TxbDJYhGrTkA1Ch5h03AjsJMopDIQ2A7GdzO//YhK8zh6MJMEfUmHEQ85o8ZKjWq/VHYr7hxklXg5KUOOer/03RvELJUYGSao1l3PTYyfUWU4Ezgt9lKNCWVjOsSupRGVqP1s/uiUXFhlQMJY2YkMmau/LzIqtZ7IwG5KakZ62ZuJ/3qBXEo24a2f8ShJDUZsERymgpiYzFogA66QGTGxhDLF7e+EjaiizNiuirYUb7mCVdKqVrzritu4KtfO83oKcApncAke3EAN7qEOTWCA8Awv8Oo8OW/Ou/OxWF1z8psT+APn8weoNZNC</latexit>
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I Exchangeable models assign equal probability to isomorphic graphs
⇒ Means said models are most natural for unlabeled graphs

I Like SBMs, one can easily show f -random graphs are exchangeable

I Remarkably, every exchangeable model is a mixture of f -random graphs
⇒ Aldous-Hoover theorem extends de Finetti’s result for sequences

D. J. Aldous, “Representations for partially exchangeable arrays of
random variables,” Journal of Mulivariate Analysis, vol. 11, 1981
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Every f -random graph is exchangeable

I The distribution of an f−random graph with Nv vertices is

P (A = a) =

∫
[0,1]Nv

∏
1≤i 6=j≤Nv

f (ui , uj)
Aij (1− f (ui , uj))1−Aijdu1 . . . duNv

I For arbitrary permutation σ : V 7→ V and since the Ui are i.i.d. we have

P (Aσ = aσ) =

∫
[0,1]Nv

∏
1≤i 6=j≤Nv

f (ui , uj)
Aσ(i)σ(j)(1− f (ui , uj))1−Aσ(i)σ(j)du1 . . . duNv

=

∫
[0,1]Nv

∏
1≤i 6=j≤Nv

f (uσ−1(i), uσ−1(j))
Aij (1− f (uσ−1(i), uσ−1(j)))1−Aij

× duσ−1(1) . . . duσ−1(Nv )

=

∫
[0,1]Nv

∏
1≤i 6=j≤Nv

f (ui , uj)
Aij (1− f (ui , uj))1−Aij du1 . . . duNv

= P (A = a)
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Identifiability issues

I Parametrization of f−random graphs is not unique ⇒ Non-identifiable

Ex: graphons f (x , y) and f (1− x , 1− y) yield the same model since

U
D
= 1− U for U ∼ Uniform[0, 1]

Ex: graphons f (x , y) and f (φ(x), φ(y)) for measure-preserving φ, i.e.,

φ : [0, 1] 7→ [0, 1] for which φ(U) ∼ Uniform[0, 1]

I Restrictions on the graphon f are often needed for statistical modeling

I Def: f is strictly monotone if ∃ φ such that f̃ (x , y) = f (φ(x), φ(y))
has a strictly increasing degree function g̃(x) =

∫
[0,1] f̃ (x , y)dy

⇒ Restriction to f̃ yields model identifiability [Bickel-Chen’09]

Machine Learning on Graphs Network Modeling 78



Graph limits

I Graph sequence Gn(Vn, En) with growing number of nodes Nv = n

I Q: When can we say {Gn}∞n=1 converges to a limit?
I Q: In what sense is convergence meaningful?
I Q: What kind of object is this limit?

I Spoiler: If the sequence {Gn}∞n=1 converges, the limit is a graphon f

Ex: sequence of Gn,p graphs as n→∞

n = 50 nodes → n = 100 nodes → n = 200 nodes →
Graphon

f (x , y) ≡ p
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Homomorphism density

I Def: Homomorphisms h are adjacency preserving maps from motif
F (V ′, E ′) into graph G (V, E)

h :V ′ 7→ V such that (i , j) ∈ E ′ implies (h(i), h(j)) ∈ E

I Def: Homomorphism density of motif F in graph G is

t(F ,G ) =
hom(F ,G )

|V||V′|

I hom(F ,G): number of homomorphisms between F and G
I |V||V

′|: number of maps between vertices in F and G

I Relative measure of the number of ways in which F can be mapped to G
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Convergence of graph sequences

I Def: A sequence {Gn}∞n=1 of graphs converges when for every motif
F , the homomorphism density sequence {t(F ,Gn)}∞n=1 converges

I Noteworthy points about the definition
I If the sequence becomes constant, then it converges
I Sequence of isomorphic graphs trivially converges
I Normalized densities converge, not number edges, triangles, . . .
I Result is for sequence of dense graphs, i.e., |En| = Ω(n2)

I Answered the first two questions. Need to address the third
⇒ The limit of a sequence of graphs is not necessarily a graph
⇒ Q: What kind of object is this limit?

L. Lovász and B. Szegedy, “Limits of dense graph sequences,”
Journal of Combinatorial Theory, Series B, vol. 96, 2006
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Induced graphon

I Every graph admits a graphon representation termed induced graphon

I Consider a graph G (V, E) with adjacency matrix A

I Uniform partition of [0, 1] in Nv subintervals ⇒ Ii = [ i−1
Nv
, i
Nv

)

I Def: The induced graphon fG of G is

fG (x , y) =
∑

1≤i,j≤Nv

AijI {x ∈ Ii}I {y ∈ Ij}
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Cycle graph G with Nv = 6 nodes Graphon fG induced by the graph G
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Limit object is a graphon

I Claim: Homomorphism density of motif F in graph G given by

t(F ,G ) =

∫
[0,1]|V′|

∏
(i,j)∈E′

fG (ui , uj)du1 . . . du|V′|

⇒ Probability of F being mapped to an fG−random graph

I This carries over to the limit. If the sequence {Gn}∞n=1 converges, then

lim
n→∞

t(F ,Gn) =

∫
[0,1]|V′|

∏
(i,j)∈E′

f (ui , uj)du1 . . . du|V′|

for some symmetric, measurable function f : [0, 1]2 7→ [0, 1]

I We identify the limiting object – termed graphon – with f
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Why is this useful at all?

Mathematical impact
I Bring to bear analysis tools in an otherwise purely combinatorial context

Statistical inference impact
I Large realizations become representative of the generative process

⇒ Infer the data-generation mechanism by examining the realization

Machine learning impact
I Study graph filters and GNNs in the limit of large number of nodes

⇒ Transferability e.g., using a trained model on a larger graph

L. Ruiz et al, “Graphon neural networks and the transferability of graph
neural networks,” NeurIPS, 2020
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Plausibility

I Good statistical network graph models should be [Robbins-Morris’07]:
⇒ Estimable from and reasonably representative of the data
⇒ Theoretically plausible about the underlying network effects

I Q: How appropriate are latent network models? Are they plausible?

I Q: Can we approximate well an observed graph G obs with an SBM?
⇒ A variant of the Szemerédi regularity lemma useful here

C. Borgs et al, “Graph limits and parameter testing,” Symposium on
Theory of Computing, 2006
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Cut distance

I Discussing approximation notions requires a distance between graphs

I Def: For graphs G (V, E) and G ′(V ′, E ′) with |V| = |V ′| = Nv , the
cut distance is given by

d�(G ,G ′) =
1
N2

v

max
S,T ∈{1,...,Nv}

∣∣∣∑
i∈S

∑
j∈T

(Aij − A′ij)
∣∣∣

⇒ One can show the quantity d�(·, ·) is a formal metric

I Defining and studying properties of graph distances is a timely topic

B. Bollobás and O. Riordan, “Sparse graphs: Metrics and random
models,” Random Structures & Algorithms, vol. 39, 2011
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An approximation result

I Let P = {V1, . . . ,VQ} partition the vertices V of G into Q classes

I Define the complete graph GP with vertex set V and edge weights

wij(GP) =
1

|Vq||Vr |
∑
u∈Vq

∑
v∈Vr

Auv , i ∈ Vq, j ∈ Vr

⇒ Expectation of a Q−class block model approximation to G

⇒ Probability an edge joins i , j is just wij(GP)

Theorem: For every ε > 0 and every graph G (V, E), there exists a
partition P of V into Q ≤ 2

2
ε2 classes such that d�(G ,GP) ≤ ε.

I Justifies the claim that an SBM can approximate well an arbitrary graph
⇒ The upper bound on Q can be prohibitively large
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What about f -random graphs?

I The f−random graph model is only appropriate for dense networks

Theorem: If a graph G is the restriction to vertices {1, . . . ,Nv} of an
infinite exchangeable random graph, then it is either dense or empty.

Proof sketch: The expected proportion of edges in G (V, E) is

ϕ =

∫
[0,1]2

f (u1, u2)du1du2

⇒ If ϕ = 0 then f = 0 a.e. and G is empty. Sparse but boring
⇒ Else ϕ > 0 and (in expectation) |E| = ϕ×

(
Nv

2

)
= Ω(N2

v )

I Not great, but in practice main barrier is vertex exchangeability
I Suitable for unlabeled graphs, yet in many graphs labels matter
I Can incorcorporate vertex attributes as covariates [Sweet’15]
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Estimating SBM parameters

I SBMs defined up to parameters {αq}Qq=1 and {πqr}1≤q,r≤Q

I Conceptually useful to think about two sets of ‘observations’
⇒ Latent class labels: Z = {{Ziq}Qq=1}i∈V , where Ziq = I {i ∈ Cq}
⇒ Relational ties: A = [Aij ], where Aij = I {(i , j) ∈ E}

I But we only observe A, recall Z are latent. Q assumed given
⇒ Interest both in parameter estimation and in vertex clustering

Model-based community detection

Suppose G adheres to an SBM with Q classes. Predict class member-
ship labels Z = {{Ziq}Qq=1}i∈V , given observations A = a.
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Maximum likelihood estimation

I If we were to observe A = a and Z = z, the log-likelihood would be

`(a, z;θ) =
∑
i

∑
q

ziq logαq +
1
2

∑
i 6=j

∑
q 6=r

ziqzjr log b(Aij ;πqr )

⇒ Defined θ = {{αq}, {πqr}} and b(a;π) = πa(1− π)1−a

I But we do not. Instead have to work with the observed data likelihood

`(a;θ) = log
(∑

z

exp {`(a, z;θ)}
)

⇒ Unfortunately, evaluation of `(a;θ) is typically intractable

I Mixture model viewpoint suggests an E-M procedure [Snijders’97]
⇒ Alternate between estimation of E

[
Ziq

∣∣A = a
]
and θ

⇒ Does not scale beyond Q = 2, P
(
Z
∣∣A = a

)
expensive
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Variational maximum likelihood

I Variational approach to optimize a lower bound of `(a;θ), namely

J(Ra;θ) = `(a;θ)− KL(Ra(Z),P
(
Z
∣∣A = a

)
)

I KL denotes de Kullback–Leibler divergence
I Ra(Z) is a tractable approximation of P

(
Z
∣∣A = a

)
I Mean field approximation to the conditional distribution

Ra(Z) =
Nv∏
i=1

h(Zi ; τ i )

I h(·; τ i ): multinomial pmf with parameter τ i = [τi1, . . . , τiQ ]>

J. J. Daudin et al, “A mixture model for random graphs,” Stat.
Comput., vol. 18, 2008
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Alternating maximization algorithm

Proposition: Given θ, the optimal variational parameters {τ̂ i} =
argmax{τ i} J(Ra; {τ i},θ) satisfy the following fixed-point relation

τ̂iq ∝ αq

∏
j 6=i

∏
r

b(Aij ;πqr )
τ̂jr

Given {τ i}, the values of θ that maximize J(Ra; {τ i},θ) are

α̂q =
1
Nv

∑
i

τ̂iq, π̂qr =
∑
i 6=j

τ̂iq τ̂jrAij

/∑
i 6=j

τ̂iq τ̂jr

I Algorithm alternates between updates of θ and {τ i} as follows

θ[k + 1] = argmax
θ

J(Ra; {τ i [k]},θ)

{τ i [k + 1]} = argmax
{τ i}

J(Ra; {τ i},θ[k + 1])

I The sequence of J values is non-decreasing [Daudin et al’08]
I Consistency results available as Nv →∞, Q fixed [Celisse et al’12]
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Choice of the number of classes

I Number of classes Q often unknown and should be estimated
⇒ Use principles of Bayesian model selection
⇒ Prior g(θ

∣∣mQ) on θ given the SBM mQ has Q classess

I Integrated Classification Likelihood (ICL) criterion yields

ICL(mQ) = max
θ

logL(a, ẑ(θ)
∣∣θ,mQ)

− Q(Q + 1)

4
log

Nv (Nv − 1)

2
− Q − 1

2
logNv

I Asymptotic approximation of the complete-data integrated likelihood

L(a, z
∣∣mQ) =

∫
L(a, z

∣∣θ,mQ)g(θ
∣∣mQ)dθ
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Graphon estimation

I Goal: estimate graphon f from observed realization G obs

I Non-parametric regression approaches estimate f given {Aij ,Ui ,Uj}i,j∈V
⇒ Challenge is that the design points U1, . . . ,UNv are latent

SBM approximation

C. Gao et al, “Rate-optimal graphon estimation,” Annals of Statistics,
vol. 43, 2015

Histogram estimator (ordering and smoothing)

S. H. Chan and E. M. Airoldi, “A consistent histogram estimator for
exchangeable graph models,” ICML, 2014

Gaussian process model

P. Orbanz and D. M. Roy, “Bayesian models of graphs, arrays and other
exchangeable random structures,” IEEE Trans. PAMI, vol. 37, 2015
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Assessing goodness-of-fit

I Goodness-of-fit diagnostics ⇒ mostly computational, visualization based

I Ex: French political blog network from October 2006 [Kolaczyk’17]
⇒ We fit an SBM using variational MLE (mixer in R)

I Optimal value Q̂ = 12, but Q ∈ [8, 12] reasonable (9 political parties)
⇒ Permuted adjacency shows group structure (room for merging few)

I Relatively good fit of the degree distribution
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Extensions of SBMs

Degree-corrected SBMs
I Communities with broad degree distributions

B. Karrer B and M. E. Newman, “Stochastic blockmodels and
community structure in networks,” Physical Review E., vol. 83, 2011

Mixed-membership SBMs
I Nodes may belong only partially to more than one class

E. M. Airoldi, “Mixed membership stochastic blockmodels,” J.
Machine Learning Research, vol. 9, 2008

Hierarchical SBMs
I Hierarchical clustering meets SBMs

A. Clauset et al, “Hierarchical structure and the prediction of missing
links in networks,” Nature, vol. 453, 2008
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Roadmap

Random graph models

Small-world models

Network-growth models

Exponential random graph models

Latent network models

Random dot product graphs
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Random dot product graphs

I Consider a latent space Xd ⊂ Rd such that for all

x, y ∈ Xd ⇒ x>y ∈ [0, 1]

⇒ Inner-product distribution F : Xd 7→ [0, 1]

I Random dot product graphs (RDPGs) are defined as follows:

x1, . . . , xNv

i.i.d.∼ F ,

Aij

∣∣ xi , xj ∼ Bernoulli(x>i xj)

for 1 ≤ i , j ≤ Nv , where Aij = Aji and Aii ≡ 0

I A particularly tractable latent position random graph model
⇒ Vertex positions X = [x1, . . . , xNv ]T ∈ RNv×d

S. J. Young and E. R. Scheinerman, “Random dot product graph
models for social networks,” WAW, 2007
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Connections to other models

I RDPGs ecompass several other classic models for network graphs

Ex: Recover Erdös-Renyi GNv ,p graphs with d = 1 and Xd = {√p}

Ex: Recover SBM random graphs by constructing F with pmf

P (X = xq) = αq, q = 1, . . . ,Q

after selecting d and x1, . . . , xQ such that πqr = x>q xr

I Approximation results for SBMs justify the expressiveness of RDPGs

I RDPGs are special cases of latent position models [Hoff et al’02]

Aij

∣∣ xi , xj ∼ Bernoulli(κ(xi , xj))

⇒ Approximate these accurately for large enough d [Tang et al’13]
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Estimation of latent positions

I Q: Given G from an RDPG, find the ‘best’ X = [x1, . . . , xNv ]>?

I MLE is well motivated but it is intractable for large Nv

X̂ML = argmax
X

∏
i<j

(x>i xj)Aij (1− x>i xj)1−Aij

I Instead, let Pij = P ((i , j) ∈ E) and define P = [Pij ] ∈ [0, 1]Nv×Nv

⇒ The RDPG model specifies that P = XX>

⇒ Key: Observed A is a noisy realization of P (E [A] = P)

I Suggests a LS regression approach to find X s.t. XX> ≈ A

X̂LS = argmin
X
‖XX> − A‖2F
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Adjacency spectral embedding

I Since A is real and symmetric, can decompose it as A = UΛU>
I U = [u1, . . . , uNv ] is the orthogonal matrix of eigenvectors
I Λ = diag(λ1, . . . , λNv ), with eigvenvalues λ1 ≥ . . . ≥ λNv

I Define Λ̂ = diag(λ+1 , . . . , λ
+
d ) and Û = [u1, . . . ,ud ] (λ+ := max(0, λ))

I Best rank-d , positive semi-definite (PSD) approximation of A is ÛΛ̂Û>

⇒ Ajacency spectral embedding (ASE) is X̂LS = ÛΛ̂
1/2

since

A ≈ ÛΛ̂Û> = ÛΛ̂
1/2

Λ̂
1/2

Û> = X̂LS X̂>LS

I Q: Is the solution unique? Nope, inner-products are rotation invariant

P = XW(XW)> = XX>, WW> = Id

⇒ RDPG embedding problem is identifiable modulo rotations
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Embedding an Erdös-Renyi graph

I Ex: Erdös-Renyi graph G1000,0.3, realization of A (left)

I For d = 1 we compute the ASE x̂LS and plot x̂LS x̂>LS (center)
⇒ Appoximates well the constant matrix P = 0.3× 11>

⇒ Suported by histogram of entries in x̂LS (right,
√
p = 0.547)

I Consisentcy and limiting distribution results for ASEs available

A. Athreya et al., “Statistical inference on random dot product
graphs: A survey,” J. Mach. Learn. Res., vol. 18, pp. 1-92, 2018
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Embedding an SBM graph

I Ex: SBM with Nv = 1500, Q = 3 and mixing parameters

α =

 1/3
1/3
1/3

 , Π =

 0.5 0.1 0.05
0.1 0.3 0.05
0.05 0.05 0.9



I Sample adjacency (left), X̂LS X̂>LS (center), rows of X̂LS (right)

I Use embeddings to bring to bear geometric methods of analysis
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Interpretability of the embeddings

I Ex: Zachary’s karate club graph with Nv = 34, Ne = 78 (left)

I Node embeddings (rows of X̂LS) for d = 2 (right)
I Club’s administrator (i = 0) and instructor (j = 33) are orthogonal

I Interpretability of embeddings a valuable asset for RDPGs
⇒ Vector magnitudes indicate how well connected nodes are
⇒ Vector angles indicate positions in latent space
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Mathematicians collaboration graph

I Ex: Mathematics collaboration network centered at Paul Erdös

I Most mathematicians have an Erdös number of at most 4 or 5
⇒ Drawing created by R. Graham in 1979

Machine Learning on Graphs Network Modeling 105



Mathematicians collaboration graph

I Coauthorship graph G , Nv = 4301 nodes with Erdös number ≤ 2
⇒ No discernible structure from the adjacency matrix A (left)

I Community structure revealed after row-colum permutation (right)
(i) Obtained the ASE X̂LS for the mathematicians
(ii) Performed angular k-means on X̂LS ’s rows [Scheinerman-Tucker’10]
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International relations

I Ex: Dynamic network Gt of international relations among nations
⇒ Nations (i , j) ∈ Et if they have an alliance treaty during year t

I Track the angle between UK and France’s ASE from 1890–1995
I Orthogonal during the late 19th century
I Came closer during the wars, retreat during Nazi invasion in WWII
I Strong alignment starts in the 1970s in the run up to the EU
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Closing remarks and extensions

I Neglected the constraint [X̂LS X̂>LS ]ii = 0. Fix via iterative algorithm

E. R. Scheinerman and K. Tucker, “Modeling graphs using dot product
representations,” Comput. Stat., vol. 25, pp. 1-16, 2010

I Assumed A to be PSD. Extension known as generalized RDPG

P. Rubin-Delanchy et al, “A statistical interpretation of spectral
embedding: The generalised random dot product graph,”
arXiv:1709.05506 [stat.ML], 2017

I RDPG variants to model weighted and directed graphs possible

F. Larroca et al, “Change point detection in weighted and directed
random dot product graphs,” ICASSP, 2021

I Host of applications in testing, clustering, change-point detection, . . .
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Glossary

I Network graph model
I Random graph models
I Configuration model
I Matching algorithm
I Switching algorithm
I Model-based estimation
I Assessing significance
I Reference distribution
I Network motif
I Small-world network
I Decentralized search
I Watts-Strogatz model

I Time-evolving network
I Network-growth models
I Preferential attachment
I Barabási-Albert model
I Copying models
I Exponential family
I Exponential random graph models
I Configurations
I Network statistic
I Homogeneity
I Markov random graphs
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