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Aggregation methods

Aggregation methods

L the data base and gi, . . ., gu several predictors built over £

f=9(G,....m)

@ Homogeneous aggregation methods (sequential and not sequential).
@ Not homogeneous aggregation methods (consensus methods).
Bias-Variance trade-off :

@ Several space H1,Ho, . .., Hy for searching predictors of different nature. However if we
consider a single family # and predictors gy, ..., gy € H, the aggregated predictor

f=9(g1,...,9u) is not necessarily a function of H so it could decrease the bias.
@ ameanofgy,...,gu reduces the variance of the estimation.
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Plan

o Multiclass Aggregation methods
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Let £ = {(x1,%1), ..., (Xn, ¥n)} be a training sample where x; € X and y; € {—1,1}.
@ Initialization of the weights : wy (i) = 1N i=1,...,N.
@ Fort=1t0T:

o From £ and weights w; (i), we build a predictor h; : X — {—1, 1} that minimizes the
misclassification error :

HMz

we(D) L gy 97

(1‘5’)

wi (i) exp (—aryihe(xi))
Z

o Calculate the classifier weight o =

\V] \

foralli=1,...,N

o Update the weights of the observations : w;1 (i) =

where Z = 3° wi(i)exp (—a Yihi(X)))
i=1

-
@ Output. The final classifier is fr(x) = 3 a¢hy(x) and the final classification rule is
=1

Hr(x) = sgn <ZT: a,h,(x)) Argmax (Z arl {py(x) >

t=1 ye{-11}

FIGURE — Adaboost, Freund and Schapire, 1996
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SAMME (Adaboost for the multiclass context)

Let £ = {(x1,%1), ..., (Xn, ¥n)} be a training sample where x; € X andy; € ¥ = {1,...,K}
@ Initialization of the weights : wy (i) = 1N i=1,...,N.
Q@ Fort=1toT:

o From £ and weights w;(/), we build a predictor h; : X — ) that minimizes misclassification the
error

-

We(I)L ()t}
Ifer > 1 — 1, stop the algorithm.
1 1-—
o Calculate oy = = log (J(K — 1)).
2 Et

wi(7) exp (el gy ) 2,1
Z

o Update the weights : w1 (/) = foralli=1,...,Nwhere Z;isa

normalization factor.

-
© Output. The final classifier is : Hr(x) = Argmax (Z atll(n,(x):y})
ye{l,....k} \u=1

FIGURE — Stagewise Additive Modelling using Multiclass Exponentional loss function (SAMME), Zhu et al., 2009.
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Comparison SAMME with

Adaboost.BG
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Multiclass context

Several methods have been developed in the binary case with empirical and theory studies. But, in
the case of the multiclass context, these techniques are already nowadays not sufficiently
developed, and much of the methods reduced the multiclass task in several binary classifiers and
combine them in different ways. We can distinguish two possibilities :

@ The one-versus-one
classification : if the problem has
K > 2 classes, the *
one-versus-one or all-pairs
approach consists on finding
K
2
two of the K classes. A test
observation is classified by the
( ’2( classifiers and the final
assignment is done by majority
vote, i.e choosing the class that
most frequently appears with
these classifications.

classifiers to compare
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Multiclass context

@ The one-versus-all
classification : this type of
procedure construct K classifiers,
each of them comparing one of
the K classes (coded as 1) with all
the others (coded as 0). If
Py (Y = k|x) denotes the
posterior probability for x to
belongs to class k when k is
coded as 1, a test observation x is
assigned to the class k who has
the highest value of Px(Y = k|x).

These two methods are not very compelling, because they reduce the multiclass problem in
various binary problem losing the understanding of the global problem and obviously weighing the
computational calculus inefficiently.
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Plan

@ Stacking
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Stacking for classification (Wolpert, 1992)

We fix at the beginning M models gy, . .., gu. This is very important for the construction of the
estimator.
@ Stacking for classification (Wolpert (1992)).
We fix in advance M learners gy, ..., gy. We split randomly the data set
L={(X,Y1),...,(Xn, Yn)} in Jfolds Lq,...,Ly. Asin cross validation forall j =1,...,J
we consider :
o sets £(=) = £\ £; o train the M methods and obtain g{ ", g\, ..., g\, the M estimators over

£, We call them level-0 estimators )
o For each observation X; of £; we denote by z = g% (X;) the prediction of g&;# over X;. We obtain
a vector of prediction
Zi = (21i, Z2iy - - - » ZMi)
porall X; € £;and anew dataset £ = {(Z;, Y1),...,(Zn, Ya)} € R+ of nvectors. This set is
called the level-1 data set.
o With £’ we train another model (meta model), the level-1 model and we denote it by g.
o With £ we reestimate the M models g1, . . ., gu-

The final predictor over a new observation x is :

f(x) =@(x, g1 (x), ..., gm(x))
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Stacking for regression

A particular case of random split of £ may be done by the leave-one-out procedure. For all
i=1...,nwe consider set £L{=)£\ {(X;, Y;)} and estimators §1( ),g( . 9/(\/1 ) trained over
£ For each observation X;, we obtain a new vector

Z = (@), 30, ... 85" ()

and the dataset of level 1 £ = {(Z;, Y1), ...,(Zn, Yn)}.
This idea has been used by Breiman to adapt Stacking to the regression framework, where final
predictor is

M
f(x) = Z amgm(X)

where coefficients a4, .. ., ay, are obtained by a ridge regression of Z over Y and gy, ..., gy are
estimators over initial dataset L.

@ As we mentioned before, the quantity M of estimators that appear in the model built by
Stacking is fixed in advance and this is essential in the implementation of the method. This is
a significant difference from the other methods previously studied, where M only affects the
number of terms in the linear combination and not the components obtained.

@ In Ting (1999), the authors make an interesting empirical study in the case of classification
and show that Stacking is more efficient if instead of using the predictions of each estimator
g1, dots, gy of level 0, we use the posteriori probabilities of each class.
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Stacking (Smyth and Wolpert, 1999)

@ L={x1,...,Xxs}and gy, ..., gu fixed (KDE, different bandwiths).
@ L=LiU---ULyandlet £ =\ L,.
o
7)o gy e
A= : : € Mpxm
g ey . gy Ve

@ We use matrix A with the EM algorithm to estimate the coefficients of

M
> amGim(x).
m=1

@ The output estimator is

stacked (X) Z amgm

where g1, . . ., gu are estimate over all sample L.

M.Bourel IMERL, UdelaR TAE 2018 15 novembre 2018 12/27



Plan

e Aggregation for denstity estimation
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Random Averaged Shifted Histogram (RASH)

@ Let X be the original sample,?,,,O be the histogram constructed over X and /; j, . . ., I 5, Where
li,n = [aj—1, &), the set of the intervals of f, o.

Q@ Form=1toM:
Q Let e(nm) a real random variable with density g.

@ SetzI™ = {11,,, (ef,’")) s h.n (e(n’")) sy lin (ef,’")) } the modified intervals obtained by
setting
b (67) = (a1 + e +6™) forallj=1,...,L.

@ Set f,,'") to be the histogram constructed over X using the intervals in Z™.

—~ M
Q Output : Fu(x) = ; > K" (x)
m=1

FIGURE — Random Average Shifted Histogram (Bourel, Ghattas and Fraiman, 2014)

Parameter : L must be given by the user.
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RASH

M1 mea M= 10 =50
g §

FIGURE — RASH with different values of M
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Bagging of Density Estimators

Inspired by Bagging of L. Breiman (1996) :

@ Sea £ = {Xi,...,Xn} una muestra aleatoria simple con distribucién Fy con
densidad f. Sea f, un estimador de la densidad f obtenido a partir de L.

@ Calculamos las versiones bootstrap de 7,1 esdecirparab=1,...,B:

@ consideramos £* = {X{", ..., X, } una muestra bootstrap de L;
@ construimos f; un estimador de densidad obtenido sobre esta muestra bootstrap.

© El estimador final es :

=52

1 B
b=1

FIGURE — Bagging de estimadores de densidad (Bourel and Cugliari, 2018)

f, could be an histogram, a polygon frequency, a kernel density estimator.
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Bagging of Density Estimators

Mixture1

@ Los valores éptimos de h para el sl
histograma (h};,,) y kde (hj,,) se =°
obtienen por validacién cruzada.

@ Se usa el valor de h},, para FPy
RASH.

@ Se usa el ndcleo gaussiano para kde.

@ Particion de la muestra en 2/3 para e e
entrenar, 1/3 para testear sobre
M = 100 muestras.

@ Para los métodos de agregacion se

utilizan B = 200 estimadores g4\
intermediarios. g |
@ Criterio :

MISE — / E [(?n(x) - f(x))z} dx

g4 g

Tz s s T2 s s T2 s s
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Plan

° Consensus Methods
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TABLE — Confusion matrix

Prediction \ Reality Positive (P) Negative (N)
Positive (P’) True Positive (TP) False Positive (FP)
Type 1 error
Negative (N’) False Negative (FN)  True Negative (TN)
Type 2 error

@ The sum of the elements of the first column is the number of positive instance (P) and the
sum of the elements of the second column is the number of negative instance(N).

@ The sum of the principal diagonal is the number of instance well classified and the sum of the
other diagonal is the global error the classifier make.

@ Standard performance measures associated with this matrix are the :

@ true positive rate (TP-rate) or sensitivity, defined as TP/P;
@ the specificity, defined as TN/N';

@ the precision, defined as TP/ P’ ;
© and the Fy-measure, defined as the harmonic mean between sensitivity and precision ; that is,
Fy = 2 x precision x sensitivity / (precision + sensitivity).
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Consensus Methods (Bourel, Crisci and Martinez, 2017)

A way of doing a mixture of experts is inspired to some extent on Bayesian Voting, and it consists
in assigning a weight to each hypothesis. An hypothesis h generally calculates the posterior
probability that a given observation belongs toa class To fix notation, we can think that h
computes a vector (p0 x), pf(x)) where po(x) and pf(x) are the posterior probabilities that
observation x belongs to class 0 or to class 1 respectlvely Noting by £ the sample, by k € {0,1} a
class, by f the combined classifier and by H the class of functions from where we choose the
hypothesis, we have :

P(f(x) = k|x, £) = > _ P(h[L)h(X) = > wp o h(x
heH heH

So the probability of assigning class k to x by the final predictor f is a convex average with weights
wp, s over all the functions of #. This fact explicitly provides an expression between the final
classifier and a weighted average of predictions of several classifiers.

For different intermediate fixed classifiers hy, . .., hy, we define :

M
F(x) = Argmax (Z Whyy. o p,’:m(x)>

ke{0,1}

This kind of combination is called a weighted averaging combining rule.
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Consensus Methods (Bourel, Crisci and Martinez, 2017)

@ Maijority Vote (MV). For a given observation, the M classifiers make the class prediction. The
consensus consists in choosing the class that receives more votes.

@ Mean Probability (MeanProb). For a given observation, we will obtain two vectors of
probabilities of length M : one with the probabilities of belonging to class 0 (vy), and the other
with the probabilities of belonging to class 1 (v4). This pair of vectors will be obtained for each
of the single methods. Finally, we average the probabilities of vy on one side and v; on the
other side along with the single models. The predicted class is the one that presents the
highest mean probability.
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Consensus Methods (Bourel, Crisci and Martinez, 2017)

@ Weighted Average AUC (WA-AUC). The sample is divided into two parts : one for training
the model (two thirds of the original learning sample) and the other (the remaining one third)
for computing its accuracy. For a given observation, we consider the weighted mean of the
posteriori probabilities of different single models (constructed with the two thirds of the
learning sample). The weights are calculated as the area under the ROC curve (AUC) of each
method (obtained with the remaining one third of the learning sample). After the
normalization, the WA-AUC expressions are as follows :

M
WA-AUCy(x) = Y AUCHm x pjm(x) and WA-AUC;(x) = Z AUCm x pim(x)
m=1 m=1

where AUC, is the area under the ROC curve of the hypothesis hp, and p,’zm(x) is the
posterior probability of the observation x belonging to the class k for the hypothesis hpy. The
consensus for an observation x is 0 if WA-AUCq(x) > WA-AUC+(x) or 1 otherwise.
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Consensus Methods (Bourel, Crisci and Martinez, 2017)

@ Stacking with GLM (StackGLM). Stacking consists (generally via a cross-validation
process) in fitting several base classifiers and using their predictions to compute a new
learning sample to train another classifier (called meta-classifier). As in Ting, we used the
class probabilities rather than the class predictions of the single methods and we considered
a logistic regression as a meta-classifier. For each class, we compute

M M
LRo(X) = > amopg™(x) and  LRy(X) = > amp}™(x)
m=1 m=1

where the coefficients am are obtained by minimizing a mean least squared optimization
problem as in linear regression. The observation x is assigned to class 1 if LR;(x) > LRy(X)
or to class 0 otherwise.

@ Stacking with Random Forests (StackRF). Inspired by the idea of StackGLM, we apply the
same method by considering RF as a meta-classifier instead of the regression considered
above. This provides a stacking that is not linear on its final output.
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Consensus Methods (Bourel, Crisci and Martinez, 2017)

o Weighted Average Prediction Error (WA-PE). This method gives a classifier that is a linear
combination of weighted single classifiers. As in WA-AUC, the sample is divided into two
parts : for each model m, the first part is used for training the model and the second is used for
computing the accuracy wp,. After normalizing the weights wm of each classifier, we compute

M M
WA-PEq(x) = > wmp{"(x) and, WA-PE;(x) = > wmp]™(x)
m=1

m=1

The observation x is assigned to class 1 if WA-PE;(x) > WA-PE((x) or to class 0 otherwise.
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Consensus Methods (Bourel, Crisci and Martinez, 2017)

GLM RF Boosting SVM VM MeanProb WA-AUC StackGLM StackRF WA-PE
A, fraterculus 1951 £54 1585+£39 203142 16.15+£3.7 1665+ 40 1732+£46 1643f42 1988+40 1821+£39 16.02+43
A. sanguinea 17.57 £10.1 932+ 36 9.38 + 3.6 10.86 + 3.4 9.54 +3.7 10.37 £35 994 +£37 8.95 + 3.6 88+34 10.31 3.4
A. guyunusae 21.75+ 4.6 2286 +£39 2671 +£42 2194444 20.77+39 20.86+43 21.08+44 2671+44 2437+42 21.08+44

C. pelagica 357247 3141 £52 3409+55 36.37+46 3265+ 6 3151+54 3145+54 3394+54 3289+56 31.35+53
D. acuminata 41.23 £57 38.34 £48 41.88+58 3969456 38.92+45 3812+44 3812445 4181+57 4086+53 380+45

L. danicus 26.49 + 4.9 27.35+54 30.06+55 2597 +44 26.83+54 2741+58 2732455 3012+56 2911+57 2748+55
R. setigera 3117 £52 3015+38 3314+44 304+54 2979 +48 30+5.0 3059 +52 3289+46 31.82+4.6 2961+52
T. nit i 34.74 £57 3477 £59 39.85+48 36.06 +5.1 34.28 £ 6.1 34.22 + 6.1 3409 +£62 3991+48 3741+49 340161

TABLE — Mean generalization error (+SD) on the eight marine phytoplankton presence-absence data sets with their standard
deviation over 50 test samples. For each data set, the errors with bold emphasis correspond to the model with the lowest

error.
GLM RF Boosting SVM VM MeanProb WA-AUC StackGLM StackRF WA-PE

Blood Transfusion 2274126 2444 £ 21 3248134 2292126 2426 £ 21 223425 2228+t24 2795127 2627+t25 222126
Credit Approval 2278 +183 13.38 + 3.2 1483 +34 1361+ 3.2 16.72+8.7 1332+32 1327+32 1481 +34 143134 13.25 £ 3.2
Default 16.86 + 2.6 289 +0.2 487 +£05 276 +£0.2 275+02 319+0.2 318 £0.3 365+04 37304 329+£03
Housing 17.21 + 3.8 1332 £ 24 1246 £24 1281+ 2.0 1244 +£22 1225+19 1223+19 1258+24 1251+23 1224419
Liver Disorders 33.65 + 4.3 2963+ 42 3161+44 334+52 29.75+47 2877 +4.0 286739 3156+44 3067146 28.65+38

IAGIC 18.18 £ 0.4 1.77+03 1759+06 1439+04 1279 +£04 1589+04 1545+04 1208+04 11.81+03 1566+ 04
Orange Juice 17.26 + 1.8 19.68 + 2 2189 +2 17.74 £1.7 18.4 +1.8 18.99 + 2.1 18.99 + 2.1 2162+22 21.18+19 1899+ 2.0
Parkinsons 2274 £ 56 1249+ 46 1065+38 1428143 1323 £45 140+4.0 1329 +42 1874+87 11.66+4.1 1372 £ 3.9
QSAR biodegradation  30.74 + 5.9 14.94 £ 2.0 15.05+1.9 16.99 + 3.1 1476 £1.8 1435+19 1436+19 1608+74 1476+1.7 1434+19
Spam 31.96 + 1.9 535+ 0.5 532+0.7 729+06 5.56 £ 0.6 5.63 +£ 0.6 5.56 + 0.6 516 £ 0.7 5.08 £ 0.6 555+ 06

TABLE — Mean generalization errors (+=SD) on the 10 open access data sets with their standard deviation over 50 test samples.
For each data set, the errors with bold emphasis correspond to the model with the lowest error.
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